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A quantum-mechanical theory of transport of charge for an electron gas in a magnetic field is presented 
that takes account of the quantization of the electron orbits. A transport equation for the necessary elements 
of the density matrix is developed for arbitrary values of the magnetic field. The scattering is taken to be 
elastic and is treated only in the Born approximation. The effect of both the magnetic and electric fields on 
the collisions is taken into account. The influence of the latter has been neglected in previous theories. It is 
proven, however, to be important in high magnetic fields. It is established that the effect of a transverse elec- 
tric field on the scattering can be described as the tendency of the electrons to “relax” to a distribution 
characteristic of thermal equilibrium in the presence of the electric field. 

Previous theories of transport for large Hall angles are consistent with this theory. They can be obtained 
as a special solution, found by iteration, of this transport equation. 

The special case of isotropic scattering has been considered in detail. In this case it is demonstrated that 
for small enough magnetic fields the usual classical result obtains. 





I. INTRODUCTION 


HE phenomenon of charge transport in magnetic 
fields so large that the quantization of the 
electron orbits becomes important has received recently 
considerable attention from both the experimental and 
theoretical viewpoints. The primary theoretical interest 
stems from the fact that this phenomenon provides a 
very simple situation for which the usual Boltzmann 
transport equation is not applicable and a quantum- 
mechanical transport theory is necessary. We shall be 
concerned here exclusively with the basic theory of this 
phenomenon. In particular we shall present a theory 
of the ohmic electric current that an electric field 
induces in a gas of noninteracting electrons in the 
presence of a magnetic field and a set of impurities that 
scatter elastically. 

The first calculation on this topic was done by 
Titeica.' He calculated the transverse current for large 
Hall angles by tacitly assuming that it is produced only 
by the drift of the centers of the cyclotron orbits of 
the electrons in the magnetic field due to the electric 
field and the scattering by phonons. Such a semi- 


* The work reported in this paper was performed by Lincoln 
Laboratory, a center for mm operated by Massachusetts 
Institute of Technology with the joint support of the U. S. Army, 
Navy, and Air Force. 

!V. S. Titeica, Ann. Physik 22, 129 (1935). 


classical procedure neglects the possibility that the 
cyclotron motion itself may contribute to the current. 
Essentially the same method of calculation was followed 
by a number of different workers’ in various applications 
to metals and semiconductors. The question of the 
validity of the method of calculation of the transverse 
current was, however, left untouched. 

Lifshitz’ and the author‘ have attempted to develop 
a transport theory for this phenomenon on the basis of 
quantum-mechanical principles. The quantum- 
mechanical generalization of the classical distribution 
function, which is necessary for the calculation of the 
current, is the density matrix. In the Landau® represen- 
tation, i.e., in the stationary states of an electron in a 
magnetic field, it is realized that for the calculation of 
the current some off-diagonal elements of the density 
matrix are required. This is so because the Landau 
states do not have any average velocity perpendicular 
to the magnetic field, as they represent stationary 


2B. Davydov and I. Pomeranchuk, J. Phys. U.S.S.R. 2, 147 
(1940); G. E. Zilberman, J. Exptl. Theoret. Phys. U.S.S.R. 29, 
762 (1955) [translation: Soviet Phys. JETP 2, 650 (1956) ]; J. 
Appel, Z. Naturforsch. lla, 892 (1956). 

+E. M. Lifshitz, J. Phys. Chem. Solids 4, 11 (1958). 

*P. N. Argyres, Phys. Rev. 109, 1115 (1958); J. Phys. Chem. 
Solids 8, 124 (1959) ; Westinghouse Research Report 6-94760-2R10 
(unpublished). 

*L. Landau, Z. Physik 64, 629 (1930). 


315 





316 


circular motions. It was then suggested’ that the 
steady-state density matrix obeys a transport equation 
analogous to the classical Boltzmann equation. The 
collisions were there assumed to be described by some 
operator, which was not, however, established ex- 
plicitly. In reference 4 the quantum-mechanical 
transport equation was established by use of time- 
dependent perturbation theory, and an explicit expres- 
sion was given for the scattering operator in the Landau 
representation for elastic and inelastic collisions in the 
case of wor>>1, where wo=cyclotron frequency and 
7= relaxation time. These two theories gave, in general, 
expressions for the transverse current different from 
that assumed by Titeica.' 

Recently Kubo ef al.,6 Adams and Holstein,’ and 
Argyres and Roth* have worked out theories for the 
transverse current for the case wor>>1, by finding the 
steady-state density matrix directly from its equation 
of motion in powers of the scattering interaction. Their 
results justify rigorously the method of calculation of 
Titeica' and, at the same time, point out that it is 
correct only for nonoscillating electric fields. It is, 
therefore, of interest to investigate the reasons for the 
failure of the theories of Lifshitz’ and the author.‘ This 
has been the motivation of the present work. 

It is proposed that the latter calculations’ are 
deficient in the following respect. The terms arising 
from the interference between the electric field and the 
impurities have been left out of consideration. In other 
words, in references 4, the terms of order (electric 
field) X (scattering interaction)? in the time development 
of the density matrix were neglected. For the off- 
diagonal elements of the density matrix these terms 
are of the same order as the other terms kept, as it can 
be seen from the proposed transport equations. One 
might say that, since the collisions take place in the 
presence of the electric field, they force the electrons toa 
“relaxation” distribution characteristic of thermo- 
dynamic equilibrium in its presence. This turns out to 
be the case in our problem. Although these interference 
terms are of higher order for the usual distribution 
function, for the off-diagonal elements of the density 
matrix they are as important as the usual terms. 

These electric field-scattering interference terms can 
be taken into account within the framework of the 
calculation of reference 4. We shall not, however, 
pursue this point of view. Instead, we shall investigate 
the problem by a more rigorous approach, analogous to 
that of Kohn and Luttinger.’ We demonstrate this in 
the following section. We, thus, derive a quantum 
transport equation for the matrix elements of the 
density operator necessary for the calculation of the 


* Kubo, Hasegawa, and Hashitsume, J. Phys. Soc. Japan 14, 
56 (1959). 

7 E. N. Adams and T. D. Holstein, J. Phys. Chem. Solids 10, 
254 (1959). 

*P. N. Argyres and L. M. Roth, J. Phys. Chem. Solids (to be 
published). 

* W. Kohn and J. M. Luttinger, Phys. Rev. 108, 590 (1957). 
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current for arbitrary values of the magnetic field. The 
collisions are treated only in the Born approximation. 
It is shown in Sec. 3 that for wor>>1 this calculation gives 
results identical to those of other recent theories** for 
this case. In the last section the case of isotropic 
scattering is considered for arbitrary wor. It is proven 
that in the classical limit, i.e., high quantum numbers 
and k7>>fw», the usual result of the classical Boltzmann 
equation obtains. 


Il. QUANTUM TRANSPORT EQUATION 
In this section we derive the basic transport equation 
for the density operator in the Landau representation. 
For a magnetic field H in the z direction, ie., H 
= (0,0,H), it is convenient to use the Landau gauge 
A= (0,Hx,0). The Hamiltonian of an electron (charge e, 
mass m) is then 


Ho= (1/2m)[ p+ (pyt-moox)+p], 


(2.1) 


where wo=|e|H/mc is the cyclotron frequency. This 
particular gauge has the advantage that the canonical 
momenta p, and p, commute with H» and, therefore, 
the energy eigenfunctions can be taken to be states of 
definite momenta in the y and z directions. Such a 
choice defines the “Landau representation.” The basis 
functions are then characterized by the oscillator 
quantum number n=0, 1, 2, and the 
dimensional wave vector k(k,,k,) as follows: 


two- 


Wnk=On(x—X)et*vve*?(LL,)-4, (2.2) 


where ¢,(x—X) are the harmonic oscillator wave 
functions, and X=—tk,/maw is the center of the 
cyclotron orbit corresponding to this particular state 


(nk,k,). The energy eigenvalues are 


€nk =Redng= (n+4)fhwot+h?k,?/2m. 


(2.3) 


We shall occasionally indicate a set of quantum 
numbers, e.g., (wk,k,), by a single Greek letter, e.g., v. 
X, will then stand for (—#k,/mw). Also v1 will 
indicate the state (m-+1, k,k.) and (v) the quantum 
number n. 

In this representation the velocity components are 
given by the matrices 
(n’k’ | ve+-iv, | mk) = 2i (few /2m)*(m+1) 43 y-, werden, (2.4) 
(n’k’|v,| nk) = (hk./m)b nr ndere- (2.5) 


The current density J is given in general by the trace of 
the velocity operator and the steady-state density 
operator pr. Because of Eqs. (2.4) and (2.5), 
J tit y= (e/Q) Tr{pr(v.+iv,)} 

= €21(fwo/2m)*(2/2 


X Y (n+1)* (pr) ne. neie, 


J,=(e/Q) Tr{p72,} 
2/Q) a k, Pr) nk nky 


ni 


‘ch /m 
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with the following normalization: 


(1/2) Tr{pr} = N=electron concentration. (2.8) 


Here 2 denotes the volume of the specimen. 

The determination of the steady-state density matrix 
(pr)nk.n’k iS the task of the transport theory. An 
assembly of dynamically independent electrons is 
described by the one-electron density operator pr(/) 
that satisfies the equation of motion 


ihdpr/dt=[Hot+V+F, pr(t) }. (2.9) 
F denotes the interaction with the electric field E, i.e., 
(2.10) 


and V is the “scattering” interaction, which we take 
to be due to a set of identical impurities randomly 
distributed in space, i.e., 


V (r) =>; o(r—r,). 


Before we turn on the electric field (at ‘=0) we assume 
the ensemble to be in thermal equilibrium, i.e., 


pr(9)= f(Hot+V), 


where f(x) is a Boltzmann or a Fermi-Dirac function. 
The correlations brought about by the exclusion 
principle are rigorously taken into account in this 
manner for elastic collisions, as it was proved by Kohn 
and Luttinger.’ It is easily seen then that at any later 
time 


"= —eE-r, 


(2.11) 


(2.12) 


pr(t)=f(Hot+ V)+p(2), 
where to the first order in the electric field 
ihdp(t)/dt= (Hot V, p(t) J+(F, f(Mot+V)); 
p(0)=0. 


(2.13) 


(2.14) 


Following Kohn and Luttinger,® we introduce the 
Laplace transform of p(t), namely 


g(s) -sf e~*'p(t)dt. (2.15) 
0 


The inverse transform gives p(/) in terms of g(s), i-e., 


: 1 ctie g(s) 
p(!)=— et'——ds. 


2n1 $s 


(2.16) 


Letting C=[f(Ho+V), FJ, Eq. (2.14) gives for g(s) 


[Ho,g(s) ]—ihsg(s)=C+[e(s),V ]. 


In the Landau representation we have in general 


(2.17) 


(€,»— is) gy (5) 
=Cy+ Le [gm(s) V pw’ _ V mnBnv’ (s) ) 
where €,,"= €,— €,’. 
Up to this point everything is quite general. We shall 


(2.18) 


now attempt to find a solution of this equation assuming. 


that the strength of the scattering interaction V is small. 
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We shall carry this out only in the lowest approximation 
To begin with, we observe that the known operator 
C can be expanded in powers of V as follows: 


C=) CO = De (f,F], 
Sao™ = f{(Ho), = fur; 


Sao” ” (fu»/ Eur) Viv, 


(2.19) 
where 


(2,20) 
(2.21) 


(2.22) 


A 


In these expressions we have put f(€.)= fu, fu— fo= Sue 
The terms with vanishing denominators have the 
limiting values obtained by letting these denominators 
approach zero smoothly, e.g., fu»/¢.—7 df(¢)/de, 
= f'(€) for €,= &. 

The matrix elements of the scattering interaction V, 
Eq. (2.11), in the Landau representation present an 
irregular behavior, because of the random spatial 


‘ distribution of the individual scattering centers. For 


such an arrangement the matrix element Vas, ax is a 
rapidly varying function of k’ with a mean value equal 
to the diagonal matrix element of V. Its average value 
over an ensemble where all possible distributions of the 
scattering centers are equaily probable is 


(V nz, nk’) = N 1w(O)b ander, 


where N;=concentration of scattering centers and 
w(q)= f/ 0(r) exp(—iq-r)dr is the Fourier transform of 
the scattering interaction of each center. Without loss 
of generality, we can take the diagonal element of V 
to be zero. If it is not, it can be absorbed into Hp. It 
just gives the shifting of the unperturbed energy levels 
to the first order in V. Since it is independent of the 
particular state in this case, it corresponds to 
a trivial uniform shifting of all levels. The product 
V nk, n’h V mk’, m’ke’, However, as a function of k” oscillates 
about its nonvanishing value for k’”=k. For a very 
large system and a completely random arrangement it 
is equal to its ensemble average 


(Vink, n't? V mi’ mk’) = Bee (N 1/2) YS |w(qe, R—k’)|? 
a 


KI nen’ (Qa) J met min (G2), (2.23) 


where 


+0 

Ine(ge)= f ef *h, (x— Xy)by (a—X,)dx. (2.24) 
Similar behavior is exhibited by higher products. Thus, 
in this representation there is a sharp distinction 
between the diagonal-in-k and off-diagonal-in-k matrix 
elements of V, V?, etc., which is due to the randomness 
of the distribution of the impurities. This singular 
property has been made the basis of an extensive 
study of the problem of approach to equilibrium by 
Van Hove.” 


# L, Van Hove, Physica 21, 517 (1955); 23, 441 (1957). 
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This suggests that we treat the off-diagonal-in-k 
and diagonal-in-k matrix elements of the density 
operator differently. We shall see that by assuming that 
certain diagonal-in-k density matrix elements are 
larger than the others by an order of magnitude in V, 
we can get solutions to the general Eq. (2.18) in some 
form of a power series in the strength of V, which are 
consistent with this assumption. What makes this 
possible is the singular property of V discussed above. 
Since the cases of transverse (E_L H) and longitudinal 
(E)|H) electric fields turn out to require different initial 
assumptions, we shall consider them separately. 


A. Transverse Electric Field 


It is convenient to take the transverse electric field 
in the x direction, E= (£,,0,0). For then F=—eE.x 
and the matrix elements of x in the Landau represen- 
tation are regular. There is, of course, no fundamental 
difficulty with an electric field in the y direction. The 
calculation of certain commutators needs only some 
care. 

We note, to begin with, that for this case we have, 
according to (2.19) and (2.20) and the easily found 
matrix elements of x, 


Cr» © = fawF nnDex’ . (- cE;) (h/2mwo)* f nw’ 
XO (m+ 1) 8a, neat bn, 1 eer. (2.25) 


We note that, although 2ta,.=Xa.= —hk,/moyX0, 
C,, has no diagonal matrix elements, since f,,=0. 
Only the diagonal-in-k matrix elements for which 
#’=n-+t1 do not vanish. 

Thus, in Eq. (2.18) only the matrix elements for 


1 


Gan’ (5) 


Gan’(S) IWan’ 


Gy (s) 
14-2 5° > — 


— 
2, Zot V ao¥ pe’ 


an V ve’ 
’ Me 


$(S+iwny,) 
Here we have not written down the terms proportional 
to V, as their ensemble average is zero. We have also 
included in the sums a few terms [e.g., the terms 
u=(n'+1, k) in the first term of the first sum] which 
do not belong there. Their contribution, however, is 
vanishing small for a large specimen compared to the 
rest of the sum. Finally, although not explicitly indi- 
cated, all products VayVyn in (2.28) and in what 
follows should be replaced by their ensemble averages, 
given by Eq. (2.23). This is justified in Appendix D. 

With the help of the inverse Laplace transform, Eq. 
(2.16), we can find, from the previous equation for 
G,,»(s), the corresponding one for the density matrix 
R,» (i), where 


RR,» Pow (On’, nei ton’, n~-1)0%'k- (2.29) 


It will be noticed from Eq. (2.6) that this is exactly 
the matrix necessary for the calculation of the trans- 


; 
+( ) Con +Crn® ) *> 
h s - 


$(S+ tiyn’) 
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which v’=v-+1 are “driven” in the lowest order in V. 
We shall now assume that the matrix elements g,,-(s) 
for which »’= »+1 are larger than the others by an order 
of magnitude in V. We can then find from Eq. (2.18) 
the “small” matrix elements of g(s) in terms of the 
“large” ones, g,,»::1(s), by iteration. We have for 
v’#v+1 the “small” matrix elements in the lowest 
approximation 


Lov’ 2.26) 


’ 


where, for economy, we 
matrix by G,,, i.e., 


have indicated the “large’ 


Gy» = £v» (2.27) 


In Eq. (2.26) we have neglected the sum over the 
“small” matrix elements of g(s) in the commutator 
[g(s),V_], as it is of smaller order of magnitude in V. 
It is, however, important to realize that this proves to 
be an acceptable procedure, because the dependence 
of this sum on the volume of the specimen turns out 
to be the same as that of the sum of the fewer “large’”’ 
matrix elements we have kept in (2.26). This is so 
because of the singular properties of the scattering 
interaction V. For a more detailed account of the nature 
of the approximation involved here the reader is 
referred to Appendix C. 

Substituting the 
(2.18) for v’=v+1, somewhat rearranged, we obtain 
the following equation for the “large” matrix elements 
in the lowest approximation (dropping the common &) : 


“small” elements (2.26) into Eq. 


1 
V nuk an! 
s(st+iw, 


Gy»(s) Cras 


— VV pe 


verse current density. Sit 0, we find for 


n’=n+1 and />0 
ARan (t)/ dt 


a lwan’ Kn n 


+h? > [V.. 


’ 


t 
t 

Ryp(t— r)e-merdr 
(i— r)e~ne'tdr 


Ryn (2.30) 


+VnVow f 
—_ VnVow f 
t 
—VoeVn f 
0 
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Here we have introduced the notation 


(2.31 


Ban’ = Dou [Cap View O(€np) — VingCun? (Eun) |, 


t 
O(e)= ym) f exp(—ier/h)dr — 
tn 


1 
ins(+P(-). (2.32) 


€ 


This is a transport equation that describes the approach 
of the density matrix Ra,» (t) to the steady state. The 
first term on the right-hand side gives the rate of 
change due to the unperturbed motion of the system. 
The next three inhomogeneous terms describe the 
various effects of the electric field. The last four are 
recognized as describing the effects of the interaction 
with the impurities alone. They have the feature that 
they make the rate of change of the density matrix at a 
certain instant depend not on the instantaneous value 
of the density matrix, but on all its previous values up 
to that instant. We can, however, simplify these terms 
as follows. We expand formally R(t—7r) in powers of r, 


R(t—r)=R()—rdR(t)/di+4r°PWR(t)/dP—---. (2.33) 


Now, for, say, the first of the collision terms we have 
from Eq. (2.30) 


9( €ny) —9( Env) 
Aan'= > 4 : 0 4 —_-—_——- 


up Eu» 


. om “ V pw Vionr— V 


(SLR ]) an’ = (t/t) © CV apV eon (Eur) + Rav V vy V un (Evy) 


ue 


Ban is given by Eq. (2.31) and Cay™ through Eqs. 
(2.22) and (2.19). 

The transport equation (2.36) constitutes the main 
result of this section. [R,Ho] and C give the rates of 
change due to the “unperturbed” motion of the system 
and the action of the electric field alone, respectively. 
C®), B, and A describe the interference effects between 
the electric field and the interaction with the impurities. 
As we shall see below, these are particularly important 
in the case of high magnetic fields. The effects of the 
interaction with the impurities alone are described by 
the operator S, given by (2.38). 

The effects of the scattering interaction are given in 
(2.36) in the lowest order. Higher approximations are 
obtained by iterating (2.18) for the “small” matrix 
elements with the help of their lowest approximation 
(2.26). These in turn are used in (2.18) for the “large” 
matrix elements, giving rise, in the same manner as 
before, to a transport equation for the density matrix 
Raw analogous to (2.36). The difference is that the 
effects of the scattering interaction, in both the scatter- 
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Ci. 
dR(t)/di= ~ in| R(t) + -*, (2.34) 


€uy 


The neglected terms above are of orders V? and V*R 
and, therefore, can be dropped, as they would give rise 
to terms in the transport equation of higher order in V 
compared to the other terms that have been kept. By 
successive differentiation and iteration of Eq. (2.34) all 
the terms of Eq. (2.33) are obtained. Upon substitution 
in Eq. (2.33) we get an infinite series for R(/—r), 
which can be summed, however, to give in this 


approximation 
(0) 


Cy 
R,, (t— rv) = R,, (te + —~-(1— elmer) 4. ‘%, 


€vy 


(2.35) 


Using this expression in the transport equation (2.30) 
we can carry out the integrations over r in terms of the 
function @(e), Eq. (2.32), and thus find in the lowest 
approximation a transport equation for the desired 
density matrix elements (n’=n+1), which can be 
written as 


ARaw ‘di= (i h) [RH Jan’ + (i N)Can™ 


+(i/h) (Caw ®+Baw tA nv+(STR)) an, (2.36) 


where 


6( Eun’) — 6 €yn’) 
Cup 


8( €4») —9( En») 9 ( €s,.) —O( ern’) 


Vin’ eee ] (2.37) 


Eng Eun’ 


— VapRuvr Vin’ (€rn’) V wR V un (Ens) |. (2.38) 


ing operator S and the operators C, B, A, that describe 
its interference with the electric field, will now be given 
in a power series in V, the lowest terms of which are 
those given above. Among these higher order terms are 
the ones that describe the broadening of the Landau 
levels due to the interaction with the impurities. These 
terms are quite important for the details (amplitude, 
phase) of the oscillations of the resistivity with the 
magnetic field and other points (see next section). We 
shall not examine these higher order terms of the 
transport equation here, thus restricting ourselves to 
the “Born approximation” for the various effects of 
the scattering interaction. (For higher approximations 
and a more detailed discussion of this point see Ap- 
pendix C.) 

For long times the real part of @(€), according to 
(2.32), becomes equal to P(1/e), the “principal part” 
of (1/e). These terms can be interpreted generally as 
representing the shifting of the Landau levels due to 
the interaction with the impurities in the second order. 
Although they could be significant in some special 
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cases, they are not of an essential nature and we shall, 
for simplicity, neglect them in the following. 

We can then rewrite the scattering operator S more 
simply. From Eqs. (2.38) and (2.32) we have for long 
times 


(SLR) an'= (4/h) > (VinpRueVin [5 (€ny) +5( ern’) | 


4 
we 


—(ViauV Row + RapVueVon')b(€u)}. (2.39) 
The structure of this scattering operator is quite analo- 
gous to the corresponding one of the usual Boltzmann 
equation for zero magnetic field. The transition 
probabilities, that give there the net rate of increase of 
the occupation probabilities due to the collisions, are 
replaced here by matrices of the general form 
(29/2) V ayV vw (€nu) that give in turn the rate of 
increase of the density matrix R,,, due to scattering in 
the Born approximation. 

A similar simplification occurs for the driving 
terms of the transport equation that describe the 
effect of the electric field on the collisions, namely, 
(i/h) (C+ B+ A), which we shall denote collectively 
by D. From Eqs. (2.25) and (2.37) one finds A an. 
Similarly, (2.19) and (2.21) give Cay. We note that 
the diagonal elements of x contribute to Cay, in 
contrast to the case of C,,,. With the help of (2.31), 
Ban can then be determined. We thus find for long times 


Su 
Daw = — (x/h) > | Va —VonL5(€nu) +5(€rn’) | 


“uy 


Eu 


ae | 
V and ok va + F nu ——V y»Von’ 5(€») { 2. i()) 


€vn’ Enu 


For the diagonal matrix elements of F it is essential to 
recall that fay/énu— f’(€n) for eu= én. 

Upon examination of expressions (2.39) and (2.40), 
it is obvious that the driving term D,,y can be written 
in terms of the scattering operator S as follows: 


Daw = — (SLf(Hot+ F) }) nn’, 


where f(Ho+F) is to be taken to the first order 
in the electric field. This is so, because Fyy( fu»/€u») 
=([f(Hot+F)—f(Ho) | to terms linear in F and 
S(f(Ho) ]=90, as it can easily be verified. Thus, one may 
describe the effect of the transverse electric field on the 
scattering by saying that the electrons “relax” through 
collisions to a distribution appropriate to a state of 
thermal equilibrium in the presence of the electric field. 

Therefore, for the transverse case the transport 
equation for the “large” matrix elements of the density 
operator can be written, to the first order in the electric 
field and for long times, 


BRan/dt= (i/h) LR Ho ane + (i/h) f(A) F Jaw 
tT (SLR— f(Hot+F) Daw’, 


(2.41) 


(2.42) 
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where S is given through Eq. (2.39). For the steady 
state we have, of course, dR/di=0. Clearly n’=n+1. 

It is important to observe that the transport equation 
(2.42) has a solution Ryx, »» that is independent of k,, 
i.e., representing a uniform distribution of electrons in 
space. This, of course, is just the solution of interest in 
calculating the usual conductivity. This can be seen as 
follows. According to (2.23) and (2.24), the product 
VawV wn’, that comes into the expressions for the 
scattering operator S and the driving term D, is easily 
seen to depend on k, and k,’ only through the combina- 
tion (k,’—k,), since the range of integration in (2.24) 
is infinite. For the diagonal elements of F, the additional 
dependence of D on k, and k,’ is again of the same form, 
as only F,,—F an (k,’—k,) comes in. With the ansatz 
for a k,-independent solution R,.”, we may sum over 
k,’. This eliminates any dependence on k, of the 
operators S§ and D, since both are functions of (k,’—k,) 
and the range of integration of k,’ is infinite. The other 
terms of the transport equation are clearly k,- 
independent. It is thus possible to obtain a solution 
Raw that does not depend on k,. 

It is also of interest to point out that the predicted 
conductivity tensor o;; satisfies the reciprocity relations 
which have been proven" to follow from a generali- 
zation of Onsager’s relations in irreversible processes. 
In their general form these ar¢ 


o4(H) = 7 54 H), (2.43) 


i.e., the symmetric part of the tensor is an even function 
of the magnetic field, whereas the antisymmetric part 
is an odd function of H. Clearly we cannot establish 
these relations for our system in this general form, as 
we can only find o,:, ¢yz in the coordinate system we 
have chosen. If, however, the scattering interaction is 
symmetric enough, e.g., if v(x, —- y,z)= (x, y, z), the cal- 
culated ,, will be then an element of the antisymmetric 
part of the conductivity tensor, and as such, according to 
(2.43), it must satisfy the relation ¢,.(—H) = —o,.(H). 
On the other hand ¢..(—H) =¢..(H). These somewhat 
restricted Onsager’s relations can be established for our 
system on the basis of this formalism as follows. Upon 
reversal of the magnetic field, i.e., for H= (0,0, —@), 
the new Hamiltonian ff, is obtained from Ho, Eq. (2.1), 
by changing the sign of mwox. The new eigenfunctions, 
which will be denoted by 4, differ from the old ones 
only in the sign of Y= —#k,/mwy in the argument of 
¢n- This is clearly so, as a reversal of H is equivalent to 
a change of sign of the electric charge of the carrier. 
It is easy to see, by a mere change of variables in (2.23), 
that Sky’ VagVara is equal to Sty’ VagVurn 
of the symmetry of »(r). Thus S=S, i-e., the scattering 
operator S is an even function of H. The same holds true 
for the part of the operator D that comes from the 
off-diagonal matrix elements of F, as Xan’ (nxn’) do 
not depend on the sign of H and are k,-independent. 


because 


" P, Mazur and S. R. DeGroot, Phys. Rev. 94, 224 (1954). 
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The diagonal matrix elements of F do change sign upon 
reversal of H and contribute to operator D a term 
L Sty’ (ky— ky’) V agVaar. This is again easily proven to 
be equal to the corresponding part of D that comes from 
the diagonal elements of F, namely L >>k,’ (k,’—k,) 
XVawVun- That is, D is also an even function of H 
Clearly, since only the off-diagonal elements of F 
contribute to C,»’’, this term of the transport equation 
is an even function of H too. Thus, the density matrix 
R,» as determined from Eq. (2.42) does not change 
sign upon reversal of H. Now it is easily verifiable that 
whereas the matrix elements of 0,=,= p,/m are even 
functions of H, the elements of 5,= (p,—mwox)/m in 
the @ basis are opposite to those of v,= (p+ mwox)/m 
in the w basis. From the relation J~ Tr{pv}, we thus 
have the desired relations. 

There is a large class of scattering interactions »(r) 
for which the scattering operator S simplifies somewhat. 
It is shown in Appendix A that interactions for which 
|w(q)|* can be expanded in powers of (g,*+-¢,*) have 
the following property : 


D Vaewme’ Vinee’ n'kO only if m’—m=n'—n. (2.44) 


ky 


For the spatially uniform current distributions we have 
then 


(SLo]) nm, mt 
se (2%/h) Le (Pu, ott V mV it, ni 10 (€yn) 
—Pn, nil | V mw | 75 (€np) 
+4 | V nt.» |76(€nt1,) }}- 


This is identical to the collision operator of reference 4. 
It was established there by a time-dependent pertur- 
bation method for large magnetic field, i.e., wor>>1. 
The selection rule (2.44) makes this restriction un- 
necessary, however. A similar simplification occurs for 
the operator D. 

The determination of the steady-state density matrix 
from the transport equation is not a simple matter. The 
difficulty stems from the complicated nature of the 
scattering operator 5, which connects a particular 
matrix element FR,” in general to all other eiements. A 
systematic way, however, of solving this system of 
equations consists in starting from the lowest Landau 
state, »=0, and proceeding to higher ones. The case of 
the “quantum limit,” i.e., when all carriers occupy the 
state associated with the quantum number n=0, is 
easily tractable. We shall not exhibit this here, however. 


(2.45) 


B. Longitudinal Electric Field 
When the electric field is in the 2z direction, 
E= (0,0,Z£,), we have F=—eE,z. The driving term 
representing the acceleration due to the electric field 
alone is now 


Cry = —eE,[ f(Ho),2 le’ 


= —eE,(h/i)(hk,/m) f’(€)bnr. (2.46) 
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Thus, only the diagonal matrix elements pa, are 
“driven” in this case, and they are, according to (2.7), 
the ones that give rise to the longitudinal current. 

We shall now develop a transport equation for the 
diagonal density matrix elements p,,=p,. In contrast to 
the transverse case, we assume now that the diagonal 
matrix elements p, are larger than the others. They will 
turn out to be of order V~*. Proceeding as in the 
previous case, we find from Eq. (2.18) for the “small” 
matrix elements (v’#v) in the lowest approximation, 


(g-— Br’) Vw’ 
£0 ($s) =— . 
6 —ihs 


(2.47) 


Substituting this into Eq. (2.18) for the diagonal 
elements, we find 


1 (s)—ga(s) 
ga(5)=(4/B)Can +4 S 2] Ve (2.48) 
s » 


Wn 


In terms of the density matrix, this equation gives, 
with the help of (2.16), the following transport equation 
for the diagonal matrix elements: 


dpa(t)/dt= (i/A)Can© +h > 2|Vy|? 


x f C1) a(t] COSwn,Tdr. (2.49) 


The collision terms can be simplified as before. Expand- 
ing p(t—r) in powers of r and neglecting terms of order 
Vp we find in the lowest approximation and for long 
times, using (2.32), 


dp,/dt= (i/h)C an +X, (Wan, (t)—Wappa(t)], (2.50) 


where 


W nu= Wyn (24/h)| V ng |*6(en— &) (2.51) 


is the Born approximation for the rate of transition 
probability from Landau state m to wu. The structure 
of the scattering operator here is quite transparent and 
identical to the one of reference 4. Clearly the terms 


‘describing the effect of the electric field on the collisions 


are of higher order in this case. For the steady-state 
dp,/dt=0. 

For some scattering interactions the collision operator 
simplifies considerably. For a solution of the form 


(2.52) 


the scattering operator can be simply described by a 
momentum relaxation time, namely, 


Ds W un(Pu— Pn) a —Ppna/Tnks 


Tak =) op Way (1—k,'/k,). (2.54) 


For the solution (2.52) to exist, it is sufficient that the 
relaxation time 7, as given by (2.54) turn out to 
depend on the state only through its energy én. The 


Pn=kix(ent), 


(2.53) 


where 
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solution of the transport equation is trivial in this case. 

Such solutions have been considered in reference 4. 
We shall not discuss the longitudinal case here any 
further. 


Ill. CURRENT DENSITY FOR LARGE 
HALL ANGLES 


We shall be concerned here with the solution of the 
transport equation (2.42) and the calculation of the 
transverse current for the special case of large Hall 
angles. It is well known that classically in the absence 
of any scattering, a transverse electric field induces a 
steady current in a direction perpendicular to both E 
and H, which we shall denote as the y direction. The 
quantization of the electron orbits by the magnetic field 
does not affect this result, as we shall see presently. 
If a weak scattering is introduced into the model, a 
small component of the current develops in the direction 
of the electric field. The current then flows on the 
transverse plane in a direction that makes with the 
direction of the electric field an angle, the so-called 
Hall angle, slightly less than 90°. More quantitatively, 
“weak” scattering is understood here to mean wor>>1, 
where r is a measure of the relaxation time. This region 
is fairly frequently encountered experimentally, and it 
is almost always the case for semiconductors in magnetic 
fields such that fwo> kT, where characteristic quantum 
effects can be observed. 

This case can be treated simply on the basis of the 
transport equation (2.42). We note that for V=0 a 
steady-state density matrix exists and is 


Ran Jk) 


Gus Senn’ = fan’ F an’ ‘Enn . 


We can thus seek a solution of the transport equation 
in powers of V, 


R=R® +RO4RO+L..., (3.2) 


By iteration we obtain for the desired matrix elements 


—4 
Ran “ —[Dan' + (SLR J) an’ ]- 


Wan’ 


(3.3) 


From the structure of the operators D and S, Eqs. 
(2.39) and (2.40), and the expression (3.1) for R it is 
clear that the terms in D+S LR] arising from the 
off-diagonal matrix elements of F and R™ cancel each 
other. The only nonvanishing terms are the contri- 
butions in Day of the diagonal elements of the 
matrix Fayfn/én, namely f’(€n)Fan= —eEcf (en)Xn 
=eE,(hk,/mwo) f’ (en). Thus 
in 
(—eE.)— E VanVanw'(Xn—X,) f’() 


ra 


Ran + 
nn’ 
lwo 


X [8 (emu) +8 (eun’) ]. 


(3.4) 


As we shall see below Ra, »41° for symmetric enough 
scattering interactions contributes only to J,. On the 
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other hand R,. »41, according to (3.1) and (2.25), is 
real and gives rise only to the Hall current J,. We thus 
find, using (2.8), 


J y= (—@E./ may 


6 


Cleariy Eq. (3.5) gives the unperturbed current in 
the y direction. The collisions do not affect it in the 
second order, and it is identical to its classical value. 
The quantization of the levels has no effect upon it. 
We are neglecting, as we mentioned above, the changes 
from the shifting of the energy levels due to the inter- 
action with the impurities. 

The component of the current in the direction of the 
electric field, J, is brought about by the collisions. The 
physical meaning of tl 
obvious in this form. This equation can, however, be 


various terms in (3.6) is not 


transformed into a physically more meaningful expres- 
sion with the help of the well-known properties of the 
Hermite polynomials. It is found f 
= 0(x,y,2) 


that if v(—x, 


y, 2) 


J,=(-e@E, 


where 


W 


ue 


is the transition probability rate from state yu to v in the 
Born approximation. Since X, denotes the center of the 
cyclotron orbit associated with the state p, Eq. (3.7) 
describes the current in the direction of the electric 
field as due entirely to the net drift of the centers of the 
cyclotron orbits of the electrons. The detailed motion 
around these centers does not contribute anything to the 
net current. 

Expression (3.7) is essentially the same that Titeica' 
and others? first assumed in their work. It has been 
recently derived by Kubo ef al.,* Adams and Holstein,’ 
and Argyres and Roth* by different methods. Adams 
and Holstein’ have made extensive applications of Eq. 
(3.7) for different scattering mechanisms. The interested 
reader is referred to this work for detailed results on the 
phenomenon of oscillatory 
dependence on the 
limit.” In references 6 and 8 it was 
inelastic collisions 


J2=(@E,/RT 


magnetoresistance and its 
magnetic field in “quantum 
\ ilso proved that for 


the 


1/2) douse f(e)(X,- 


where the transition probability 


W y= (24 h) > oww P(N V un oN 
Xd(e,+ Ex 
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Here, N and Ey stand for the stationary states and 
eigenenergies, respectively, of the scattering system 
and P(N) is the probability for it to be in state NV. 

It was also pointed out in these last two references 
that the electronic motions around their cyclotron 
centers are uncorrelated, and therefore contribute 
nothing to the current, only for a static electric field. 
Thus the description of the irreversible current in terms 
of the drift of the cyclotron centers alone is not valid 
for oscillating electric fields. This can easily be seen in 
the framework of this calculation, as the denominators 
in the expression for Daa will be shifted by the fre- 
quency of the oscillating field and will not cancel the 
corresponding terms of (SLR ])an’. 

It must finally be noticed that expression (3.7) for 
the irreversible current in the case of elastic collisions 
does not give in general convergent results. This is due 
primarily to the neglect of the broadening of the Landau 
states we mentioned earlier and the fact that there are 
packets of electrons with energies such that wor(e)<1 
(for an example, see next section). In practical appli- 
cations, however, this divergence can be qualitatively 
circumvented, as Adams and Holstein’ have done. 


IV. CURRENT DENSITY FOR ISOTROPIC 
SCATTERING 


Ic is interesting to consider some special scattering 
mechanisms for which the solution of the transport 
equation (2.42) can be obtained for arbitrary values of 
wor. One can thus see in a fairly simple way the transi- 
tion from the classical case, i.e., when the quantum of 
the electronic energy in a magnetic field, fw», is much 
smaller than the energy of the electron and k7, to the 
quantum-mechanical one, where the quantization of the 
orbits induces characteristic changes in the galvano- 
magnetic properties of the system. The classical limit 
can be treated independently, as is well known, on the 
basis of the usual Boltzmann equation for the distri- 
bution function. The magnetic field is treated there 
simply as an additional driving force. Its possible effect 
on the relaxation time is not considered, although the 
final results are taken to be valid for arbitrary values of 
wot. The neglect of the influence of the magnetic field 
on the scattering has not been justified, as far as we are 
aware. It will become clear from this quantum- 
mechanical calculation that in the classical limit such a 
procedure is correct for the scattering mechanisms 
considered here. It becomes also possible to study the 
first quantum-mechanical deviations from the classical 
result. It is, for example, conceivable that for some 
scattering mechanisms the quantization of the electron 
orbits might bring about, apart from the characteristic 
oscillatory behavior, a smooth dependence of the 
relaxation time on the magnetic field, much the same 
way as it induces a nonvanishing diamagnetism in an 
electron gas. 

We consider now some particular scattering mecha- 
nisms. They have the common feature that in the 
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absence of any magnetic field they scatter isotropically. 
Thus the Fourier transform of the scattering interaction, 
w(q), is a constant independent of q, e.g., if the inter- 
action with a scattering center is infinitely localized, 
i.e., v(r)=ad(r), w(q)=a. The needed matrix elements 
of the interaction with a random distribution of such 
centers are, according to (2.23), 


( V nk.mk’ V mk’ on k/ 


=G( 1/Q) .¥ J nme’ (Qa) J mh’ nek” (Ge), 


Qs 


(4.1) 


where G= a’ ;. Another isotropic scattering mechanism 
is the interaction with acoustical phonons (in the usual 
Debye approximation and in temperature ranges such 
that the collisions are effectively elastic). It is easy to 
see* that in such a case expression (4.1) is valid for 
semiconductors and semimetals with G=C*kT/ys?*, 
where C=electron-lattice interaction constant in the 
deformation potential approximation, 4= mass density, 
and s= velocity of sound. 

We can now seek a solution of the transport equation 
for the desired matrix elements, namely 


0= 1W0Pn,nt it (i/A)C ans "eid 
+Da. nat (SLR ])a,n41, 


such that pans: are independent of k,. 

For such solutions and scattering interactions 
satisfying the condition (4.1) the scattering operator S, 
given by (2.39), can be described in terms of a scalar 
relaxation time. Since €,,4 is also independent of k,, we 
have [see Appendix B, (B.7) } 


(4.2) 


LD. Vinkmk’ V mre’ wk =G(1/2eL,) (mie/h)bandmm’. (4.3) 
ky’ 

Thus, since in our case n’=n-+-1, the first two terms of 
the scattering operator vanish and the other two reduce 
simply to multiplicative constants. More explicitly, 


(SLR ])» nti —~Pa,nt / Tn; (4.4) 


where 
tT. = 71 (n) +7177 (n+1) 
= (3/h) > CI V mu | 75 (Eun) 


+ | V net! 76 (€y,n42) J. (4.5) 


_ Thus for isotropic scattering mechanisms, the decay of 


Pa.n+i due to collisions is described by an effective 
transition probability rate equal to one half the proba- 
bility rate of transition from state (nk) to all other 
states plus one-half the corresponding probability rate 
of transition from state (n+-1, k). This is quite analogous 
to the circumstance in zero magnetic field, where the 
scattering can be described by a relaxation time equal 
to the “broadening” relaxation time. With the help of 
(4.3) we can write 


T1*(€nt) = 2 Khwe Dn’ Lénc— (n'+-})hwo }, (4.6) 





324 PETROS 'N. 
where K=G(2'm!/xh*). That is, r:'(€) is proportional 
to the density of states in the magnetic field. Thus the 
effect of the magnetic field on the collisions is described 
in this case in a direct fashion in terms of its effect on 
the energy spectrum. Since the density of states, as a 
function of the magnetic field, only “‘oscillates” about 
its value for vanishing field, there is no smooth de- 
pendence of the relaxation time on the magnetic field. 
According to (4.6) the relaxation time presents sharp 
discontinuities at energies «= (n’+4)fiwo, the collision 
rate becoming infinite for electrons with these energies. 
This is a result of the neglect of the collision broadening 
terms. For the details of the oscillations (amplitude and 
phase) of the current these are quite important. 

The term D,,»4: is given in general by (2.40). The 
terms from the off-diagonal matrix elements of F can 
easily be evaluated with the help of (4.3). The diagonal 
elements of F give rise, however, to terms which, again 
with help of the selection rule (4.3), involve the 
quantities 
> Ry’ Vink. mb’ V mk’ npik 
ky’ 


= ~G(1/2eL,)(meo/h)!2-*(n+1)*. (4.7) 


This last equality is proved in Appendix B, (B.5). We 
thus find that the term describing the interference 
between the electric field and the scattering can also be 
given in terms of the relaxation time r,, Eq. (4.5), 





J.=(-2E,/m)(2/2) 


nk 


(n+ 1)hawol_ fa’ ti! (nm) + fasr’ ti (n+1) J 


ARGYRES 
as follows: 


Da. nii= (€E ft) (2mhay)*(n+1)! 


+1, 


hiro 


X| faut) flr “re] (4.8) 


It is clear that in the classical limit, ie., for high 
quantum numbers, €,>fiwo, and k7>>fhwe, this term 
vanishes. For higher fiw, however, it is appreciable and 
leads to important modifications in the final expression 
for the current density. 

With the help of the expressions (4.4) and (4.8), the 
transport equation (4.2) becomes a simple algebraic 
equation. Cyn: is given by (2.25). The sought 
solution is thus 


Pa.ngi= (—eE ft) (2mhoy)-*(n+1)! 
fari~ Se Jetix" 


———+ 


hw 


nN) + fag’ Ts 


‘(n+ 1 
| (4.9) 


which is indeed independent of k,, in accordance with 
our ansatz. 

The steady-state density matrix having been deter- 
mined, the current density is obtained from Eq. (2.6). 
It is thus found that an electric field in the x direction 
induces a transverse current density with components 


hw ™. 


4.10) 


we + Tn 


Snvi—fn 


CE ,/m)(1/w9) (2 
nk 


It is proposed that these expressions 
course, to the basic approximations of the theory. 


~ (n- ho] —- 


4.11) 
hwy 


are valid in the whole range from classical to quantum limits, subject, of 


To prove that in the classical limit these equations reduce to the usual ones obtained from the Boltzmann 


equation, it is helpful to carry out the summation over 
electron. It is found that 


F all f’(e)ri (+f (e+hen) 
J,=(-é&E, m) f Ah SA: dil 
hw 4 


wo +77? (e) 


tr! (€+hw) de 


k in terms of an integral over the total energy « of the 


(4.12) 


. f(et+hao)— fle 
ie (—@E,/m)(1 ws) f ale) . ies 
h 4 he 


hag / < 


where 


a(e)= (2m/h?)! (29) hwo dn (n+1)hwo 


XTe—(n+4)htwo bh. (4.14) 


In the definition of a(e) the summation goes over all 
non-negative integers for which the summand is 
positive. 

In the classical limit, i.e., €>hAwo and kRT>>hwo, we 


have clearly /’(e+two)— f’(e), [f(et+hur)—f(e )/ 


hiro — f'(o, 


and a(e) — ao(e), wher: 
to *(e)= Ket, cole) = (29)? (2m/h?)'(4/3)e!. (4.15) 
ro(e) is just the relaxation time for zero magnetic field. 


The transverse current in the classical region is then 


= 4 y 
ao €) To € f"(e) 
el mt de, 
wo + To “(€) 


4.16) 
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av(e)f'() 


we’ + to*(€) 


de, (4.17) 


Jy=(—@E,/m)wo f 
0 


which is identical to the result of the classical Boltzmann 
equation for the distribution function. 


V. SUMMARY AND DISCUSSION 


Using a method similar to that of Kohn and 
Luttinger,® we have developed a transport equation for 
the elements of the quantum-mechanical density 
operator that are necessary for the calculation of the 
current induced by an electric field in a gas of non- 
interacting electrons in the presence of a magnetic 
field and a set of randomly distributed impurities that 
scatter elastically. The effects of the quantization of the 
electron orbits are taken into account from the start, by 
working in the Landau representation. In the lowest 
Born approximation for the collisions, this transport 
equation is given by Eq. (2.36) for a transverse electric 
field and by Eq. (2.50) for a longitudinal one. 

The problem of electrical conduction by an ensemble 
of “Bloch” electrons with a band energy spectrum has 
been discussed by Kohn and Luttinger® and it is in 
some ways similar to the problem under consideration 
here. The main difference lies in the fact that for the 
case of the “Bloch” electrons it has not been proved 
possible to find a single transport equation for all the 
density matrix elements necessary for the calculation of 
the current. Instead, only the diagonal elements satisfy 
such a transport equation and the remaining “inter- 
band” matrix elements are found from the diagonal ones. 
For the case of the “Landau” electrons, however, it has 
been shown above that all the density matrix elements 
required for the calculation of the induced current 
(separately for the transverse and longitudinal cases) 
obey a transport equation. This is a consequence of the 
nature of the matrix elements of the coordinate and 
velocity operators in the Landau representation. 

It is worth noting that the method of discussion of 
the transport problem we have followed above is 
based on the study of the long time behavior of an 
isolated system. It is, however, easily proved that this 
is in a certain sense mathematically equivalent to the 
long time behavior of an open system. More specifically, 
we may assume that the system under consideration 
interacts with the rest of the universe and that this 
interaction can be described” by a relaxation time (1/7). 
That is, the equation of motion (2.9) for the density 
matrix pr(t) should be supplemented by adding a term 
—ihy[pr(t})—f(Hot+V)] in the right-hand side, or, 
equivalently, adding a term —ifyp(t) in the right-hand 
side of Eq. (2.14) for p(t)=pr(t)— f(Hot+ V). Proceed- 
ing as before, we see that the fundamental equation 
(2.18) changes only in that the energy differences «,,- 
acquire a small imaginary part to become (e,,.—ihy). 
The only consequence of this for the final transport 


2 M. Lax, Phys. Rev. 109, 1921 (1958). 
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equation (2.36) is that the function 


a= (im) f exp(—ier/h)dr — 
0 


ton 
ixd(e)+P(1/), 
[Eq. (2.32) ], is replaced everywhere by 


6(e—ihy) = > (1/e—ihy). 


For very long relaxation times 1/7, however, 
these expressions are identical, since lim,.9*(1/«—ihy) 
= iwd(e)+P(1/e). 

We have restricted ourselves to the lowest Born 
approximation for the collisions, although higher 
approximations are easily obtained by iterating (2.18) 
for v’#v+1 with the help of (2.26). This restriction 
entails the omission, among other things, of the effects 
of broadening of the “unperturbed” states due to 
interaction with the impurities. This is, however, quite 
important for the detailed description of the amplitude 
and phase of the oscillations that the resistivity presents 
as a function of the magnetic field. 

The effect of the magnetic field on the collisions is 
automatically taken into consideration. The effects 
arising from the interference between the electric field 
and the interaction with the impurities, which were 
neglected in previous theories,** have also been taken 
into account. They are particularly important for high 
magnetic fields. In the simplifying approximation of 
neglecting the shifting of the unperturbed states due to 
the scattering interaction, it was proven that the effect 
of a transverse electric field on the collisions can be 
described by saying that the collisions force the electrons 
to a distribution appropriate to a state of thermal 
equilibrium in the presence of the electric field. 

It was demonstrated that for large Hall angles the 
induced current can easily be calculated from the 
transport equation. It turned out that the component 
of the current in the direction of the electric field can be 
described by the net drift only of the centers of the 
cyclotron orbits of the electrons, as it was assumed by 
Titeica' and proved recently by others.** 

For the case of completely isotropic scattering, it was 
shown that the effects of the collisions can be described 
simply by a relaxation time 7 and the current can be 
calculated for all values of wor. For magnetic fields 
small enough for the magnetic quantum of energy, 
hwo, to be much smaller than both the energy of the 
electrons and kT, it was shown that the usual result of 
the classical Boltzmann equation obtains. This indicates 
that in the lowest Born approximation the magnetic 
field has no classical effect on the collisions with isotropic 
scatterers. 

All results are applicable to both classical and 
quantum statistics, since we have been concerned only 
with elastic collisions. 
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Finally, the phenomena of cyclotron resonance 
absorption, Faraday rotation, etc., can be studied 
quantum mechanically along similar lines. 
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pointing out the selection rule (2.44) and for a number 
of helpful conversations. He is also indebted to Dr. 
P. A. Wolff of Bell Telephone Laboratories for en- 
lightening correspondence and to Dr. T. D. Holstein of 
Westinghouse Research Laboratories for very helpful 
talks in the beginning stages of this work. 


APPENDIX A 


We establish here the selection rule (2.43). Assuming 
that 
(A.1) 


(2.24), 


|» C.(q2+ qv)’; 


23) 


| w(q2,4y,9e) 


we can write, according to (2. and 


(a=h/mwo), 


V= > V nk.mk’ Vm k’ 
ky’ 


+0 


nk & fff dxdydk,’ 


» 


Xonl(xtakyom(xt+aky’ om (y+ak,’ on (y+ak,) 


xf |w(qs, k—k’)|*e'**-wdg,. (A.2) 


2 
We can clearly write (1/i)0/0(x—y) ] instead of g, in 
|w(qz, k—k’)|* in the last integral. Integration over g, 
can then be carried out to give 2r5(x—y). By successive 
integrations by parts over x we have for each of the 
terms (A.1) 


Qa lf dydky' dm: (y+ aky on: (y+aky) 
bas -® 


d? 


| k, )*- 


| don(ytaky)om(ytak,’). (A.3) 
dy 


Introducing new variables s= y+ ak, and ‘= y+ak,’, we 
note that d/dy=(d/ds)+(d/dt), (ky—k,')=a"(s—d), 
and 


ay (t) La, (s)—a_(t) 1 (A.4) 


where a,, a_ are the raising and lowering operators for 
the oscillator eigenfunctions, i.e., 
d 
as (s)b_(s) a "sF— §bn(s) < bagi(S). 
ds 


We then have 


4-00 
QO ff dsdt dm (lb, (s)[a (s)—a,(t) 


X Lay (s)—a_(t) Pba(s)bm (2). 
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We note that for each term a of the 


general form 


produc t 


)X Dy, and Ydm(t)<m4r(t), 
integer r. It is thus clear that all terms, 


their sum 0, —n 


where always 
with the same 
and, therefore, 
= m'—m. 


vanish unless n’ 


APPENDIX B 
We evaluate here the expression 
T= > hy Var.me'V; 


for isotropic scattering interactions. According to their 
basic property (4.1) we making use of the 
definitions of J’s, Eq. (2.24), rearranging the order of 
integrations, and putting s=hk,'/mw 


an write, 


I,=G(1/Q iL. 2r 


Since the last integral equals 275(x—y), the integral 
over y can be carried out immediately to give 


I,;=G(1/2xL,) (moo/h)? 


D 


xf bn(x—Xalhnis 


The last integral is clearly equal to , if use is made 
of the known properties of the oscillator eigenfunctions. 
Since now Xai:=Xn= —hk,/mwo and ¢,(a 
gonal to @n41(x) we can write 


is ortho- 


x 


T,= —G(1/22L,) (meay/h ‘f thnl(X)bnsi(x)dx. (B.4) 
'(m+-1)! and 


The integral above is equal to (2mwo/h 


thus finally 


(n+ 


I,= —G(1/2rL,) (meo/h)'2 


This proves Eq. (4.7) we used in the text. 
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T, = > V nk, mk’ V mk’ ,n'ky 


ky,’ 


(B.6) 


we get in a similar fashion 


1,=G(1/2L,) (moo/h) 


+2 
x f $a(2—Xa\bu(2—Xw)de 


—~s 


xf bm(X+5)bm: (x+s)ds 


=G(1/2eL,)(mo/h)bandmm’, (B.7) 


since X,=X,. This proves Eq. (4.3). It is a special 
case of the selection rule established in the previous 
Appendix. 

APPENDIX C 


Since, perhaps, the nature of the approximation made 
in deriving the basic transport equation (2.28) is not 
quite clear, a more detailed account of this point is 
given below. 

Let us write the matrix g,,, as the sum of the matrix 
G,, and another one, J,,’, i.e., 


g=G+J. 
From the exact Eq. (2.18) we have for »’#v+1 
(€w i ths Iw’ - Cw +[G, V der + J, V |’ 


We now observe that a solution of this equation is 
obtained in the following form: 


(C.1) 


(C.2) 


J= = J, 
n=l 
where 


(6 —ihs) Ie = Cor +[G,V Jw", 
( ev» a ihs) J yy™ =Cwy +(e V je’ . (n> 2 . 


(C4) 
(C.5) 
It is important to realize that this is mot an expansion 
in powers of the strength of the scattering interaction. 
By repeated use of (C.4) and (C.5) all J™ are ulti- 
mately given in terms of C"’, C®, etc.,G, and V. For 
example, 

JM =e7ICO4+u""[wIC™,V J 


J 


+a [w"[G,V],V ], 
where we have introduced for convenience the operator 
w to denote the energy denominators, i.e., 


(C.7) 


Again from the exact Eq. (2.18) we have for »’ =»+1 


TRANSPORT IN 


(C.6): 


MAGNETIC FIELD 


(€»’ lan ihs) Gy = Cw + [G, V dee’ +L, V Jan’ 


=C, + [G, V |e + mM Cue 


n=1 


+E UV. (C8) 


If we now substitute in (C.8) the final expression for 
J‘, analogous to (C.6) for /®, we obtain a transport 
equation for the operator G of the following form: 


n=! 


+C+ F D™=0, (C.9) 


Here S‘” are operators of order m in the strength of the 
scattering interaction V. D‘™ are similarly given 
operators of order m in V. We have explicitly 


S%G=[V,G] 
S%G=(Vw"(V,G]], 


(C.10) 
(C.11) 


and in general 
SC=(V wo ItS YG], 


(n2 2). (C.12) 


Similarly 
DV=CM (C.13) 


D%®=C®+4[wIC®,V], (C.14) 


D»™=C' +[w pin 0 Vi. {n> 2). (C.15) 


Thus we have obtained a general transport equation 
for G, where the “collision” operator, S=}> 1% S™, 
and the operator describing the effects of inter- 
ference between the electric field and the scattering, 
D=> :” D'”, are given in the form of a power series 
in the strength of the scattering interaction V. 

Now we make the approximation that for sufficiently 
small V, we may neglect S®, etc., compared to 
S%+S® (and similarly for D), i.c., we approximate 
only the “collision” and “driving” operators by their 
leading terms in their power series expansion. This 
gives exactly Eq. (2.28). Note that this procedure does 
not imply any assumption about the relative magni- 
tudes of the relaxation time and the cyclotron period. 
It only calculates the effects of the scattering inter- 
action in the first Born approximation. 


APPENDIX D 


We prove here the ensemble average theorem of 
Kohn and Luttinger,’ for the problem at hand. Since 
this proof follows closely the method of KL,° we shall 
only indicate here the main steps of the calculation. 
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It is sufficient to prove that 


M M 
lim 
N--« 


MY 


where in this case 


a small area A in 


Here k’(A) indicates that k’ 


k’-space (two-dimensional) over which G(k’), e(k’), 


les in 


etc., vary very little and » is the number of states in 
A, i.e., 

1L,L,/ (2x). (D.3) 
Clearly v is of order 2!, or, equivalently, of order .V!, 


since V/Q=N;, remains finite in the limit V— «. 


Now, by direct calculation we find, dropping the 
irrelevant oscillator indices , m, etc., 


(M 


where 
bip (az 
T herefore, 


(D.6) 


Gz)dxrn 1) . 


straightforward calculation 
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(View VewV 


D.7) 


From this we can 


(M*) 


/ 


and similarly, 


(N?/”) > 1.10) 


it is clear that the inant term of (M for large N 
is given by tl in the square brackets of 
(D.7), all ot! terms, including the first term of 
(D.7), being of relative ordet y‘ \? V-! or 


smaller. Thus 
(M?) = N? 


Kf1+0(N D.11) 


Upon comparison of (D.11) and (D.6) it is 
spicuous that the condition (D.1) is 
proves the validity of the ensembk 
this problem. 


per- 
This 


verage theorem for 


satisfied. 
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Electron and Ion Runaway in a Fully Ionized Gas. II* 


H. Dreicer 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 


(Received July 17, 1959) 


The treatment presented in an earlier paper is extended te give a more exact estimate of the particle 
runaway rate in a fully ionized gas under the action of a weak applied electric field. By analyzing the motion 
of particles in various regions of velocity space, it is shown that in any weak applied electric field some 
particles will always run away. The rate at which this occurs is determined by the flow of particles from 
the collision-dominated to the electric-field-dominated region of velocity space. The probability, Q(r), of 
electron runaway as a function of time is calculated with the help of the Boltzmann-Fokker-Planck equation 
and can be expressed in the form Q(r) = 1—exp(—):r). The runaway rate, \,, is presented as a function of 
applied electric field, and the plasma temperature and density. It exceeds by several orders of magnitude 
the rate recently propesed by Harrison. The runaway rate for positive ions is shown to be exceedingly small 
compared to A,, in the circumstances usually encountered. 

A brief discussion is devoted to the experimental evidence, the effects of magnetic fields, and the excitation 
of plasma instabilities. The correction which particle runaway introduces in the equation of pressure balance 
is presented for the case of a static pinched discharge. 


I. INTRODUCTION 


N the first paper of this series' (hereafter denoted by 
R-I) hydrodynamic equations were used to describe 
the flow of electrons and positive ions of a fully ionized 
gas under the influence of an applied electric field. In 
this description, the dynamical friction force which 
arises through the agency of two-body electron-ion 
encounters was evaluated for Maxwellian electron and 
ion velocity distributions. Under the action of an elec- 
tric field, these distributions move through velocity 
space with the electron and ion drift velocities, and in 
this approximation the motion carried out by any 
particle in the distribution is very similar to that carried 
out by the average particle moving with the drift 
velocity. Specifically, if the applied field is weak com- 
pared to the critical electric field for runaway, £., 
introduced in R-I, and the average particle does not 
runaway, then according to the hydrodynamic ap- 
proximation no other particle in the distribution can 
run away. 

This result is not strictly valid. It ignores the 
existence of certain groups of energetic particles in the 
distribution which take part in collisions so infrequently 
that for these almost any applied field, Z, may be con- 
sidered to be strong (in the sense defined in R-I), even 
though the same field fulfills the weak-field criterion 
EXE, when the main body of particles in the dis- 
tribution are considered. 

The primary purpose of this paper is to examine the 
runaway effect in this weak-field limit. These calcu- 
lations are presented in Sec. II.” In Sec. III a brief 
discussion is devoted to the experimental evidence, the 
role of plasma instabilities and magnetic fields, and the 

* Work performed under the auspices of the U.S. Atomic Energy 
Commission. 

1H. Dreicer, Phys. Rev. 115, 238 (1959) 

2 These results were first reported by the author at the Tenth 
Annual Gaseous Electronics Conference, Cambridge, Massa- 


chusetts, October, 1957 [H. Dreicer, Bull. Am. Phys. Soc. 3, 86 
(1958) }. 


corrections which runaway introduces into the equations 
of pressure balance. 


Il. WEAK FIELD RUNAWAY 


A. Definition of Problem 


In this treatment, we consider a uniform fully 
ionized plasma of electrons and protons (or deuterons). 
Prior to the instant when the externally applied electric 
field is switched on, the electron and ion velocities are 
assumed to be distributed according to the Maxwellian 
law 

F,(¢) 


F (ce) =n(8,/x)§ exp(—8*), 


-n(8./r)' exp(—Ba*), 


where n is the particle density 


S,=m ‘QkT., 8.= M/2kT;,, 


and the electron and ion masses and temperatures are 
given by m, M and T., T;, respectively. For simplicity, 
the main part of this paper is restricted by the tem- 
perature relation 7,>T7; which is usually encountered 
in practice. The opposite limit is briefly discussed in 
Sec. II, D. 

At some instant of time an external electric field, EZ, 
is switched on which is weak in the sense defined in 
R-I, i.e., 

EXE,.=n(m/e)' Be, (1) 
where 


l= 4r(e*/4regn)* In(A/ po), 
= (eokT./ne*)'= Debye radius, 


po=average impact parameter for a 90° Coulomb 
deflection, 
4rreg= 4 X10 coulomb-volt—meter™, 


This inequality implies that in the mean free electron- 
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ion collision time v~, where 
v= (e/m)E.B,', (2) 


the electric field alters the energy of an average electron 
in the distribution by an amount which is small com- 
pared to kT,. The collision rate v is also approximately 
the rate of encounter between those electrons in a 
Maxwellian distribution which are moving with average 
random speeds. 

Electron-electron encounters cannot alter the drift 
energy imparted to the electrons by the field. This can 
only be brought about by electron-ion encounters, i.e., 
Joule heating. In weak electric fields this process limits 
the drift velocity of the electrons in the main body of 
the Maxwellian distribution (hereafter called body elec- 
trons) to approximately the directed velocity imparted 
to such an electron in a single mean free electron-ion 
collision time. This behavior is expressed by the relation 


3\/nr E 4ut 
v,()=—— | 1-exp(— )} (3) 
& Be 3\/x 
(derived in R-I) which shows that », reaches its terminal 
value several mean free collision times after the field is 
turned on. Any subsequent increase in », is coupled to 
the rise in electron temperature. For the body electrons 
a rise in temperature is a result of electron-ion en- 
counters which randomize the drift energy imparted by 
the field, and electron-electron encounters which redis- 
tribute this energy into a Maxwellian distribution. As 
long as we concern ourselves with the body electrons, 
the results of R-I will apply; and with the help of Eqs. 
(22b) and (29) (R-I), we find that these electrons are 
Joule heated at the rate 


d 4 
aes, ( 3kT.) —— (cEB)8 02. 
dt 3/4 


With the help of Eqs. (2) and (3) this expression may be 
rewritten in the form 


d E\? 4vt 2 
—(kT,) -ri(4eT)(—) | 1-exp(- ) . (4) 
dt E. 3/r 


This result shows that the instantaneous collision rate » 
exceeds the instantaneous Joule heating rate by the 
factor E2/(riE*), and the lifetime of the weak-field 
regime, i.e., the time taken for the body electron drift 
velocity to reach the value corresponding to 6,0?=1 
starting from v,=0, is roughly (E.o/E)*v", where E.» is 
the critical field expressed in terms of the initial electron 
temperature 7... Solutions of the more exact equations 
derived in R-I which take into account the strong vari- 
ation of the dynamical friction force with drift velocity 
are tabulated for several electric fields in Table I and 
are seen to yield somewhat longer lifetimes. We are 
thus led to the following picture of the behavior of the 
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Taste I. Lifetime of weak-field regime 


Lifetime obtained in R-I 
E/E. (in units of »~) 


( 80 
0. 20 
0. 9 
0.4 5.5 


body electrons in the weak-field regime: After the 
electric field is switched on, the terminal drift speed is 
established in several mean free collision times. The 
subsequent increase in the drift speed follows the rise 
in temperature for an interval of time equal to about 
(E.o/E)v", after which the strong field regime is 
reached and runaway of the body electrons occurs. 
Since the lifetime of the weak-field regime for the body 
electrons exceeds v-', we may expect the body velocity 
distribution to behave adiabatically and remain very 
closely Maxwellian throughout this time. 

We consider next that there must exist fast electrons 
in the high-energy tail of the velocity distribution which 
make collisions so infrequently that almost any applied 
electric field controls their motion and thus may be 
considered to be a strong field. When this effect is 
examined we find that velocity space can roughly be 
divided into a runaway region where the applied field 
plays the role of a strong field, and into a region domi- 
nated by collisions where the same field is weak, and 
runaway does not take place. 

Our first problem is to locate these regions in velocity 
space in the period immediately following the switching 
on of the electric field. For this purpose, we consider a 
single test electron moving with the velocity ¢ under 
the influence of a weak electric field through a gas of 
electrons and singly charged ions. During the early 
times, the relative drift velocity between the electron 
and ion gases is very small compared to the average 
random electron speed, and the ion as well as body- 
electron velocity distributions are closely Maxwellian. 
Under these conditions, the Langevin equation’ for the 
test electron is 

de cek, e 
—+-—[2¥(V)+7°V(7"V) ] E+ A(t), 
di cm m 


where 


? } 
&(V) f exp(—F)dd. 
VT 0 


In this equation, the total instantaneous acceleration 


due to particle-particle interaction is separated into a 


* For a review of methods involving the Langevin equation, see 
S. Chandrasekhar, Revs. Modern Phys. 15, 1 (1943) 
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time-average part, the dynamical friction, and a part, 
A(t), describing the fluctuations about the average. By 
making use of Gauss’ theorem, the dynamical friction 
is easily derived and expressed in terms of ¥ functions, 
one due to electron-electron encounter, the other due 
to electron-ion encounter. Chandrasekhar has shown*® 
that A(#) arises chiefly from encounters with nearest 
neighbors. Its exact value is determined at each instant 
by all particle positions, and its rate of change involves, 
in addition, the velocity of all particles. 

The solution of the Langevin equation is complicated 
by the strong velocity dependence of the ¥ function. 
Fortunately, a particularly simple situation exists for 
electrons which are moving so fast (i.e, V>>1 and 
yV>>1) that we may consider practically all other 
plasma particles to be at rest. Under these circum- 
stances, use of the asymptotic form of the ¥ function 
leads to the following simplification : 


20 (V) +7 (V/y) > 3/V*. 


It also follows that the faster the test electron moves 
the smaller are the velocity fluctuations produced by 
the acceleration A(#). The main frequency component 
of A(t) is inversely proportional to the time of flight 
between nearest neighbors, and because of its inertia 
the response of the test electron to A(/) must decrease 
as V increases. This result holds even though a fast 
particle can penetrate deeper into the Coulomb fields 
it encounters. 

These remarks are borne out by more detailed kinetic 
calculations to be presented in Sec. II, B. [See argument 
leading up to Eq. (33). There we find that the mean 
square change in the velocity of the electrons per unit 
time is primarily the result of energy gained in the 
applied field, rather than the result of energy exchanged 
between electrons provided 


V>(E./E)'=V,. (S) 


Subject to this restriction on the velocity we therefore 
neglect A(/) compared to E, and in dimensionless form 
the high-energy limit of the Langevin equation becomes 


qwv VE 


dr VE. 


The dimensionless time variable + used here is defined 
with the help of Eq. (2) by r=vt. 

The motion of a fast electron in velocity space follows 
the flow lines of the total force (E/E.)—3V/V?, and in 
any plane containing £ these lines are determined by 

Vd6 V? sind 
dV 3(E./E)—V* cosd 


Here @ is the angle subtended by V and E. With the 
help of the identity 


V? sind cosédé+- V sin*@dV = V sinéd(V siné), 
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Fic. 1. Flow lines in the V,, V, plane for an electron movin 
under the combined action of the dynamical friction force, (—3V 
V*), and an electric field pointing along the negative V, axis. Fach 
K line generates a surface of revolution about the V, axis. 


we find‘ 


V?= V,? sec*(0/Z)+K csc, (6) 
where 


VZ2=3E./E, (7) 


and K is the arbitrary constant which generates the 
family of flow lines shown in Fig. 1. For K>0 the elec- 
tric field force is strong compared to the dynamical 
friction force, and flow lines enter and leave velocity 
space at infinity. Examination of Eqs. (6) and (7) 
shows that in this region (we call it the runaway region) 
the condition given in Eq. (5) is everywhere satisfied 
and use of the asymptotic form of ¥ is justified. For 
K<O all flow lines converge on the origin, and the 
dynamical friction force appears to bring all electrons 
to rest. This, however, is a result of neglecting A(t). 
The motion of the body electrons is collision dominated 
and in general the condition given in Eq. (5) is violated 
for K<0. In this region A(¢) causes frequent transitions 
between and along flow lines and such particle motion 
is best described as a diffusion in velocity space. 

The runaway and collision-dominated regions are 
separated by the surface on which K=O. If A(¢) were 
retained in the Langevin equation, this surface would 
be smeared out, and the regions would merge gradually. 
The concept of the K=0 surface is nevertheless a 
useful one. It suggests an approximate method of solu- 
tion which we enter into next. 

After the electric field is switched on, the high-energy 
electrons which originate in the runaway region with 
speed Vo will increase their velocity in the direction of 
the field by Vo in a time given roughly by 

t=(E./E)Vo, 


‘ Derived earlier in H. Dreicer, Ph.D. thesis, Massachusetts 
Institute of Technology, 1955; and published in W. P. Allis’ 
‘Motion of Electrons and Ions,” Handbuch der Physik, edited by 
S. Fligge (Springer-Verlag, Berlin, 1956), Vol. 21, p. 436. 
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and subsequently we may consider these to have run 
away. The motion of these early runaways is dominated 
by the electric field, and is easily followed. Their tota! 
particle density is, however, only of the order 


2n fa sd 
f f V? exp(— V*) sinddédV 
/r 0 Vo sec (6/2) 


~nV,exp(—V,"). (8) 


A more difficult question involves those electrons 
which originate in the collision dominated region. These 
consist very largely of body electrons whose velocity 
distribution is very nearly Maxwellian. In the course 
of time, these electrons diffuse across the K =0 surface 
and run away. Our problem is to calculate the rate 
with which this mechanism depletes the collision 
dominated region, and we turn to the Boltzmann 
equation for a solution to this problem. 


B. Boltzmann Treatment 


The calculation proceeds from the Boltzmann and 
Fokker-Planck equations which have the following 
forms in our dimensionless units: 


(~) 
Or =) 
OF, 0 OH. OH, 

fo far ig | 
Or/. OV, OV, OV; 


1 0 OG,, OG 6 
7. ——-—— )| (9b 
20V,0V OV,0V; OV,0V; 
F.(V',r) 
H.. 2f dv’, 
y_v’ 
m F,(V',r) 
( , yf #V’, 
M |\V—V’ 


f Fv) V-—V'|#V’, 


W here 


(10a) 


(10b) 


f Fv) V—V'|@v’. (11b) 


F, and F, are the electron and ion velocity distributions, 
respectively. Summation over the components of the 
velocity Vx, V; is implied wherever these components 
appear repeatedly. Integrations over the entire velocity 
space are implied in Eqs. (10a) to (11b). 

An exact analytic solution of the Boltzmann equation 
does not seem feasible, and it is necessary to resort to an 
approximate treatment. In this paper we make use of an 
expansion in spherical harmonics® and search for a solu- 

* For an example of this method see T. Holstein, Phys. Rev. 
70, 367 (1946). 
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tion of the form 
F.(V,7) = F°(V,7r)+pF'(V,7), 
F1(V,7r)<<F°(V,7), 


(12) 
(13) 


where yu is the cosine of the angle subtended by E and V. 
As shown in R-I, this expansion is valid for the body 
electrons in the weak-field limit E<E,. The intro- 
duction of Eq. (12) into Eqs. (9a) and (9b) leads, after 
integration over yu, to a set of coupled equations for F” 
and F' which take the form 


or? 4 6 
Or V? AV 
OF F' oH, E oF 


dna 4 : (15) 
Or V OV BE. aV 


In this equation the current J and the potential H,, 
are given by 


oH.~ 
a +3 


=_— + 


fs) iC. 0 pe Pe) ( Fee! 
Pe j 
OV ’ oy? V av? 
10F°8G.8 F°0G.8 1E 
- - -+-—F', 
20V @y* VV? av 3s 


(17) 


In Eqs. (15) and (16) all terms which are proportional 
to m/M have been neglected. The ions are therefore 
taken to be infinitely massive, and for this reason their 
velocity distribution is given by a Dirac delta function. 
Terms proportional to (F')? have also been dropped in 
this derivation. The H,,° and G,,° functions in Eq. (16) 
are generated by F*, the spherically symmetric part of 
the distribution. 

At this point we introduce two other simplifications. 
The first of these restricts the solution of Eqs. (14) 
and (15) to the collision dominated (K <0) region by 
requiring that the electron velocity distribution vanish 
on the K=0 transition surface. This assumption is 
based on the expectation that runaway reduces the 
electron population in the neighborhood of this surface 
below the value, x! exp(—V,?), which exists in the 
absence of the applied electric field. As a consequence 
of this simplification, all interaction between electrons 
in the runaway region which results in their reap- 
pearance in the K <0 region, and all interaction between 
electrons on opposite sides of the transition surface is 
neglected. The second simplification replaces the K=0 
transition surface by a sphere of radius V», and thus 
introduces spherical symmetry into the problem. Jus- 
tification for this approximation is presented @ posteriori 
in Sec. II, C. 


Equation (14) is a nonlinear diffusion equation for F’. 
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The current density J is therefore radial in velocity 
space, and receives contributions only from processes 
which involve energy exchange. Among these processes, 
the contribution from electron-ion encounters is smaller 
than that due to electron-electron encounters by the 
factor m/M and has therefore been neglected. This 
accounts for the fact that G,; does not appear in Eq. 
(16). In Eq. (15), on the other hand, we are dealing 
with momentum transferred to and from the electrons, 
and here it is the electron-ion encounters, whose col- 


lision rate in dimensionless units is just V~*, which’ 


play the dominant role. Directed energy gained from 
the electric field is randomized in direction by these 
collisions, and contributes the Joule heating current 
(F'/3)(E/E,.) to J. We have neglected the contribution 
to 0F'/dr from electron-electron encounters since these 
do not alter the momentum of the electron gas directly. 
The solution of Eq. (15) subject to the condition 
that no current flows prior to the application of £ is 


, ( T ) * ( s \E dF*(V,s) 
(Vr) =exp{ —— f exp -) ~ —_—ds. 
° Vii Jo % ViJE oaV 


The exponentia! time factors in this equation express 
the contribution from particles moving with the speed 
V to the transient buildup in the asymmetry F'. The 
majority of electrons in the collision dominated region 
move with speeds in the neighborhood of the most 
probable speed V = 1, and for these the transient motion 
dies out in several mean free collision times (i.e., 
+= 2-3). The subsequent time dependence of /" arises 
from Joule heating, and diffusion of electrons into the 
runaway region, and is related to the time-dependent 
behavior of F® which we consider next. 

Following an approach used by Chandrasekhar* in 


(18) 


the theory of star clusters, we specify the initial velocity : 


of a test electron and trace its subsequent statistical 
behavior by means of Eq. (14). Moreover, as we have 
argued before, it appears reasonable to assume that all 
other bedy electrons are distributed according to a 
Maxwellian distribution since we can expect this region 
to be depleted slowly compared to the rate at which 
these electrons exchange energy. The utility of this 
approximation lies in the fact that we have thus reduced 
Eq. (14) to a linear partial differentia! equation, with 
the interaction terms expressed once and for all in the 
form 

H.."°(V)=28:(V)/V, (19) 

1 1 dé, 

Gus) =] V+] ' (20) 
2Vi 2dV 
A discussion of the limitations which linearization 
imposes upon the validity of the solution is given in 
Sec. II, C. However, we may add at this point that the 
distribution function obtained in this way is very 


° S. Chandrasekhar, Astrophys. J. 98, 54 (1943) 
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Fic. 2. The variation of the eigenfunctions w;, w2, and w; with the 
normalized speed V, for E/E,=0.03 and V,=8.85. 


nearly Maxwellian except for the immediate neighbor- 
hood of V», (see curves of w, in Figs. 2 and 3). Substi- 
tution of Eqs. (19) and (20) into Eq. (14) yields 


OF W(V) &F | &(V) sa 
. n ne ~ 


2V & 2V° 


aVv 


1f£1 


, J 
+2—+- --— —(V°F'), (21) 


+2 
dV 


which we must solve subject to the initial and boundary 
conditions, 

5(V— Vo) 

F°(V,0) =- - (22) 


aya? ess 
WwVso 


F°(V,,7)=0, r>0. (23) 


After several mean free collision times, the transient 
buildup terms in F' die out, and under certain con- 
ditions Eq. (21) can subsequently be satisfied by a 
separable solution of the form 


F°(V,r)=f(V) exp(—Ar). 


T T T T 


(24) 














Fic. 3. The variation of the eigenfunctions w;, w2, and w,; with the 
normalized speed V, for E/E,.=0.1 and V,=7.20. 
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To show this we substitute Eq. (24) into Eq. (18). The 
result 
E of exp(—Ar)—exp(—7/V*) 
F'(V,r) — —— - 
E, dV (1/V*)—A 
is nearly proportional to exp(—Ar) provided 


A<V (25) 


*<Vs. 


In Sec. II, C, we shall show that except for the early 
times the diffusion of electrons across the transition 
sphere is governed primarily by the smallest eigenvalue 
\; which appears in the solution, and it develops that A, 
satisfies the above inequality when E/E<1. Thus the 
separation of variables is possible provided an accurate 
solution is sacrificed during the first few mean free 
collision times. 

The approximation can also be described from a 
different point of view. Neglect of the transients in 
Eq. (18) is equivalent to the neglect of the time deriva- 
tive of F' in Eq. (15). Since the asymmetry F" alone 


10" T\\\ 





Fic. 4. The variation of the eigenvalues \; to As, expressed in 
units of the collision rate », with the normalized transition sphere 
radius V, for E/E.=0.06 
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determines the momentum of the electron gas th 
approximation implies that the motion of the electrons 
is quasi-static with the inertial term taking up the negli- 
gibly small difference between the dynamical friction 
force and the applied field force acting on the body elec- 
trons. This is merely a restatement of the fact that the 
body electrons do not run away together until Joule 
heating has lowered the dynamical friction force to the 
point where it cannot balance the applied field and the 
inertial term becomes important. In this approximation, 
the quasi-static form of F’ is given by 

E of 

F' y3— 
k aV 


exp 


and F* is given by Eq. (24). 
For convenience in the subsequent numerical analy- 
sis, a new function w(V 


(V)=Vf(V). 


) is defined by 
On the boundary we then hav: 
V,) 0). (27) 


function, the di 


In terms of this new 
becomes 


Pwi¥(V) 1/E\? 
rey 
aya av 63NG 


fferential equation 


dwt /E\? &.(V 
ole 
dVL\E | 


d&2(V 
+2 
dV 


It must be solved subject to the additional boundary 
condition 


(0) =0. (29) 


For each choice of V, this equation yields a distinct set 
of eigenfunctions w:(V), we(V), and a corre- 
sponding set of eigenvalues Aj, 2, lhe latter give 
the decay rates of the various modes as a result of 
diffusion across the transition surface. 

The probability that an electron, whose initial speed 
is Vo, be found in the range between V and V+dV 
after a time 7 is given by 
» Wal V)wa(Vo)r( Vo) 


Pv} Vol i! ens re 


n=l! 


exp(—AartT (30) 


’ 


in VV V 


v.= f [w,.(V) Pr(V)dV, 


where 
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Fic. 5. The variation of the eigenvalues A; to As, expressed in 
units of the collision rate », with the normalized transition sphere 
radius V, for E/E,=0.10. 


and the weighting function is given by 


1/E\?  W(V) 
r(V)= pi n/|: (=) Pat 
3X E. 2V 


[W(V)/2V4+4(E/E.)°V")] 


. “J (8s, ‘V?—3W(V)/2V°+(E/E.) vy?) 
o(V)=exp| f — v}. 
0 


F°(V|Vo|r) is the conditional velocity distribution 
which satisfies Eqs. (21), (22), and (23). 

The conditional probability P(V,|Vo|7r) that an 
electron whose initial speed is Vo crosses the transition 
boundary for the first time between rt and r+dr is 
simply the negative of the total current, 4rV*J, evalu- 
ated at V=Vj,. Use of Eqs. (16), (19), (20), (26), and 
(30) together with the boundary condition F°(V,,r)=0 
yields 


P(V| Vol 7) 


1s/E\? V(V,) 
urd) 
3X\E, ave 
» Wa(Vo)r(Vo) (dw, 
x2— —~(=) exp(—A,7). 
n= 4nViViN, \dV/ v= 


The coefficient in the square bracket is the mean square 
increment in the speed per unit time of an electron 
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moving with the speed V», and it plays the role of a 
diffusion constant. The total conditional probability, 


Y( Vs\ Vol r) -f P(V,| Vol r)dr, 
0 


satisfies the normalization condition Q(V,|Vo| =)=1. 
It may therefore be expressed in the equivalent form 


OV.) Vol T) 
=£ Q.(Vo,Vo)[1—exp(—Anr)] 
n 


=>) C.(Vi)w.(Vo)[1—exp( ~r.2))/ 


n=l 


XE Ca(Vs)t0m(Vo), 


’ 1 dw,, 
Nida d V VeVs 


Finally Q is averaged over a Maxwellian distribution of 
the initial speeds Vo with the result 


QO(Vs|r)=305 An(Vo)[1—exp(—Aar) ], 
where 


Vs 
A n( V») =f Ve exp( ms VP)On( Vs, Vo)d ve / 
0 a 
f Ve exp(— Ve?)dVo. 
0 


After several mean free collision times, Q is deter- 
mined almost entirely by the decay of the fundamental 
mode and we have 


Q(V,5| r) Ai 1—exp(—)i7) J. 


where 


(31) 


(32) 


Fic. 6. The variation of the eigenvalues ,; to As, expressed in 
units of the collision rate vy, with the normalized transition sphere 
radius V; for E/E,=0.223. 
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Fic. 7. The variation of the runaway rate, \,, expressed in units 
of the collision rate v, with the normalized transition sphere 
radius Vs. The normalized electric field E/E. is treated as a 
parameter. 


Except for the inclusion of electric field effects, Eq. (32) 
is a result obtained earlier by Chandrasekhar® in con- 
nection with the escape of stars from clusters. 


C. Numerical Results 


The eigenvalue problem defined by Eqs. (27), (28), 
and (29) has been solved on a 704 IBM digital computer 
by a standard Runge-Kutta integrating technique. 
Eigenfunctions and eigenvalues were obtained as a 
function of the boundary coordinate V, with the electric 
field E/E, playing the role of a parameter. Typical 
numerical results are shown in Figs. 2 to 7. 

The most significant result to come out of the cal- 
culation is that A; becomes essentially independent of 
V» for sufficiently large V». In particular, these results 
show that A; becomes independent of V, for a sphere 
radius which agrees well with the value derived in 
Eq. (7) from the Langevin equation. The values of A, 
obtained by Chandrasekhar*® correspond to E/E,.=0 
in the range 2.3<V,<2.7 and agree closely with our 
results. 

The variation of \; with V, and E/E, can be explained 
in terms of the processes which give rise to J. Of these, 
mutual electron encounters contribute a thermalizing 
current to J which depends upon the deviation of F° 
from the Maxwellian distribution, but represents no 
consistent diffusion of electrons to higher energies. The 


Joule heating current 


g 1jE\? dF 
) F ( ) yo, 
I 3 E. OV 
on the other hand, does represent a consistent diffusion 
of electrons to higher energies. This is brought about 
by the fact that electrons exchange very little energy 
(in our approximate treatment none at all) with the 
positive ions, and store nearly all of the energy gained 
from the electric field. Energy exchange between elec- 
trons is a result of Coulomb encounters, whereas energy 
gain from the electric field is hindered by encounters. 
To see this we note that the Joule heating current 
given in the above equation is proportional to (Z/E.)* 
and thus decreases with an increase in the rate of col- 
lision. Since the Rutherford scattering law governs the 
rate of collision, we must expect to find that at large 
velocities J is almost completely determined by the 
electric field. More precisely it can be seen from the 
coefficient of dw/dV? in Eq. (28), which is just the 
mean square increment per unit time in the speed of an 
electron moving with speed V, that the contribution 
from the electric field equals the contribution arising 
from collisions when 


1fE\? WV) 
(a) 
3 E. 2V; 


V ~(E./E)}. 


2V3 


The inverse of \, is essentially the time required for an 
average body electron to diffuse from V~1 to V=V, 
under the action of electron-electron encounters. The 
slight slope which remains in the curve of A, versus Vy 
when A, saturates above V;, is contributed by the addi- 
tional time required by an electron to be accelerated 
from V, to larger velocities by the action of the electric 
field. It is this behavior of \,; which we invoke to justify 
our substitution of a sphere for the transition surface 
defined by Eq. (6). Since \,; becomes essentially inde- 
pendent of V; for large V,, we can expect that deforma- 
tion of the transition surface in this region cannot 
affect the results very strongly. Moreover, this result 
seems to bear out the validity of both the boundary 
condition F°( V;,r)=0 and the neglect of the interactions 
which scatter electrons back into the sphere. 

In our treatment, electrons which cross the sphere 
run away. Actually electrons which enter the region 
shaded in Fig. 8 do not get very far before they return 
to the main body of electrons in the K<0 region. This 
error has roughly the effect of halving the true diffusion 
length in the problem, or increasing \,; by a factor of 
four. The purely angular scattering of electrons from 
the shaded region into the true runaway region due to 
encounters with positive ions will tend to reduce this 
error somewhat. 
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Taste II. Probability coefficients for the first five decay modes. 
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—1.14x10" 
—1.23X10" 
—7.16X10 
—1.19X10* 
—2.32K10™ 


1.120 
1.106 
1,049 
1.007 
1.000 


1.18X10* 
2.9610"? 
6.64X 10 
1.9110 


Strictly speaking, the spherical harmonic expansion 
of the distribution function defined in Eqs. (12) and 
(13) is a poor approximation for velocities in the range 
V.<V<YV,j. In this velocity range, collisions are already 
so rare that the electric field must produce a pronounced 
drift of these electrons in one direction, and the velocity 
distribution must deviate rather seriously from a 
spherical distribution. Our treatment does not take 
this effect into account, but we believe that a more 
rigorous treatment will preserve the essential features 
of Fig. 7. Our results seem to indicate that the eigen- 
value \; depends primarily upon the net loss of electrons 
out of the V<V, portion of the collision dominated 
region, rather than the direction in which these traverse 
the region V;<._V < V» and cross the transition surface. 
This result follows from the fact that the time an elec- 
tron spends in the region between V,; and V, is small 
compared to A;", independent of the direction in which 
it flows across this region. A more precise calculation 
has not been made to check this point. 

In Sec. II, B, the F' distribution was simplified by 
the neglect of transients. This approximation was based 
upon the inequality A,;<Vi-* [see Eq. (25)], and a 
comparison of \; and V5, made with the help of Eq. (7), 
shows that this inequality is indeed satisfied for E/E, 
<10", 

The eigenvalues associated with wz to ws are shown 
in Figs. 4 to 6 as a function of V, with E/E, treated as 
a parameter. Examination of these as well as the values 
of A; to As listed in Table II shows that the asymptotic 
form 


Q(V.| r)~1—exp(—Air) 


is a very good approximation after several mean free 
collision times. The validity of this relation is, however, 
limited by the linearization which we have imposed 
upon the Boltzmann equation. This effect shows up in 
essentially two ways. First the density of electron scat- 
terers decreases with time, and secondly Joule heating 
of the body electrons may increase their temperature 
if there are no compensating heat losses. These changes 
have the effect of decreasing the electron-electron col- 
lision rate, thus increasing the mean free collision time 
to which we normalize \,. On the other hand, the ratio 
E/E, increases with the rise in temperature, but is 
only partially affected by electron density changes in 
the collision dominated region since EZ, is a result of 
electron-ion as well as electron-electron encounters. To 


—1.38X10* 


As As 


5.0X10~ 
2.9K10" 
—1.7X10" 

7.07X 10" 


9.2X10* 
94X10 
—5.9x10" 
—2.89X 10% 
—1.610~ 


estimate the rise in temperature when there are no 
energy losses we make use of Eq. (4) which states that 
strong field runaway of the body electrons can be 
expected after a time given approximately by (E.0/£)’. 
For each E/E.» studied, this time is either comparable 
to or much shorter than \,~". If Joule heating is balanced 
by other energy losses and the electron temperature 
remains constant, then our results are limited roughly 
to the e-folding time A,;~'. Very reasonable corrections 
can be made by adjusting the mean free collision time 
to take account of the gradual depletion of electrons in 
the collision dominated region. Eventually, however, 
the interaction between electrons in the runaway region 
must be taken into account. 


D. Effect of Random Ion Motion 


In this section we will briefly consider the effect of 
random ion motion on the results we have obtained so 
far. To extend the treatment we consider the possi- 
bility of ion runaway by the method of the Langevin 
equation. The dynamical friction force exerted upon an 
ion moving with velocity ¢ in a gas composed of ions 
and electrons, whose velocity distributions are Max- 
wellian, is obtained with the help of R-I [Eqs. (6), (9), 
and (17a) } in the form 


f; == M(VHut VA.) 


. po a0 WE fesdhee )}, (34) 
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K>0 





Fic. 8. Two-dimensional view of the actual and approximate 
transition surfaces. In the approximate treatment, electrons in 
the K>0O region as well as in the shaded portion of the K <0 
region runaway. 
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Fic. 9. The dynamical friction force f;, normalized to e£., which acts on an ion moving with the speed c through a Maxwellian distri- 
bution of electrons and ions. J’or this illustration the electron and ion temperatures were taken to be equal, and »9,=0;=90. 


where 


q.=C—Vv,, Gi=Cc—V;, 


and v, and vy, are the electron and ion drift velocities, 
respectively. The force f;, normalized to e£,, is illus- 
trated in Figs. 9 and 10 as a function of 8,'c for a test 
ion moving in the direction of (v,—v,). It is clear from 
these graphs that under many of the circumstances 
usually encountered in practice the large majority of 
the high-energy ions in the tail of the ion velocity dis- 
tribution are subject to a dynamical friction force 
(originating with the electrons) which increases with 
ion velocity. 

Equation (34) shows that ion runaway is possible for 
any electron and ion temperature provided the velocity 
distributions are well separated, i.e., | v.—v,;| >8.-? 
+8;-'. This situation is best handled by the methods of 
R-I. However, when the velocity distributions overlap 
appreciably, then it is necessary to estimate runaway 
by locating the transition surface. The asymptotic 
limit of Eq. (34) takes the form 


q; de 
+—— }=cE. 


B.q? Bae 


By equating the dynamical friction and the applied 
electric force, we find the condition for runaway to be 
B.4\ ¢| > (E./E)'—8,)| v, |. 


f\/eE. 
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Fic. 10. The dynamical friction force f;, normalized to eZ., is shown as a function of 8,4c for an ion movin 
electron-ion drift velocity with the speed c. For this illustration the electron and ion temperatures were taker 


drift speeds were chosen to be 0,=8,74; = —v,m 


7 E. R. Harrison, Phil. Mag. 3, 1318 (1958). 


Since the present treatment requires §,'|v,.| <1 and 
EXE,., we see that ion velocities must exceed the most 
probable random electron speed by an appreciable 
factor before runaway becomes possible. 
accurately the rate with which ions leave their collision- 
dominated region, it is necessary to solve the Boltz- 
mann-Fokker-Planck equation for the ions as well as 
for the electrons. This has not been done. However, in 
a qualitative manner it is possible to predict that the 
rate involved must be much smaller than the eigenvalue 
\; characteristic of electron runaway. For not only does 
the electron Joule heating rate exceed the ion Joule 
heating rate by the factor M/m, but the ion self- 
collision rate which gives rise to a diffusion through 
velocity space is smaller than the corresponding electron 
self-collision rate by m/M)? when B.=8i. 
Moreover, since we require 7,>>T, for ion runaway, we 
can expect appreciable energy transfer from ions to 
electrons to take place. As a consequence both energy 
and momentum transfer to the electrons acts to reduce 
the ion runaway rate 


To calculate 


the factor 


E. Comparison with Other Work 


is made Eq. (7) the basis of an 


Recently Harrison’ h 
estimate on the rate at which electrons appear in the 


runaway region of velocity space. His treatment 


proceeds from the continuity equation for runaway 


g parallel to the relative 
to be equal, and their 
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electrons which he writes in the form 


On, 
——+V ‘j= fasecnrer. 
al 


Here n, is the number density of runaways, j, is their 
current density in real space, and A/,(v) is the rate at 
which electrons qualify for the runaway state per unit 
volume of phase space at the velocity v. He states, 
without presenting the physical reasoning involved, 
that when the applied electric field vanishes Af, is to a 
first approximation given by 


n m i mv,” 
Af(v)=— (—) exp(- _ ) (35) 
27. \2akT, 2kT. 


The mean free collision time +,., appearing in this 
equation, is determined from the dynamical friction 
force acting on an electron moving with the speed 2, 
and is given by 

re= 0 /3nl',. 


For the total runaway rate induced by the field £, 
Harrison then finds 


2 


l 3n* exp(— V,?) 
J Af,(v)4r?dv=—T'p,i—_—,_ (36) 
2 vb a/r 


V?? 


where 
V 2= mv,2/2kT., 


and the effect of the electric field appears in the size of 
the runaway region only. 

Harrison does not present the derivation of Af,, but 
presumably it is based upon a detailed balancing argu- 
ment. The number of electrons entering the runaway 
region must just balance the number which leave this 
region provided steady state conditions prevail. When 
the electric field vanishes the velocity distribution is 
Maxwellian, and the above expression gives approxi- 
mately the number which leave the runaway region 
since the main contribution to the integral comes from 
the neighborhood of ». For the moment we must ignore 
the fact that in the absence of the electric field » 
becomes infinite and the integral in Eq. (36) vanishes. 
The factor, 0.5, multiplying the integral presumably 
was introduced to take approximate account of the 
geometrical shape of the transition surface. This 
estimate can be said to give the rate of runaway in the 
presence of an applied electric field, provided (1) the 
velocity distribution remains Maxwellian right up to 
the transition surface, (2) the velocity distribution 
vanishes for v>%, i.e., no scattering back into the 
v< region, and (3) Joule heating is neglected. With 
these restrictions in mind Eq. (36) can be directly 
compared with our \, provided that we normalize the 
former with the collision rate defined in Eq. (2). This 
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MAXWELLIAN AT ‘% 
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Fic. 11. Comparison, as a function of V,, of the runaway rate 
\, with the runaway rate Aw proposed by Harrison. These curves 
agree most closely for the case E/E,=0, 


transforms Harrison’s result to 


3 exp(— V,’) 
Aun= ; as Pee, 
V7 J y 
A comparison of Ay and A, for E/EZ,=0 is presented in 
Fig. 11 as a function of V». It shows that for this case 
\w is about one order of magnitude smaller than A,. 
When Aw is compared with A; for Z/E,>0, then the 
results differ even more. This difference arises partly 
from the fact that we have calculated \, for a sphere, 
whereas \y involves the factor 0.5 to account for the 
geometry. It is also connected with the difference in 
boundary conditions at %%. In our treatment the dis- 
tribution is forced to vanish on %%, and its value for 
v<» is calculated from the Boltzmann equation. 
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Harrison assumes that the distribution remains unal- 
tered (i.e., Maxwellian) for »<v, and then he counts 
the scattering out of the collision-dominated region only. 

The crux of the matter is that both methods lead to 
incorrect results as long as the flow across the transition 
surface brought about by the electric field is neglected. 
In the absence of the applied field no runaway occurs 
at all. Therefore, it is precisely the deviation from the 
Maxwellian distribution induced by the electric field 
which is required for an estimate of the runaway rate. 
In our present treatment no physical significance is 
attached to A, for finite V, and E/Z,=0. However, this 
case does serve the purpose of separating the purely 
collisional diffusion in velocity space from the diffusion 
brought about by the electric field. Our results show 
that the inclusion of the electric field results in a run- 
away rate which exceeds by orders of magnitude the 
rate proposed by Harrison. 


Ill. EXPERIMENTAL EVIDENCE AND 
RELATED PHENOMENA 


A. Experimental Evidence 


Evidence for the existence of the runaway effect is 
meager, and originates almost exclusively with obser- 
vations carried out on experimental thermonuclear 
machines. Several years ago x-rays in the range of 
hundreds of kev were observed to be emitted from a 
toroidal pinched plasma* (“Perhapsatron” at Los 
Alamos), and from a figure-eight electrical discharge® 
(“Stellarator” at Princeton). Additional evidence ob- 
tained by the Princeton group” indicates the existence 
of long time constant current plateaus in the Ste!larator 
even after the application of external electric fields has 
ceased. Presumably these plateaus can be attributed to 
runaway electrons whose mean free collision time for 
momentum transfer is exceedingly long. Large x-ray 
yields are frequently measured at and immediately fol- 
lowing electrical breakdown of toroidal discharges.* 
This indicates that electron runaway also plays an 
important role in the breakdown mechanism, and during 
the early ionization stage of toroidal discharges. An- 
other class of experiments is concerned with the spectral 
analysis of the neutrons emitted from plasmas as a 
result of the d-D reaction. For a number of experi- 
mental machines" the measured spectrum requires the 


® Burkhardt, Sawyer, and Stratton, Conference on Thermo- 
nuclear Reactions, Princeton University, October, 1954, Atomic 
Energy Commission Washington Report 184 (unpublished), p. 
68; Burkhardt, Sawyer, Stratton, and Williams, Conference on 
Thermonuclear Reactions, Berkeley, February, 1955, Atomic 
Energy Commission Washington Report 289 (unpublished), p. 49. 
*F. F. Chen, Conference on Thermonuclear Reactions, Ber- 
keley, February, 1955, Atomic Energy Commission Washington 
Report 289 (unpublished), p. 297. 
Bernstein, Chen, Heald, and Kranz, Phys. Fluids 1, 430 
(1958). 
“ Conner, Hagerman, Honsaker, Karr, Mize, Osher, Phillips, 
and Stovall, Proceedings of the Second United Nations Conference 
on the Peaceful Uses of Atomic Energy, Geneva, 1958 (United 
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center-of-mass motion of a considerable number of 
deuterons in the direction of the applied electric field. 
Since, as we have pointed out, ion runaway is an ex- 
ceedingly slow process, it is not unlikely that other 
mechanisms operate to bring ions into the runaway 
region where they are accelerated to higher energies by 
the electric field. 

The physical phenomena occuring in these experi- 
ments are unfortunately large in number and too 
complex to permit a clear separation of the runaway 
phenomenon, and so far no true measurement of the 
velocity distribution or the runaway rate has been 


obtained. 


B. Effects due to Magnetic Fields 


We have already pointed out' that particle runaway 
cannot take place when the electric and magnetic fields 
in the plasma are mutually perpendicular. Our results 
are therefore to be interpreted strictly in terms of the 
component of E which is parallel to B. Magnetic field 
effects are completely absent only in certain idealized 
geometries. Into this category fall the purely radial 
discharges between coaxial cylinders or concentric 
spheres. In practical geometries charged particle motion 
may be jointly controlled by the existing electric and 
magnetic fields to an extent which can make a clear 
separation of the runaway process difficult. 

An extreme example in this category is the cylin- 
drically pinched plasma, confined solely by its own 
magnetic field, and driven by an axial electric field. In 
this situation runaway can occur only near the pinch 
axis where the self-magnetic field vanishes. Certain 
charged particles in this plasma configuration traverse 
complicated orbits which repeatedly cross the axis 
where acceleration in the electric field alone can take 
place. With the addition of an axial magnetic field, 
runaway becomes possible at all radii, although the 
curvature of the resulting helical magnetic field intro- 
duces effects which we have not taken into account. 
Strictly speaking, our treatment applies only insofar as 
the electrical currents local to a point in space are not 
strongly affected by the curvature of the magnetic field. 


C. Excitation of Plasma Instabilities 


The runaway of plasma particles creates asymmetries 
in their velocity distribution which in turn can promote 
plasma instabilities. A detailed study of this question 
requires exact solutions of the Boltzmann-Fokker- 
Planck equation. Such a program requires the use of 
high-speed digital computers, and is presently under 
way at Los Alamos.” Under certain simplified condi- 


Nations, Geneva, 1959), Vol. 32, p. 297. Also in the same volume, 
see Butt, Carruthers, Mitchell, Pease, Thonemann, Bird, Blears, 
and Hartill, p. 63. 

% For preliminary results, see H. Dreicer, see reference 11, 


Vol. 31, p. 57. 
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tions the instability problem has been solved.” The 
relative drift motion of electrons and ions in an infinite 
uniform plasma can be shown to cause the growth of 
electrostatic plasma oscillations provided that the par- 
ticle velocity distributions are sufficiently peaked and 
separated. This is the so-called two-beam instability 
well-known to the research field concerned with travel- 
ing wave tubes." 

Instabilities of this type can be expected to affect 
the rate of electron and ion Joule heating. Moreover, 
under these conditions the relative electron-ion drift 
velocity is probably controlled by the excitation of 
plasma oscillations as well as by the electric field. In 
spite of the existence of these cooperative plasma effects, 
random two-body encounters can still be expected to 
carry particles into regions of velocity space where the 
applied field dominates the particle motion. 


D. Effect of Runaway on Pressure Balance 


In this section we will derive the correction terms 
which particle runaway introduces into the pressure 
balance equation for a static cylindrically symmetric 
pinched plasma. In addition to its self-magnetic field, 
Bs, the plasma is subjected to an axial magnetic field, 


B,. All macroscopic properties are assumed to be ~ 


independent of axial distance. For convenience we 
introduce a local Cartesian coordinate system whose 
basis vectors are defined by 


&3> B/B, 


where B=koB,+ 6,3, and the vectors ro, 60, and ko, 
form the basis vectors for the cylindrical coordinate 
system whose z axis coincides with the pinch axis. The 
particle velocities are assumed to be distributed ac- 
cording to the displaced Maxwellian form 


Ma ™, \' 
resale VG.) 
2rkT 1 2rkT sa 


xexp| — Ze 


&i=%o, &2= e&3X e1, 





Ma 
(ern) | (37) 
2RT ja 


with Tie=T2a. The summation over j refers to the 
three orthogonal directions in the local coordinate 
frame which are determined by e:, #2, and e;. The sub- 
script @ refers to the particle type, i.e., electrons or ions. 
For simplicity the electron and ion temperatures are 
chosen to be equal. 


(T;).= (T= T je= T ;. 


1. Bohm and E. P. Gross, Phys. Rev. 75, 1864 (1949); A. I. 
Akhiezer and Ya. B. Faynberg, Zhur. Eksptl. i Teoret. Fiz. 21, 
1262 (1951); O. Buneman, Phys. Rev. Letters 1, 8 (1958). 

“ Kleen, Labus, and Péschl, Ergeb. exakt. Naturw. 29, 208 
(1956). 
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The drift velocity v. is given by “ 


1 3n e, (EX B) 
eg —a5° tall Opel ad. br ae 


o,B’ 1 


1 
Voqg=——e,° V(nkT 14), 
¢.B 


Vae= Va" (B/B), 


1 vimI'.7 m \! 

o; aD 
These results are valid provided we are dealing with 
electrons and singly charged ions, and that mat,./¢.B, 
the distance traveled along the magnetic line during a 
Larmor period, does not exceed the curvature .of the 
magnetic field. 

Since pinch conditions are assumed to be static in 
this analysis, the radial velocity, t%1, vanishes. More- 
over, if we assume that the variations in the plasma 
pressure are small over an ion Larmor radius, then ions 
and electrons diffuse at the same rate,’* and radial 
space charge electric fields are absent. The electric field 
is then purely axial in direction. 

Pressure balance is described by the relation 


V- (Fist Pij)=9, 
where 


ij 


ifpe+B 
| > ts (EE + BB) , 


and P;; is the momentum flow tensor whose components 
in the local coordinate frame are given, with the help 
of Eq. (37) by 


Pi; _ ye a (MRT sadist NM aViad ja). 


In terms of these components, pressure balance in 
Gaussian units is expressed by 





1 “( —=) E?+B?— Bf? 
- - 


rik... Oe Ser 


194 
+> {- —(nkT yar) 
alr or 


1 B,\? BoB, 
= {(-) (nkT a+ NM Dra") + 2NMWraVsa 
B BP 


- {(F) net act amu] =0. (38) 


r 


Finally we may neglect t% compared to (k7T,/m,)! 
provided again the variations in plasma pressure are 
small over an ion Larmor radius.' Integration of Eq. (38) 


4° M. N. Rosenbluth and A. N. Kaufman, Phys. Rev. 109, 1 
(1958). 

1 C. L. Longmire and M. N. Rosenbluth, Phys. Rev. 103, 507 
(1956). 
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over radius results in 


B*(r) +E (r) ’ Be 
—_— —+ —dr tO 


8a » Snr a 


r 1 B? 
+ f | ni s-(1-— 
rR? B 
Be? 
ad (—) (nkT sa tru) [dr 
B 


B*(R)+E?(R) 
iy chen +> nkT,.(R), 


8x a 


nkT \4(1) 


where 7 and R represent any two radii. For the special 
case T14= 73a, this expression simplifies to 


B(r)+ EZ(r) ’ B? 
. + f dr 
Sr e 4ar 


4 "mMasa Be 
+>] nkT,.(r) -f dr 
a R r 2 


B(R)+E?(R) 


+>° nkT,.(R). 


Sr 


The integral involving 32 represents the centrifugal 
pressure associated with the directed motion of runaway 
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plasma particles. It varies monotonically with radius 
since the integrand is always positive. In general, 
plasma pressures deduced from the measurement of By 
and B, as a function of radius'’ will measure only the 
sum of the random and centrifugal pressures. However, 
if the inequality 


B? 3G 
nkTae( 1- )< (nkT sa- 
B? BR 


holds true everywhere in the plasma, then the total 
pressure will have a maximum on the axis provided 
that the centrifugal pressure is the dominant part of 
the total particle pressure. It is clear from these results 
that the plasma temperature can be seriously over- 
estimated whenever the centrifugal pressure equals or 
exceeds the random particle pressure, and this is not 
taken into account. 
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Electron Velocity Distributions in a Partially Ionized Gas* 
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The Boltzmann method is applied to the problem of calculating the electron velocity distribution in a 
partially ionized gas. Inelastic collisions with neutral molecules as well as random two-body Coulomb 
interactions are included. The latter are treated by use of the Fokker-Pianck equation. Application is 
made to a hydrogen plasma subjected to an externally applied electric field. Static solutions are obtained, 
by numerical means, as a function of the ionization degree, and the classical gas discharge parameter, E/. 
It is shown that the evolution of the electron velocity distribution function from that characteristic of a 
poorly ionized gas to the Maxwellian distribution occurs over a very large range in ionization degree. 
Several applications are also made to energy relaxation phenomena, and the electrical conductivity is 


evaluated. 


I. INTRODUCTION 


N the theoretical treatment of ionized gases, a 

problem of fundamental importance is that of 
determining the electron velocity distribution. A 
knowledge of it permits the calculation of ionization 
rates, electrical current, heat flow, and other important 
transport phenomena. A number of authors have dealt 
with this problem, and there are now well-developed 
techniques available for the completely ionized gas,' 
and for the poorly ionized gas? in which encounters 
between electrons and neutral molecules alone are 
considered. 

The purpose of the present paper is to combine, and 
apply these methods to the intermediate case where 
both Coulomb and electron-neutral encounters are of 
importance. Different methods of treating this case 
have been formulated by Cahn’ and by Hazeltine,* who 
have, however, neglected the inelastic collisions between 
electrons and neutrals. These collisions are important 
because they can have a pronounced effect upon the 
nature of the electron velocity distribution. In this 
paper we take account of inelastic collisions, and employ 
the Fokker-Planck equation to describe Coulomb inter- 
actions. Our main objective is to study the transition 
from the non-Maxwellian distribution characteristic of 
a poorly ionized gas to the Maxwellian distribution as 
the degree of ionization rises. The results we obtain‘ 
may be applied to various laboratory as well as astro- 
physical gas discharge phenomena. 


Il. FORMULATION OF THE BASIC EQUATIONS 


Following standard procedure we define the electron 
velocity distribution function F(v,f) such that Fd*s 
gives the number of electrons whose velocities lie in 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1Cohen, Spitzer, and Routley, Phys. Rev. 80, 230 (1950); 
L. Spitzer and R. Harm, Phys. Rev. 89, 977 (1953). 

? T. Holstein, Phys. Rev. 70, 367 (1946). 

*J. H. Cahn, Phys. Rev. 75, 293 (1949); J. H. Cahn, Phys 
Rev. 75, 838 (1949). 

*W. R. Hazeltine, J. Math. Phys. 18, 174 (1939). 

5 These results were first reported at the Ninth Annual Gaseous 
Electronics Conference, Pittsburgh, 1956 [H. Dreicer, Bull. Am. 
Phys. Soc. 2, 85 (1957) }. 


the element d*v located around the point v in velocity 
space. We restrict our treatment to plasmas whose 
macroscopic properties do not vary from point to 
point in space. Therefore, F satisfies the Boltzmann 
equation in the form 


OF /dt— (e/m)E-V,F = (0F/dl).. (1) 


In this equation, V,/ denotes the gradient of F in 
velocity space, and E is an externally applied electric 
field. Magnetic fields are assumed to be absent. (0F/0f), 
is a symbolic notation for the time rate of change in F 
due to collisions, and it consists of contributions from 
various types of encounters which we now proceed to 
examine in detail. 


A. Coulomb Collisions 


The mechanism of Coulomb interactions in a plasma 
has recently been clarified by a number of authors.® 
In these treatments it is shown that the interactions 
can be roughly divided into two kinds. The first 
associated with distances larger than the Debye length, 
\, originally introduced in the theory of electrolytes’ 
represents organized or collective plasma oscillations. 
The second kind associated with distances smaller than 
\ represents random interactions which are character- 
istic of the thermal motion of the individual! particles, 
and seems best described by two-body encounters. In 
this paper it is assumed that the mechanism for exciting 
collective oscillations is absent. The random two-body 
encounter is therefore the sole mechanism for Coulomb 
interaction considered here. 

Our choice of collision term is based upon the fact 
that distant encounters, resulting in small-angle scat- 
tering, are generally much more important in deter- 
mining F than collisions which result in large momen- 
tum interchange. This fact allows us to expand the 
Boltzmann collision integral, ordinarily used in gas 
kinetics, in powers of the momentum interchange.* To 
the first approximation this results in the Fokker- 


6 See, for example, D. Pines and D. Bohm, Phys. Rev. 85, 338 
(1952). 

7P. Debye'and E. Huckel, Physik. Z. 24, 185 (1923). 

* J. Keilson and J. E. Storer, Quart. Appl. Math. 10, 243 (1952). 
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Planck equation 


oF 0 5 oO 
( -) = —Y —((Av,)F)+4 £ ——((Ar,A0,)F), (2) 
Os 


i OD; i,4 OV,00; 


which has found important application in the theory of 
the Brownian motion. In this equation »,; and v; are the 
components of the particle velocity in the i and j 
directions, and the indicated summations are carried 
out over the three Cartesian coordinates x, y, 2 in a 
fixed frame of reference. Every encounter between a 
test particle of velocity v and a field particle® of velocity 
v’ results in an incremental change Ary, in the velocity 
v along the & direction. The exact value of Av, depends 
upon the velocities v, and v’, upon the angle e between 
the orbital plane and the plane determined by v and v’, 
and upon the scattering angle, 8, as measured in a 
coordinate frame moving with the center of mass. The 
average increments (Arn,) and (Av,Av,;) which a test 
particle of velocity v experiences in its motion through 
an ionized gas are given by 


(Av,)= >> f rune f ogsndo, 


Q 


(Av,Av;)=>- f Fiver’ f oganae,da, 
tvy 


where 


dQ=sinfdBde, 


g=|v—v'|, 


1 efe? 2 

csc 4(B/ 2), 
4 9 
+ 4rregmog” 


mm ,/(mi+ my), 
and 


4 €o=[1/ (9) ]110-* Coulomb-volt~'-meter™. 


The subscripts ¢ and f refer to test and field particle, 
respectively. The distribution function associated with 
the test particle will be denoted simply by F. 
Chandrasekhar™ has termed the quantity (Av)/v the 
coefficient of dynamical friction, since (Av) is the 
average deceleration experienced by a particle of 
velocity v in its motion through a plasma. It is im- 
portant to note that (Av) and Av differ dimensionally 
by sec™', because the average involves the rate at which 
collisions occur. If dynamical friction were the sole 
result of Coulomb encounters, all particles would 
eventually assume the average velocity of the gas, and 
their average random energy as viewed in a frame 
moving with the gas would vanish. That this mechanism 


® We follow the terminology introduced by S. Chandrasekhar, 
Astrophys. J. 93, 285 (1941); and denote the particle whose 
motion we are following by the name test particle. All other 
particles are called field particles 

#S. Chandrasekhar, Revs. Modern Phys. 15, 1 (1943). 
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by itself provides an insufficient description, may 
therefore be seen from energy considerations. In Sec. 
V, A, it will become more apparent that the second 
derivative term in the Fokker-Planck equation causes 
a particle diffusion in velocity space, and thus describes 
the effect of random fluctuations about the average 
force. This provides the mechanism required for 
maintaining a nonzero mean square velocity. 
Rosenbluth, MacDonald, and Judd" have shown 
that the average increments can be expressed in the 
simple form 
Arn 0H ,/ dv;, (5) 


Av,Ad; 


_mi+my, F,(v’) 
ateacy 
Mm, g 
z; ry {Fw )gae, 
f - 


&: ef 2 
Ty tx( ) inayp 
bre m 


and fo is the average impact 
Coulomb deflection. 


PG,/O0,.01 


where 


H,(v)= 


Gil ¥ 


parameter for a 90° 


The summation over f takes account of the various 
types of field particles which contribute to the H and 


G function. The relation between H, G, and F can be 
expressed in the following alternative forms 


OH, m,+m 
7 nd )r (v), (9a) 
k Ov," m 


1 
VG, E( ja . 9b) 
1 \merm,; 


OG, 


V7, 


VG; ? 
kj OV," O1 


J 


8x > F; y (9c) 


By substituting Eqs. (5) and (6) into Eq. (2) we obtain 
the Cartesian form of the Fokker-Planck equation in 
terms of the H and G functions: 


(~) 0H 
as «a k OV Ov; 
é OG; 
+3> (F — ). (10) 
kj OD,00; 00,00; 


With the help of tensor calculus, Eq. (10) is readily 
transformed to spherical coordinates where it takes the 


" Rosenbluth, MacDonald, and Judd, Phys. Rev. 107, 1 
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In this coordinate system F is a function of » and uy, 
where n= cos@, and @ is the angle subtended by », and ». 
All quantities are assumed to be invariant to rotation 
about the 2, axis. 


B. Elastic and Inelastic Collisions Between 
Electrons and Molecules 


The collision terms are well-known for these inter- 
actions,’ and will not be re-derived here. For the elastic 
case we have, to first order in the small quantity m/M, 


OF 
( “4 =Nof CF (u’,v) — F(p,v) Jo.(8,0)d2’ 
& 


at 


+n elf 1—cos8)o,(8,v)0'F (y’ ovae' | (12) 
M v* dv 


where N=density of neutral molecules, m=electron 
mass, M=molecular mass, o,(8,v)=differential cross 
section for elastic scattering, through the angle @. 
dQ’ = sin8dBda, and v= electron velocity after collision 
with a molecule. We also introduce w, the electron 
velocity before collision with a molecule, and use it to 
define the angles yu’ and a as follows: u’= cosine of the 
angle subtended by w and k, the unit vector in the z 
direction. a= azimuthal angle subtended by the vector 
vX (kX v) and the plane determined by v and w. 
Figure 1 illustrates the geometry of the collision. 
The relation between the angles is easily seen to be 


pu’ =p cos8+ (1—y*)! sing cosa. 
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Fic. 1. Geometry of the collision between an electron and an 
infinitely massive molecule. The velocity vector v is the polar 
axis for the azimuthal angle a. 


The inelastic collision term is given by 


oF 
( - +) => No f 
at ez hn . 


Q 


ur 
F(y’ ,w)—o,(8,w) 
Tad 


a Posen) jar, (13) 


where w*=v,?+ 0, 4mov,?= energy required to excite the 
hth excited state of the molecule, o,(@,w)=differ- 
ential cross section for the excitation of the Ath energy 
state, and >, denotes the summation over all excited 
states. Our basic equation consists of Eq. (1) supple- 
mented by Eqs. (11), (12), and (13). 


Ill. LORENTZ APPROXIMATION 


The combined Boltzmann-Fokker-Planck equation 
is a nonlinear integropartial-differential equation for F 
in terms of the » and yw variables which cannot be 
solved exactly-by known mathematical techniques. To 
achieve some simplification of our basic equation, we 
shall employ a perturbation method, originally due to 
Lorentz,” whose basic assumption is that collisions are 
instrumental in setting up a nearly spherically sym- 
metric velocity distribution. Small deviations from 
spherical symmetry are then described accurately 
enough by the second coefficient, F'(»), in the spherical 
harmonic expansion of F: 


F(u,0)= in F(0)Pa(u~F(v) +uF'(0), (14) 


where the P,, are Legendre polynomials. In our formu- 
lation the perturbation requirement, 


71 70 
P&P, 


is tantamount to the physical condition that the 

average velocity of the electron gas be small compared 

2H. A. Lorentz, The —- of Electrons (B. G. Teubner, 
ec 


Leipzig, 1909, and G. E. Stechert and Company, New York, 
1923). 
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to the root mean square electron speed, i.e., 


| ; 
J Pave <| free] ; 
| 


Subject to this requirement we may, as is well known, 
eliminate u by averaging over angles. The resulting two 
coupled equations for F° and F' involve the variables v 
and ¢ only. We shall derive these equations by applying 
the Lorentz approximation to each of the collision 
terms separately. 


A. Coulomb Collision Terms 
The G (and H) potential is determined by the 
distribution function, and therefore must also be 
expanded in Legendre polynomials. A simple procedure 
consists of expanding the relative velocity g itself in 
Legendre polynomials: 


> A,(0,v’)P,(s), 


where 
z= cosB= uu’ +[1—p? }'(1— (u’)* }! cos(@—¢’). 
We make use of the addition theorem and the orthogo- 


nality relations of spherical harmonics and find with 
the help of Eq. (14) that 


wo 


o Ar 


G;,(v,u) E >» ryPals) f A, F -*(v') (v’)*dv’ 
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~G (0) +uG;' (2) 


> 
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Further reduction results in 
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Substitution of Eqs. (14), (16), and (17) into Eq. (11), 
and use of Eqs. (9b) and (9c) results after appropriate 
integrations over the angle variable u in the following 


two equations: 

oFf° : OF© sb AGP 
( ) oo Fe ( 

Bea I dvu\r on 


2G 2a =~“) 1?G/ —| 
v ov ov" Ov Ov" 
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vu oO 2 dv v oO 
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an a / OU" 


1 2h b OG . 
T G fe 
” 2 ov 
2b 0 G; 4 or rf 
1 an ON [ On ) | 


b=m,/my,, 


19) 


where 


(20) 
(21) 


c= (m;—m;,)/ (2my) 


Equation (18) is equivalent to an equation derived 
earlier by the author.” Chandrasekhar has applied a 
linearized version of Eq. (18) to astrophysical problems 
by assuming that the velocity distribution of field 
particles is Maxwellian, and their temperature inde- 
pendent of time. Cohen, Spitzer, and Routley' have 
used the same approximation in their solution of Eq. 
(19). These calculations precede the introduction of 
the H and G functions. 


B. Electron-Molecule Collision Terms 


Substitution of the Lorentz expansion into the elastic 
and inelastic collision terms given in Eqs. (12) and (13) 
results after integration over angles in 


(—) (— 1moa 
al em al ) w M dav 
+ z|- F°(x 
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4H. Dreicer, Massachusetts Institute of 
thesis, 1955 (unpublished). The 
appear in W. P. Allis, 
Berlin, 1956), Vol. 21. 

“4S. Chandrasekhar, Astrophys. J. 98, 54 
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where »,, the frequency for momentum transfer, and 


v, are defined by 


ro(o)=2nNo f (1—cos8) sin8o,(8,v)dg, (24) 
0 


rn(0)=2eNo f sin8o,(8,»)ds. (25) 


Equation (22) describes the effect on F° of energy 
transferred both elastically and inelastically to neutral 
molecules. The possibility of energy transfer from 
molecules to electrons has been ignored. Equation (23) 
describes the effect on F' (and therefore on the electron 
current) of the collisional friction force which neutral 
molecules exert on electrons. This mechanism is re- 
sponsible for the electrical conductivity of a poorly 
ionized gas. The contribution from inelastic collisions 
to F'/dt is smaller than F'»,, the contribution from 
elastic collisions with neutrals, by the factor >, va/v-. 
In the range of average electron energies considered in 
this paper (up to 10 ev) we shall find this factor to be 
10~* and less. For this reason we shall neglect the effect 
of inelastic collisions upon current flow. 


C. Complete Form of the F° and F' Equations 


The collision terms just derived, when supplemented 
by the terms originating from the spherical harmonic 


expansion of (e/m)E-V,F, give us the following F° and 


F' equations: 


dP ek a 
— — ——(rF') 


at 3mv* dv 
oF? oF 
+ (2), naga (a 
at 
e dF +(— —) + +(~). 


=—f— 

m av 
Simultaneous analytic solution of these equations is 
possible only if a number of simplifying assumptions 
are made. For example, in the theory of electrical 
breakdown, Coulomb terms may be completely ignored, 
and steady state solutions can be obtained provided 
tractable forms are chosen for », and v4. In the opposite 
limit of a fully ionized gas, the steady state F' equation 
must be solved numerically even when F* is assumed 
to be Maxwellian. In our application of Eqs. (26) and 
(27) to the partially ionized gas we shall neglect 
(OF'/0t)-c, and assume the positive ions and molecules 
to be infinitely massive. The physical limitations im- 
posed by these approximations will be made clear by 
several minor applications into which we enter next. 
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IONIZED GAS 


IV. ILLUSTRATIVE EXAMPLES 
A. Energy Relaxation in a Fully Ionized Gas 


In this section we apply Eq. (18) to the problem of 
calculating the rate of energy transfer between particles 
of a highly ionized gas. 


1. Electron-lon Encounters 


The rate of energy transfer between particles of 
equal masses greatly exceeds the rate of energy transfer 
between particles of widely differing masses. For this 
reason the electrons and ions of a plasma approach 
Maxwellian distributions characteristic of the tempera- 
tures 7, and 7; long before these temperatures approach 
each other. Thus only a small error is committed in 
assigning Maxwellian distributions to the ions and 
electrons. With this choice, self collisions do not 
contribute to Eq. (18), and the G® function for electron- 
ion encounters is given by 


2kT; " 1 1 d&, 
G0) =nt «(= ) &(2)| + -+5 =I. (28) 
M 2xj 2 dx 


| 
where 


2 z 
&(2)=— f exp(—F)dt, :-(— =), 


and I’,; is defined by Eq. (8) with the ions playing the 
role of the field particles. The energy equation is derived 
with the help of Eq. (28) by integrating Eq. (18) 
appropriately over all velocities. The result 


T.—T; 


“M (2kT /M+2K7 ./m)¥ 


dT, aT; 8 m 


dt dl 34/m 


agrees with a different derivation due to Spitzer."* 
Equation (29) may be integrated conveniently with the 
help of the following definitions 


=(T./TsJ-1, Ta=(TO+TOY2. 


In terms of these, we obtain 


- = ili. 


(30) 


1 16 =) 
aR hog 2kT 4 
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haeerio 
W\2 € 


In— sec. (31) 
P 


In the last expression the density, m, is to be expressed 
in cm, and the average energy, $(kT4/e), in electron 
volts. W is the atomic weight of the ion, and Z, its 


“L. Spitzer, 
Publishers, Inc., 


Physics of Fully Ionized Gases (Interscience 
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Fic. 2. The variation with normalized time of the temperature 


deviation ratio, &, characteristic of electron-ion energy exchange. 
The curves are parametric in the ratio of initial temperatures. 


state of ionization. The relaxation time is a function 
of the average temperature, 74, the reduced mass, me, 
and the total mass of the colliding particles. With the 
neglect of m compared to M, we finally have 


=4[1+£(0)}!—49[1+e(s) }!+2[1+e(0)}! 


T ei 


~ 201+ &(t) }#+Inlé(0)/E(2)]. (32) 
The temperature deviation ratio £ is shown in Fig. 2 
as a function of ¢/r,;. Positive and negative values of = 
correspond to 7,(0)>7,(0) and 7,.(0) <7,(0), respec- 
tively. The curves shown are parametric in the initial 
temperature ratio y which is defined to be 7;(0)/7T.(0) 
when € is positive, and 7,(0)/7;(0) when € is negative. 


2. Encounters Between Identical Particles 


Again we assume that the particles are distributed 
according to a Maxwellian distribution. We then focus 
our attention on a single test particle whose initial 
energy is }myv*(0), and calculate the time required for 
its energy to approach the average energy, $&7';, of the 


gas. The G” function for self collision is given by 


2kT , ‘ 1 1 d&, 
@)=ar,(— ) $(9)|¥4 | , } (33) 
y 


mys ly} 2 dy 


where 
, (me? /2k T; ys, 


The energy equation is again obtained by averaging 
Eq. (18) over all velocities, with the result 


dymp\ 1 bmpt—4RT, 
-(~=)-- " ————, (34) 
di\ 2 t [(mp?/3kT ) +1)! 


The relaxation rate is given by 


1 8 2m \! 
= , a a( 15 ) ’ 
Tee S/T 3kT, 


for electron-electron encounters, and by 


1 m\* 1 

Zé ; 

Ti M/ Te 

for ion-ion encounters, provided the temperatures 
involved are equal. 


Equation (34) can be integrated exactly for the 
temperature deviation ratio &, 


£(1) = (mv? /3kT s) —1, 


(36) 


.in terms of i/r, and several examples of the solution 


are shown in Fig. 3 with the ratio $m*(0)/3kT, 
treated as a parameter. Comparison of Eq. (35) and 
(36) with Eq. (31) shows that for energy relaxation 


we have 
m/T.\! 
2Z, 
AG 
a ae ( T:\! 
OL, 
These results help to justify the use of two Maxwellian 
distributions characterized by different temperatures in 
the calculation of the electron-ion relaxation rate. In 
our later treatment of the partially ionized gas we 
ignore the energy transfer between electrons and ions 
by taking the ions to be infinitely massive. We justify 
this approximation in Sec. V, D, where we show that 
this transfer of energy is negligible compared to the 


electron energy lost inelastically in the electronic 
excitation of neutrals. 


(35b) 


B. The Electrical Conductivity of a 
Partially Ionized Gas 


We consider next the dependence of electrical con- 
ductivity upon ionization degree. It is clear that the 
resistance is controlled by collisions with neutral mole- 
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cules when the ionization degree is sufficiently low. On 
the other hand scattering in the Coulomb field of the 
positive ions dominates the resistance in a highly 
ionized gas. The ionization degree for which these 
encounters have equal effects upon the conductivity 
depends upon the electron temperature and the collision 
cross-sections involved. Mutual encounters between 
electrons alter the momentum of the electron gas only 
indirectly by influencing the rate of electron-ion en- 
counters, and these self-collisions will be ignored here. 
We also ignore the small contributions, amounting to 
m/M of the total momentum interchange, which arise 
from the recoil motion of molecules and ions by taking 
these to be infinitely massive. Equation (19) then 
yields the simple form 


(OF'/8l) c= — nT af'/ 0’, (37) 


where use has been made of b=0, c=0.5, G’= nel’ 4, 
G'=0. Substitution of Eqs. (23) and (37) into (27) 


yields the static solution 
(e/m)E oF 
[v.(0)+ (nT 4:/0*)] dv’ 


v1 


and the electrical conductivity, o, is given by 


4x? p* v*(aF*/dv) 
= -———d1 


3m Jo v,(v)P+n¥ ,; 

















Fic. 3. The variation with normalized time of the temperature 
deviation ratio, £, characteristic of self-collision in a plasma. The 
curves are parametric in the ratio of the initial particle energy to 
the average particle energy in the gas. 
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Fic. 4. The variation with ionization degree of the normalized 
electrical conductivity of a hydrogen plasma. These curves are 
parametric in the average electron energy. The uppermost curve 
describes the residual conductivity when Coulomb encounters 
are ignored. 


With a known F° we can obtain o after a single numer- 
ical integration. As an illustration we have chosen the 
case of a hydrogen plasma, for which », is independent 
of » above several electron volts. It is given by the 
following alternative forms"*: 


v-=1.67X10-°N sec'=goN 


= 5.9 10°p sec~, (39) 


where the neutral gas density NV is measured in units 
of cm~*, and # is the neutral gas pressure in mm-Hg at 
0°C. The results of numerical integration for a Max- 
wellian distribution of electrons are shown in Fig. 4 
where ¢, normalized to 


oo= 4e"/ (34/wmgo), 


is plotted against the single stage ionization degree 
B=n/(n+N) with average electron energy as a pa- 
rameter. The conductivity controlled by scattering 
with neutrals only, shown as a separate curve in this 
figure, is asymptotic to all other curves as 8 tends to 
zero, and diverges as 8 tends to unity. In the tempera- 
ture range of several electron volts, deviations from 
this curve first become important at a transition 
ionization degree, which we denote by By, of about 
10. The electron-ion collision rate decreases with 
increasing temperature and causes 64 to increase with 
increasing temperature. As we have stated earlier, we 
shall neglect (d¥'/d).. in our study of partially ionized 


16 W. P. Allis and S. C. Brown, Phys. Rev. 87, 419 (1952), 
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gases. Our treatment is therefore restricted to plasmas 
whose ionization degree does not exceed Sy. Neverthe- 
less, as we shall see, mutual electron interaction first 
comes into play at a much smaller 8 and, of course, 
these terms are retained in Eq. (26). 


V. MUTUAL ELECTRON INTERACTION 
A. Physical Description 


The neglect of the Coulomb terms in Eq. (27) 
greatly simplifies this equation. For the steady state 
solution we now obtain 


F' = (eE/myv,)(dF°/ dv), 


and substitution of this result into Eq. (26) yields 


1f/feE\? 1 0/v dF 1 dG° oF” 
( - ) ( )+aer (y+ 
3\m v dv\y, 1 v ov an 


1 PG #F° w 


4 —— +>" 


F°(w)v,(w)— Pre)n() =(). (40) 
2 dv Ov h 


v 


Here we have ignored the energy exchange resulting 
from elastic electron-neutral and electron-ion encounters 
compared to the energy exchanged by mutual electron 
interaction and inelastic collision. Equation (40) may 
also be written in terms of the average velocity incre- 
ments which are the result of electron-electron encoun- 
ters. It then takes the form, 


1d 1 /eE\? dF°® 
— | Es ( ) b< ( aoyty - ianjerr| 
v dvi l3v,\m dv 


+E . F°(w)v,(w) -Pion()|=0 (41) 


h 


where Av is the component of the incremental velocity 
change along the velocity of the test electron. In this 
equation the coefficient of dF°/dv plays the role of a 
diffusion constant in velocity space. Both terms in this 
coefficient describe a radial outward flow in velocity 
space. The first is due to the Joule heating of the 
electrons by the electric field. The second is caused by 
mutual electron encounters. The average velocity incre- 
ments (Av)® and ((Av)*)® involve only the spherically 
symmetric part, F°, of the distribution function. Since 
Coulomb interactions by themselves cannot alter the 
total energy in the electron gas, the average rate at 
which fluctuations [proportional to ((Av)*)] deposit 
energy in the electrons must be exactly balanced by 
the rate at which dynamical friction (proportional to 
(Av)) removes energy from the electrons. To show this 
we multiply the Fokker-Planck equation by }mz* and 
integrate over all velocities. The result takes the form 


d 
— (hon 0") a) = 4m(v-(Av)) e+ 4m(((Av)*)) as, 
dt 
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where the average is taken over all velocities. By the 
conservation of energy this expression must vanish. 
Equation (40) [or (41) | of course satisfies this criterion 
also, for if we multiply each of its terms by }mv*, and 
integrate over all velocities we find for the power 
conservation law 


(eE)? 2 fo . © w . 
f —4rv*dv= -xf F°(w)»,(w) 
m 0 Ve A ‘ v 


mv" 
—F(e)n(s) Fae, (82) 


) 


which does not involve mutual electron encounters 
directly. This equation states that the rate of energy 
input from the electric field is exactly balanced by the 
rate of inelastic energy loss. The G function does not 
appear implicitly in Eq. (42) since electron-electron 
encounters only influence the distribution of energy 
among the electrons, and do not alter the total energy 
of the electron gas. Indeed, as the ionization degree of 
the gas rises the increasingly frequent encounters 
between electrons tend to arrange the electron velocities 
according to a Maxwellian distribution characteristic 
of the temperature which satisfies this power balance 
statement. 


B. Approximate Inelastic Collision Term 


Only a few of the cross sections, o,, appearing in the 
inelastic population and depopulation collision terms 
are known. We have therefore resorted to a model, 
already used by Allis and Brown,'* whose features are 
the following : 

(a) Electrons lose all of their energy in each inelastic 
collision. 

(b) The sum over all inelastic collision rates, >>, va(v), 
is replaced by the total frequency for excitation, v,(v). 
This quantity is expressed in terms of the experimen- 
tally defined excitation probability, P,, by the relation 

v,(v)= opP., 


where p is the neutral gas pressure. 
With the use of this model and the energy variable, 
u, defined by 
u==mv"/2e, 
our final equation becomes 
dF 


2uluv. + 


du? 


2d df® | 
(u5u.v.) +4rl oe! 
3 du du 


. , 1k 
| f F°(t)t4di+ wf F°(t i| 
0 . du 
uw x d?F° 
+af F°(1)thdt aut f F°(t atl | 
0 u du? 
es] 


+a(u) f F°(t)y,(t)tidt— F°(u)v,(u)ut=0, (43) 


= 


u'( f°) 
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where u, is the energy of the lowest electronic excitation 
level, and the parameter 


u.= eE?/my 2 « (E/p)? = (E/N)* 


is the energy gained by an electron from the electric 
field in the time interval between its elastic collisions 
with neutrals. The Dirac delta function 6(u) appears 
as a consequence of our inelastic collision model. 
Integration of the inelastic population term over all 
energies yields 


f «wf Pr(re(Ondidu= f F°(t)v,(t)thdt, 
0 uz u 


z 


which is just the average inelastic excitation rate. 
Equation (43) involves the electron and neutral gas 
densities, and N, as well as the electric field, Z. If we 
wish to study F° as a function of n/N, keeping (n+) 
constant, then we must permit “, to vary if £ is fixed. 
On the other hand if «, (or E/p) is held constant then 
the total number density of particles, (n+), must be 
allowed to vary as n/N changes. The problem con- 
sidered is time. independent, and for each set of the 
parameters, m, NV, E, we are considering a different 
steady state. Whether a plasma corresponding to a 
chosen set of parameters can actually exist in nature 
or not, depends upon the plasma distribution in real 
space, upon recombination, and upon a host of inter- 
actions involving excited molecules and radiation, 
which are not included in this simplified treatment. 


C. Numerical Method of Solution for Hydrogen 


Equation (43) is a nonlinear integro-differential! 
equation in the variable u. The customary scheme of 
linearizing such an equation makes use of a method of 
successive approximations, and results in an ordinary 
second order differential equation at each stage of 
approximation. Its coefficients include the Coulomb 
collision integrals evaluated in terms of a distribution 
function obtained during the previous stage of the 
calculation. In general this ordinary differential equa- 
tion cannot be evaluated in terms of known functions, 
and numerical techniques must be resorted to. If one 
considers that equations of the type (43) are not too 
involved for modern digital computers, then it becomes 
a matter of practicality to handle the nonlinear problem 
directly in this way. This approach was chosen, and 
applied to a hydrogen plasma. 

The elastic collision rate, »,, for this gas has already 
been listed in Eq. (39). The total inelastic collision 
frequency in hydrogen can be represented by'® 


v,(u)= vf hou—hy— (h2/u) |, (44) 


where Ao=8.7X10™ volt, 4,=76X10", and », 
vanishes below the lowest excitation potential, u,= 8.9 
volts. The frequency of ionization can be represented 
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by'* 
v;(u) = v hy (u— uy), (45) 


where 4;=9.2X10 volt, and »; vanishes below the 
ionization potential, #;= 16.2 volts. 
Equation (43) is equivalent to the following set of 
simultaneous equations : 
R(u)dF 5/dut+S(u)Fs+T(u)F,=0 
dF,/du=F;, dF,/du=u'F,, 
dF,/du=F,, dF/du=u'F,, 


(46) 


where 


2e 
F ,(u) -2"(— =) F°(u) = AF*(u), 
m 


F.(u) -{ F (t)dl, 
0 

Fs (u) -f F,() td, 
0 

F,(u) -f F (tide, 
0 


4dr n 
R(u) =ui+ (ui F,(2©)—F,(u) )]+F,(u)}, 
Aucgo N 


and 


Onl’. 
- —{F;(u)+ 


A uU-£o N 


S(u) = §ub+- ~ uF s( 0 )—Fe(u) }), 


«Or», 0 
T (u) =———- —'F , (u) 


Au. £0 N 
5(u) v,(u) 
+ = ff PF (b)- oa —ui | 
F,(u) Ve 


The procedure for simultaneous solution of these 
equations may be summarized as follows: 


(1) The parameters u, and n/N are chosen. 

(2) u= © is approximated by a finite number, which 
is denoted u,. In practice it has been chosen in the 
range 3u; to 61;. 

(3) Best initial guesses are made at F;(u,), 
Fy (ue), Fs (ue), and Fs™(u,). The superscripts 
denote the number of the iteration cycle. 

(4) F(u,.) is assigned the value unity at the start of 
each iteration, because F; must satisfy normalization. 

(5) Using a standard Runge-Kutta routine, the 
equations in (46) are integrated from u,, to zero, and the 
resulting solution F;™ is utilized in the evaluation of 
FL (u,.), Fs (u.), and Fy (u,,). 

(6) In addition the computer evaluates 


(a) the average inelastic collision rate, 


(v2jo= f ve(u)Fy (u)ubdu; 


us 
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(b) the average ionization rate, 


n)o= f vi(u) Fy (u)ubdu ; 


and (c) the power output 


(uv,) -f v,(u) FP, (u)uddu. (49) 


Uz 


This last quantity according to Eq. (42) must equal 
the power input, v.«,. Thus it is determined by our 
choice of u, (or E/p). 

(7) A second Runge-Kutta cycle proceeds with the 
new starting conditions F;(u,.), Fs (u.), or some 
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Fic. 5. Variation with electron energy (in ev) of the number of 
electrons per unit energy interval in a hydrogen plasma. In this 
illustration E/p was held constant at the value 28.3 volts cm™ 
(mm (Hg), and the density ratio was varied from zero to 0.167. 
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Fic. 6, Variation with electron energy (in ev) of the number of 
electrons per unit energy interval in a hydrogen plasma. In this 
illustration E/p was held constant at the value 48.9 volts cm™ 
(mm Hg), and the density ratio was varied from zero to 0.167. 
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Fic. 7. Variation with electron energy (in ev) of the number 
of electrons per unit energy interval in a hydrogen plasma. In 
this illustration E/p was held constant at the value 70.7 volts cm™ 
(mm Hg), and the density ratio was varied from zero to 0.167. 











Fic. 8. Variation with electron energy (in ev) of the number 
of electrons per unit energy interval in a hydrogen plasma. In 
this illustration Z/p was held constant at the value 28.3 volts cm™ 
(mm Hg), and the density ratio was varied from zero to 0.167. 


weighted average between these and F," (u..), F«™ (u..). 
The starting slope, F; (u,.), and value of the function 
F,™(u..), assumed in step 3 are not altered, and steps 
5 to 7 are repeated m times until successive iteration 
cycles converge to a final set of Fi" (mu), Fo (u), 
Fy (u), Fe (u), vd™, (v)™, and (v.u)™. A solution 
is accepted when successive iterations produce results 
differing by less than 1% in these quantities. 
Moreover, a solution is accepted only if normaliza- 
tion, and the power balance described in steps 4 and 
6(c) converge to unity and w,»,, respectively. In 
practice it is found that with reasonable starting values 
for Fi (u.), Fo (u.), Fs (u..), and Fs™(u,.) conver- 
gence is obtained in less than 10 iteration cycles. A 
poor choice of F;™(u,.) and F;™(u,.) is reflected in the 
violation of normalization and power conservation after 
the very first iteration cycle. Succeeding cycles then 
result in increasingly diverging values of F;(u). It 
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appears that highly accurate solutions can be obtained 
in the high-energy tail of the distribution by requiring 
convergence in the functions (v,), (v;), and (v.%), which 
receive their contribution in this energy region. 


D. Discussion of Solutions 


Three numerical solutions corresponding to different 
values of «, are illustrated in Figs. 5 to 7. There we 
show the evolution of (\/u)F; as n/N is varied by many 
orders of magnitude. Figure 8 is the extension of Fig. 5 
to higher energies. Figures 6 and 7 extend to higher 
energies in a very similar manner. At very low energies 
we find that the density of electrons per unit energy 
interval, (\/u)F:, decreases as the ionization degree 
increases. In the neighborhood of 1 ev the distributions 
cross each other, and the situation is reversed. At still 
higher energies, the distributions cross each other two 
more times until in the very-high-energy tail we find 
the population increasing with ionization degree. The 


average electron energy, and the normalized collision 


rates (v,)/v, and (»;)/», are pictured in Figs. 9 to 13. 
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Fic. 9. The variation of average electron energy (in ev) with 
the density ratio n/N, for E/p=28.3 volts cm™ (mm Hg)". 
The curve was calculated for a hydrogen plasma. 
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Fic. 10. The variation of average electron energy (in ev) with 
the density ratio n/N, for E/p=48.9 volts cm™ (mm Hg)". 
The curve was calculated for a hydrogen plasma. 
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Fic. 11. The variation of average electron energy (in ev) with 


the density ratio n/N, for E/p=70.7 volts cm™ (mm Hg). 
The curve was calculated for a hydrogen plasma. 
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Fic. 12. The ratio of the average inelastic collision rate to the 
elastic collision rate is shown for a hydrogen plasma as a function 
of the energy parameter u, expressed in ev. The density ratio 
n/N plays the role of a parameter. 


For comparison these quantities were also calculated 
using a Maxwellian distribution of electrons, and 
covering a similar range of u,. In this case, the original 
Eqs. (47), (48), and (49) become 


2 
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/a(kT/e)! 


x f eo exp| —u / (—) jos (50) 
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Fic, 13. The ratio of the average ionization rate to the elastic 
collision rate is shown for a hydrogen plasma as a function of the 
energy parameter u, expressed in ev. The density ratio n/N 
plays the role of a parameter. 


D2 


kT 
xf na) exp] -u /( ~) Jota (52) 
u é 


For each assigned value of u,, Eq. (50) yields a value 
of 7, and Eqs. (51) and (52) are then used to obtain 
the Maxwellian collision rates. 

For the range of u, illustrated in Fig. (12), the change 
in ionization degree gave rise to remarkably little 
change in the inelastic collision rate. At this point, we 
may also note that the power output (or input), “,»., 
in each case studied exceeds by far the power which 
electrons can transfer in elastic collisions with the 
positive ions. [See Eq. (39).] This result justifies the 
complete neglect of electron-ion collision terms in the 
F® equation provided the ionization degree lies below 
Bw, i.e., in the region where the Joule heating is con- 
trolled by encounters with neutral molecules. The 
distribution F; converges towards a Maxwellian distri- 
bution with rising ionization degree, and for the range 
of u, studied in this paper becomes identical with one 
when the density ratio n/N has reached the value 
0.167. The distribution probably becomes Maxwellian 


for a somewhat smailer n/N, lying somewhere between 
0.167 and 1.6710~, but no attempt was made to 
locate the exact value. 

Some of the effects of electron interaction become 
apparent from the variation of average energy with 
n/N. As the ionization degree increases, we see that 
the average energy first rises and then falls. The rise 
is due to the fact that the slow electrons which arise 
from inelastic encounters exchange energy with other 
electrons, and are quickly redistributed over the body 
of the distribution. If we fix E/p and N, then this rise 
in average energy is accomplished by the addition to 
the distribution of electrons average energy 
exceeds the average energy corresponding to n/N=0. 
The subsequent fall in average energy as n/N increases 
even further, reflects the fact that Coulomb encounters 
have decreased the population in the neighborhood of 
the first excitation potential and have redistributed 
these electrons primarily into lower energy regions. A 
small number of electrons are also redistributed into 
the very-high-energy tail, giving rise to rather im- 
portant variations in the ionization rate at low E/p. 

Ultimately n/N becomes large enough so that the 
rate at which electrons exchange energy with each other 
very much exceeds the rate of energy gain from the 
field, and a Maxwell distribution prevails. The evolution 
of the distribution function from that characteristic of 
the Lorentz gas to the equilibrium distribution occurs 
roughly over four orders of magnitude in ionization 
degree. The onset of this transition may be approxi- 
mately predicted by equating the electron-electron 
energy relaxation rate given in Eq. (34) with u,v: 


(RT/ Te 


whose 


Uh eV 


This equation yields the transition density ratio in 
terms of temperature and E/>p as follows: 


(n/N) <~10~-7(E/p)?(kT/e)}, (53) 


where k7T/e and E/p are to be expressed in ev and 
volt-cm~/(mm-Hg), respectively. Since the transition 
takes place over a large range of m/N, we cannot 
employ Eq. (53) to predict the existence of a Maxwell 
distribution. As we see from Fig. 13, indiscriminate use 
of the Maxwell distribution in the transition region 
can lead to significant error in the ionization rate, 
especially at low E/p. 
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By using the general formulas derived from the analysis in a previous paper, calculations are made of 
the development of electronic and ionic space charges, the growth of space-charge-distorted field, the 
buildup of current, and the gain in ionization integral due to the field distortion in the transient Townsend 
discharge. On the basis of these data, two types of Townsend-mechanism spark breakdown are also discussed. 





I. INTRODUCTION 


O explain the formation stage of spark breakdown, 
the development of electronic and ionic space 
charges and the growth of currents in a uniform field 
gap, after a step-function-like impulse voltage V has 
been applied, are calculated using the general formulas 
derived in the previous paper’ (hereafter designated as 
PR1). The growth of the space-charge-distorted field 
and the increase of the Townsend ionization integral 
due to the field distortion are also calculated. 

Several combinations of y; and y,—coefficients of 
electron emission by positive ion and photon at the 
cathode, respectively—are chosen to show the effect of 
secondary mechanisms on the buildup of discharge 
current. 

The calculated results give an adequate estimate of 
the errors in employing the formulas of PR1 which 
ought to be approximately correct for (b) and (c) 
ranges. 

The contents of this paper are an extension of the 
study initiated in PR1 and should be read in con- 
junction with PR1. These studies have made clear the 
realities of the development of space charge, space 
charge distortion of field, and the growth of ionization 
by collision of electrons in gases in the formative time 
of spark breakdown. 

Numerical calculations are made under the following 
conditions: 


air, J=1cm, p=722 mm Hg; 

sparking field: E,= 28.5 kv/cm; 

second Townsend coefficient: y=y:+7,p=1.5X10-°; 
electron velocity: v.= 1.610" cm/sec; 

positive-ion velocity: 0, = 8X 10‘ cm/sec; 

electron transit time: 1_.=1/r_=6.25X10~ sec; 
positive-ion transit time: ¢,=1/o,.=1.25X10~ sec; 
resultant transit time: /=1/i=t_+4,. 


These are similar to one of the gap conditions set in 
the experiments of Fisher and his collaborators’? and 
of Bandel.* 

1Y. Miyoshi, Phys. Rev. 103, 1609 (1956). 


* L. H. Fisher and B. Bederson, Phys. Rev. $1, 109 (1951), et« 
*H. W. Bandel, Phys. Rev. 95, 1117 (1954). 


All the respective symbols used in the present paper 
have the same meanings that they have in PR1. For 
example, the three time ranges are as follows: 


(a) range: OS/SL, 
(b) range: (sisi, 


(c) range: tSit. 


Il. CHARACTERISTIC CONSTANTS 


Characteristic constants \, for ranges (a), (b), and 
(c) which determine the temporal growth of Townsend 
discharge are the roots of Eqs. (a.3), (b.4), and (c.4) 
in PR1, respectively. From (a.3) and (a.5), we have‘ 


AaVad(1+7i), Aagar_(1+y7,), (1) 
vo0rtl/(it+y), varv/(i+y), ve&ve/(1+y7). (2) 


Real roots for (b) and (c) ranges, \s1, Ase, and A. can 
be obtained graphically. Figures 1(a) and 1(b) show 
the roots thus obtained for various values of 4, 7», and 
percent overvoltage A. The characteristic constants for 
the special cases are summarized in Table I, where A is 
the real root of Eq. (A.1) in PR1. 

As seen in the following chapters, modes of develop- 
ment of space charges, buildup of current, growth of 
space-charge-distorted field, and increase of ionization 
integral in the transient Townsend discharge can be 
classified into two distinguishable cases, that is y,- 
predominant cases and predominant cases ; the former 
belongs to \»,>0 and the latter, Ax <0. Figure 2 shows 
the two cases represented in y;, yp, and A planes. 


Taste I. Characteristic constants for the special cases. 





Y= 


Aa ab 
Aes ov_(1+ y) 
Aor ab* A/t » 
oe A/t_* ab» 
Net A/t 





* Left colur n, under the condition + {exp[al($/2,)] —1}/(@/#.) >1. 
> Right column, under the condition +» fexp{al(¥/9,) ] —1}/(@/e,) <1. 


*Y. Miyoshi, supplementary note to “Theoretical Analysis of 
Buildup of Current in Transient Townsend Discharge,” Bull. 
Nagoya Inst. Technol. 9, 95 (1957). 
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Fic. 1. Characteristic 
constants vs y;, yp with A 
as a parameter. (a) A». 
(b) oz and Ae. 
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All the characteristics given in the following chapters 
are calculated for the case: A=1%. The buildup of 
transient Townsend discharge for other A values, 
however, could be measured to some extent from the 
characteristics obtained for the case where A=1%, 
because the effect of y;, yp, and A on the growth of 
discharge can be judged from Fig. 2.5 The computed 
results for various A and gap conditions will be pub- 
lished in the future. 


Ill. SPACE CHARGE DISTRIBUTION 


Several examples of electronic and ionic streams, 
N_(x,t) and N (x,t), or the electronic and ionic densi- 
ties, n_(x,t)= N_(x,t)/o_ and n,(x,t)=N,(x,t)/0,, are 
shown in Figs. 3 and 4 as functions of x with ¢asa 
parameter. (The values of the parameter ¢ for each 
curve in these figures is given in Table IT.) In them, 


5 For extremely small percent overvoltage, formative time lags 
extend to the (c) range even in the cases yy». Such cases will be 
discussed in other papers. 
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No is the initial electron stream supplied externally at 
the cathode and mp=N>/i. The electronic and ionic 
space charge densities in the (a) range are nearly 
independent of 7; and y, as immediately inferred from 
Eqs. (1) and (2) in the preceding chapter; so m_ and 
n, in the (a) range are given only for the two special 
cases, y;=0 and y,=0 in the figures. 

Figures 5(a) and 5(b) show n_(x,t_) and n,(x,t_), the 
electronic and ionic densities at the boundary between 
(a) and (b) ranges in the two extreme cases. The 
difference An_(x,t_) between n_(x,t_) from Eq. (a.6) 
and m_(x,t_) from Eq. (b.9) as well as the difference 
An, (x,t_) between n,(x,t_) from Eq. (a.7) and m,(x,t_) 
from Eq. (b.10A) gives the error in Eqs. (b.9), (b.10A), 
because Eqs. (a.6) and (a.7) are the exact solutions for 
N_(x,t) or n_(x,t)o_ and N (x,t) or m,(x,t)o, under the 
given initial condition. An_(x,t_) and Am,(x,t_) are 
small and completely negligible in y-predominant cases 
and almost negligible in y,-predominant cases, so the 
errors of Eqs. (b.9)—(b.13) in PR1 matter little and 
these finite-term solutions can be sufficiently useful for 
the computation of the transient Townsend discharge. 
Since the finite-term solutions become more accurate 


Taste II. Values of the parameter ¢ (in seconds) tor the 
curves in Figs. 3 and 4. 
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as ¢ increases,® Eqs. (b.9)—(b.13) will be precise for 
larger ¢ of the (b) range. Especially, in y;-predominant 
cases, they could be an exact solution for the later stage 
of the (b) range. In y,-predominant cases, space charge 
accumulation enough to propagate a streamer or a 
conducting plasma from the anode is reached in some 
i_ or some tens of “, the time required being the 
formative time of spark under the application of an 
overvoltage. In such cases, Eqs. (b.9)-(b.13) are 
sufficiently useful for calculation of the later stage of 
formative time of spark; of course, it is not necessary 
to calculate the next (c) range. On the contrary, in 
predominant cases, a considerable space charge 
concentration to distort the field across the gap is 
attained not within the (b) range, but in the (c) range 
under the application of an overvoltage. In such cases, 
a further calculation of the (c) range is needed and the 
continuity of electronic and ionic distributions at the 
boundary between the (b) and (c) ranges becomes a 
subject of discussion. 

Figures 6(a) and 6(b) show n_(x,t) and n,(x,l), the 
charge densities at the boundary between the (b) and 
(c) ranges. The difference An_(x,l) between n_(x,!) 
from Eq. (b.9) and n_(x,t) from Eq. (c.8) as well as 
the difference An,(x,f) between n,(x,t) from Eq. 
(b.10B) and n,(x,t) from Eq. (c.9) may not be over- 
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looked. Our approximate solutions, however, become 
more accurate as ¢ increases in the same way as in the 
(b) range; hence, Eqs. (c.8)~(c.12) are also useful for 
the calculation of the later stage of spark formation. 

Space distributions of n_ for the (b) and (c) ranges 
are nearly exponential in x. This is true especially for 
«predominant cases because \»:/0-<<As/0-<a and 
A/a. For the n_ distribution,’ 


N_(x,t)/ No=n_(x,t)/ng- (v_/5) 
€** > von EXPAnse (t—2/0_)~ = e** 
dg for the (b) range 
~ let > vee expr (t—2/0_)~ « e* (3) 
\ for the (c) range. 








TOL! 
fi 
| 





B, 
——om LSet 














as 
05 x/h 


(c) 


Fic. 3. Electron distribution in transient Townsend discharge. (a) 7; =0, yp=1.5X10~5; (b) y:=0.6X 10", vp=0.9X 1075; 
(c) ys=0.9X 1075, yp=0.6X 10-5; (d) y;=1.5K 10-5, y,=0. See Table II for explanation of the curve parameter, 


* See the Appendix of PR1 and another paper (unpublished). 
7~« denotes “nearly proportional.” 
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For the n, distribution,’ 
N,(x,1)/No=n,(x,1)/no- (v,/0) 
7. a / 
es > ———— Pan expA px (1 — x/0_)~ a ¢g* 
Doe 


for xSv,(i—?t) of the (b) range, 


a 
i - ms) eXPA ve (l—x/1 
Poe 


XK (e*! exprs.(a—1)/i (4) 


a ~ ax (et! — g@7) 


for «sl 


lt a 
> Vek } CEXPAck(l—X/v 
Peck 


XK {e* expr.c2(x—1)/d—e**} ~ « (e*!— e**) 


xl 


of the (b) range, 





for of the (c) range. 

Consequently, the electronic space charges develop 
a distribution similar to the steady-state one already 
in an early stage of formative time of spark but it does 
not apply to the ionic space charges. 


IV. STREAM AND CURRENT 


N_(0,1) or n_(0,t), N(0,) or nz(0,t), N_(L,t) or 
n_(l,t), J.(t) or N,(t),' and J,(t) for various com- 
binations of y; and y, are shown in Figs. 7-11. The 
curve parameters, y; and y, for the figures in Chaps. 
IV-VIII (Figs. 7-15, 17-24) are those given in the 
accompanying Table IIT. All the characteristics shown 
in these figures indicate that they can be classified in 
two groups of y,-predominant cases (Aw >0) and y- 
predominant cases (A»:<0). As the development of 
space charges in the preceding chapter has indicated, 
the charge streams or currents large enough to drive the 
discharge into the more advanced form, “glow” or 
“arc,” are attained in the (b) range for the former group 
of A» >0 and in the (c) range for the latter group of 
An <0. 

Moreover, as expected from the results for the space 
charge distribution, V,.(0,!) and other functions, except 
N_(0,t) or n_(0,t), are not continuous when ¢=¢_ and 
t=¢; but the discontinuity of N,(0,4) when t=t_ is 
negligibly small for y;-predominant cases and not 
serious for y,-predominant cases. Though the dis- 
continuity of N,(0,t) when ‘=? could not be neglected, 


Taste III. Values of the parameters +; and y, for the 
curves in Figs. 7-15 and Figs. 17-24. 





No. (v) (vi) (vii) (vill) (ix) (x) 


yi( X10~) 4 6 9 SS a= | 
ve( X10~*) 6 4 2 1 0 
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it gradually approaches an exact solution with ¢. For 
this reason, J_(¢) or N,(t), J,(t), and other related 
quantities which will be referred to afterwards—e.g., 
iN (0,1), ypN ,(t)— are described to be continuous at 
t_ or tf and to approach smoothly to the later charac- 
teristic which may be regarded as accurate. 

The effect of positive ions and photons at the cathode 
on the buildup of current in the transient Townsend 
discharge is measured straightforwardly by y,V (0,2) 
and y,N,(t), respectively, but not by the magnitudes 
of y; and y,. Figure 12 shows that such quantities 
yiNV+.(0,t) and y,N ,(t) increase with ¢ for several values 
of 7; and 7». It should be noted that y,N,(¢) leads 
iN (0,4) throughout in y,-predominant cases, but y,V4. 
(0,t) begins to lead y,N ,(t) at the last stage of the (b) 
range or the initia! stage of the (c) range in y,-predom- 
inant cases. That is, at the last stage of formative 
time of spark breakdown, y,N ,(t)>y:V (0,4) in y,-pre- 
dominant cases and y,NV ,(t)S7iN,(0,t) in y-predom- 
imant cases. 

From these numerical calculations, it also follows 
that charge streams at the cathode or at the anode 
increase nearly proportional to J(#), the total current 
density, except for smaller values of J (Figs. 13-15). 
In these the relation between the 
quantities concerning electrons and J is in opposite 
phase to that of the quantities concerning positive ions 
and J with respect to the effect of secondary processes. 


characteristics, 


V. SPACE CHARGE DISTORTION OF FIELD 


Electronic and ionic densities, m_(x,t) and n,(x,), 
develop progressively in a formative time of spark as 
shown in Chap. III. Then the space charge density,* 

p(x,t)=en(x,t) = e{n,(x,1)—n_(x,)}, (5) 
as well as the space charge distortion of field grows 
rapidly. The actual field E(x,f) in the gap is the sum 
of the applied field E=V// and the distorted field 
A, E(x,t) due to the space charge p(x,t). E(x,t) or 
A,E(x,t) can easily be determined from the following 
equations’: 


Poisson’s equation : dE/dx —p/K:; 


(6) 


boundary condition: f Edx=V. 


That is, 


A,E(x,) 


8 ¢ is the electronic charge 

* F is taken inversely to the 
in this chapter. K=1/4r 
(farad/m) for mks units 


is assumed constant 


K = @=8.854X10"" 





TRANSIENT TOWNSEND 




















yp=1.5X10-%; (b) 











x i n(xt) sx 
(4) 
l 0 No l 
. x x 
oa= f »(-s)a(-), 
4 l l 


Eo=end/K. 


(10) 


Figure 16 shows the distribution of space-charge- 
distorted field A,E(x,!) growing with ¢, obtained for 
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Fic. 4. Positive-ion distribution in the transient Townsend discharge. (a) y;=0, 
7¥i:=0.6X10"5, 
(d) y¥:=1.5X 10-5, y,=0. See Table II for explanation of the curve parameter. 


yp=0.9X10-*; (c) y=0.9XK10-, y,=0.6X10-*; 


the two special cases, y;=0 and y,=0. The values of 
the parameter ¢ and the multiplication factors for the 
scales of the ordinate are listed in Table IV. For various 
values of y; and 7,, the distorted field A,£(0,t) at the 
cathode and A,(x»,t) at the plasma [x=29] are given 
in Figs. 17 and 18 as functions of ¢ and in Figs. 19 and 
20 as functions of J. These distorted fields increase 
nearly proportionally to J except for the smaller values 
of J. |A,E(xo,t)| is always greater than A,£(0,/) and a 
little greater than |A,E(/,t)| ; but they become nearly 
equal to each other in several ion transit times for 
v-predominant cases. 
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Using the expression a/p= A{E/p—B}* in the same 
way as in PR1, the increment of the ionization integral 
can be determined as follows: 


1 
A,o(t) f a(E)dx—a(E)I 


0 


A f 
f {A,E(x,1))°dx, 
p Jo 
~- ZX/L 


i 72 P 

a A,o f | ~-| (*) 
—=f |—} a -), 

Fic. 5. Comparison of space charge distributions at ¢_ calcu- O71 4 Ey l 


lated from the (a)- and (b)-range solutions. Full line: calculated 
from the (a)-range solution, Eq. (a.6). Dotted line: calculated 
from the (b)-range solution, Eq. (b.9). (a) y;:=0, yp=1.5X10~5; 
(b) ye 1.5X 10-5, y,=0 
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Fic. 8. Cathode ion 
stream N,(0%) and 
cathode ion density 
n,(0,t) vs &. See Table 
III for explanation of 
—— <7 { V/A ) the curve parameter. 
bY (2033) 

as x L 1 
(b) 








Fic. 6. Comparison of space charge distributions at ? calculated 
from the (b)- and (c)-range solutions for y;-predominant cases. 
(1b)—(4b): calculated from (b)-range solutions, Eq. (b.9) and 
Eq. (b.10B). (1c)-(4c): calculated from (c)-range solutions, Eq. 
(c.8) and Eq. (c.9). (1b), (1c): y¥s=1.5X10~5, yp=0; (2b), (2c): 
yi@1.3X10°5, yp=0.2X10°5; (3b), (3c): yveml1.1X10~, 
vyp=0.4X107*; (4b), (4c): vs=0.9X10-5, y,=0.6XK10~°. (a) 
Electron distribution. (b) Positive-ion distribution. 


Fic. 7. Cathode elec- 
tron stream N_(0,t) and 
cathode electron density 
n_(0,) vos t. See Table 
III for explanation of 
the curve parameter. 

Fic. 9. Anode electron density #_ (1,4) vs t. See Table III for 
explanation of the curve parameter 


The aforementioned x9 is a position where the space 
charge concentration is zero: 


P(Xot)=0; n_(xo,t) =m, (Xo,t) ; Fic. 10 Electron current 

z A y densi (hi) o ber of 

hence its neighborhood (x29) forms a plasma and y aS » Athens 4 as 

|4,£| has a maximum at that point. — t. See Table III for explana- 

tion of the curve parameter. 

VIL. INCREASE OF IONIZATION INTEGRAL DUE 
TO SPACE-CHARGE DISTORTION 


As the space-charge-field distortion develops, the 
Townsend ionization integral ¢=fo'adx will increase. 





TRANSIENT TOWNSEND DISCHARGE 





Fic. 11. Positive-ion cur- 
rent density J,(¢) vs t. See 


the curve parameter. 
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Fic. 12. Electron emis 
sions by positive ions and 
photons at the cathode, 
yi .(0,t) and y,N,(é) vs ¢. 
See Table III for explana- 


tion of the curve parameter. 


Table ITI for explanation of. 


Fic. 14. Cathode ion 
stream W,(0,/) vs total cur- 
rent density J. See Table 
III for explanation of the 
curve parameter. 


Fic. ‘15. Anode electron 
density »_(/,t) vs total cur- 
rent density J. See Table 
III for explanation of the 
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curve parameter. 
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| i) Fic. 13. Cathode electron stream 


id| v/ Ww | N_(0J) vs total current density J. 
MT 1 Zh | See Table III for explanation of 
y of the curve parameter. 
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Figure 21 shows the increase of the integral A,o(t) due 
to space-charge distortion of field as a function of ¢ for 
various values of y; and y,. Figure 22, showing the 
relation between A,o and J, indicates that A,o increases 
nearly proportionally to the square of /. This result is 
in accord with Bandel’s in form. 
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Vil. DECREASE OF IONIZATION INTEGRAL 
DUE TO FLOW OF CURRENT 

So far the problem has been concerned with charge 
densities n_, m,, and m as well as current densities J_, 
J,, and J, but in the present chapter it is related 
directly to the external current I= JS; S is the discharge 
area in which the discharge is assumed to spread uni- 
formly. Now we will discuss an influence of the decrease 
of gap voltage V caused by flow of current /(#) on the 
ionization growth.” 
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” If we employ a condenser of relatively large capacity for a 
de source, lowering of the source voltage due to flow of discharge 
current does not enter as in Bandel’s experiments 

" It is clear from Mori's experiments (to be published i in Electro- 
Technical Journal of Japan) on a spark at iow pressure in air 
that larger series resistance causes less buildup of the transi- 
ent Townsend discharge and longer formative time lag of spark. 


Fic. 16. Distribution of €- “hag penton field A,#(x,f) in 
the transient Townsend (a) y¥:=0, y,=1.5X10"*; 
(b) ¥:=1.5XK10-5, y,=0. See 7 le IV for explanation of the 
curve parameter and the multiplication factor. 
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Fic. 17. Space-charge-distorted field at the cathode A,E(0,t) vs 4. 


See Table III for explanation of the curve parameter. 
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Fic, 18, Space-charge-distorted field at the plasma A,F(x0,t) vs ¢. 


See Table III for explanation of the curve parameter 


Fic. 19. Space-charge-distorted 
field at the cathode A,EZ(0,f) vs 
total current density J. See Table 
III for explanation of the curve 
parameter. 


Fic. 20. Space-charge-distorted 
field at the plasma A,E(xo,f) vs 
total current density J. See Table 
III for explanation of the curve 
parameter. 


The decrease of applied electric field in the gap owing 
to the potential drop in a series resistance R is 
4,E=RI/I, (14) 


and the decrement of the Townsend ionization integral 
due to the potential drop is 


Aro(t)=al E)I- al E-—A;E)l 


. Al 
= 2A E/p— By ArE(Q——{ArE()}? 
p 


~2Al{ E/ p— B}ArE(1), (15 
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since A;E can be neglected in comparison with 
2{E— Bp} for small values of J. Therefore 


Aro/oo=J/J oa; (16) 
where 
2 val S/ pl} 


62> (a&)— 


{E/p—B} 
Jo=eNo, Jo 


Jol S/pl} 
{E/p—B} 
1 Je al 
Figure 
A;o(t) due to flow of current in the external circuit as 
a function of ¢ for various values of y,; and yp. It is the 


same as the relation between /(t) and ¢ as evident from 
Eq. (16). 


23 shows the decrement of the ionization integral 


Fic. 21. Increment of ionization integral A,o(¢) due to space- 
charge distortion of field vs ¢. See Table III for explanation of the 
curve parameter. 


| Aeon 


Fic. 22. Increment of ionization 
integral A,o(¢) due to space-charge 
distortion of field vs total current 
density J. See Table III for ex- 
planation of the curve parameter. 


Fic. 23. Decrement of ionization integral Aj;o (é 
drop in an external resistance os ¢. Se 
of the curve parameter. 


due to potential 
fable III for explanation 





TRANSIENT TOWNSEND DISCHARGE 


VIII. GROWTH OF IONIZATION 


Since the space-charge accumulation and current are 
not large in the formative time of spark excepting its 
last stage, the increment Ao of the ionization integral 
can be expressed as the simple sum of A,o and — Ave, 
that is 


Ao = A,yo— Aro. (18) 


This is shown in Fig. 24 for several combinations of ¥: 

and y,. Are is nearly proportional to J and A,o, to J®, 

so Ao is affected by the potential drop due to current 

flow more than by the space-charge effect in the earlier 

stage of the formative time lag, but later, the reverse 
holds. Hence 

Ao(t)<0 for 

=0 for 

>0 for 


t<To 
{= To 
> T». 


To is a time when Ao becomes zero and obviously it is a 
function of 7; and y,; when 7; is larger, 7» is also larger. 
Both in y,;-predominant cases and +,-predominant 
cases, Ao increases faster from an instant close to 7» 
and as a consequence, the discharge begins to develop 
the more advanced form—“glow.” So 7» is thought to 
be a time closely connected with the formative time as 
will be discussed in the next chapter. 


(19) 


A,o or Aro, J, and I at time To, taking” R=1000. 


ohms and S=S9= 78.5 cm? (So is the electrode area), 
are shown in Fig. 25; they decrease as -y; increases while 
To increases. 


Ix. TWO TYPES OF TOWNSEND-MECHANISM 
SPARK BREAKDOWN 


In the last stage of formative time of spark, elec- 
tronic and ionic space charge distributions in the whole 


TABLE IV. Values of the parameter ¢ and the multiplication factors 
for the scales of the ordinates of the curves in Fig. 16. 


multiplication 
(b) factor (a) 


10 
10 
10° 
104 
10° 
10° 
10? 
10" 
10" 


TO TSSOwe 


The same as Bandel’s excepting R= 2.1 kilohms. 
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Fic. 24. Resultant increment of ionization integral Ao (é) vs t. See 
Table III for explanation of the curve parameter. 


Fic. 25. Ionization inte- 
gral, current and current 
density at the time 7» vs 7;, 
1. 


gap, n_(x,t) and n,(x,t), are similar to those of the 
anode region of glow discharge in y,-predominant cases, 
and to those of the cathode region of glow discharge in 
7:-predominant cases. To be more precise, the space- 
charge distributions in the transient Townsend dis- 
charge at the time when the current density J comes 
near a critical value J, necessary for the discharge to 
transit into complete breakdown, are as follows: 


(I) y,-predominant cases 
n_(x,t)<ns(x,t) for (Ia) 
(Ib) 


x< Xo, 
n_(x,t)>n,(x,l) for x>xp. 

(Il) y-predominant cases 
n_(x,t)<Kn4.(x,l) 


(Ila) 
(IIb) 


for «<2, 
n_(x,)>n (x) for x>xp. 


The region «>» is very narrow, and the region x< 2 
covers almost the whole gap. 

In y,-predominant cases, the region x< x» resembles 
the positive column where m, are slightly larger than 
n— from (Ia), and the region x>o, the anode dark 
space from (Ib). In y,-predominant cases, on the other 
hand, the region x< 2» resembles the cathode dark space 
where m, are much larger than n_ from (IIa), and the 
region x>2, the negative glow from (IIb). Conse- 
quently it may be said that in the Townsend-mechanism 
breakdown, the formative time is a preliminary stage 
for developing the anode region of glow discharge— 
anodic breakdown—in ,-predominant cases, and for 
developing the cathode region of glow discharge— 
cathodic breakdown—in y-predominant cases. 
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On the other hand, it is seen from Fig. 25 that the 
condition Ac=0 at J» is attained at a higher current 
density in y,-predominant cases and at a lower current 
density in y;-predominant cases. Therefore it is known 
also that the same condition is attained at a higher 
current in the former cases and at a lower current in 
the latter if the discharge spreads completely over the 
whole electrode surfaces. 

In y;-predominant cases, during the time !<7o, Ao 
is as small in magnitude as the change in o due to the 
fluctuation of electric source voltage still unavoidable 
by the present technique; hence the discharge is not 
brought to extinction, though the buildup of current 
becomes less rapid owing to negative Ac. The charac- 
teristics common to current-time curves obtained by 
Bandel—more or less exponential increase of current 
in the middle of the time lag between the initial rapid 
buildup and the final upward-curving—may be ex- 
plained as the result of o being somewhat lowered by 
A;o in the middle period rather than by other causes. 
Conversely, in ,-predominant cases, it results from 
Fig. 24 that Ao is not so small in magnitude but it 
reaches a sufficiently negative value to hinder the 
growth of the discharge in !< 7». On comparing I(T») 
in Fig. 25 with Bandel’s actual data for cases in which 
sparks just failed to develop (Figs. 2 and 5 in his paper) 
and other data of critical current just before breakdown 
obtained from static characteristics, our computed 
results seem to be rigorous for y,predominant cases 
but not for y,-predominant cases. Such inconsistency, 
however, may be based on assuming that the discharge 
spreads over the whole surface of each electrode also in 
predominant cases. Really, the transient Townsend 
discharge must be not much larger in sectional area 
than in an externally irradiated area in y,-predominant 
cases because the absorption of photons in gas permits 
in less degree photons to reach other parts of the cathode 
surface of longer path than the path to the externally 
irradiated part and also because the formative time is 
too short to spread the discharge over the whole surface 
of the electrode due to electronic diffusion. In y,- 
predominant cases, on the contrary, it spreads over the 
entire surfaces of the electrodes owing to electronic and 
ionic diffusion as in the case treated by Bandel. 

Consequently, 


SKSo, 
S=So, 


for y»-predominant cases, 


for y;-predominant cases. 


The absorption of such photons as play a role at the 
cathode in Townsend-mechanism breakdown, however, 
is not so serious as it is in streamer-mechanism break- 
down, and accordingly the calculations of the buildup 
of the transient Townsend discharge in our study suffer 
little changes in the general situation if we take into 
consideration the discharge not spreading over the 
whole surface of electrode in y,-predominant cases. 
Table V shows the ratios of the values of quantities 


YASUNORI 


MIYOSHI 


Taste V. Effect of discharge area on ionization integral. 





(1) 


1 
1 
k 
k 





cited in the column (0) when the discharge is assumed 
to occupy a fractional part (1/k) of the electrode 
surface, to those when it spreads over the whole 
surface. Column (I) gives the values under the con- 
dition that the externally supplied electron stream No 
or initial current density J» is taken to be constant 
irrespective of discharge-spreading, and column (II), 
the values under the condition that the total number 
of externally supplied electrons per unit time NoS or 
initial current Jo, is taken to be constant. In an electrode 
geometry such that the gap length is sufficiently small 
compared with the diameter of electrode, the discharge 
confines itself in a relatively smal! area instead of 
spreading over the electrode surface So for y,-pre- 
dominant processes. As a numerical example, let us 
take the discharge diameter to be 1 cm, a tenth of the 
electrode diameter. That is, k=10°. Then under the 
condition (I), A,o remains as has been calculated above 
but A;o becomes one hundred times smaller, and con- 
versely under the condition (II), Ayo remains but A,o 
becomes ten thousand times larger. In both cases, A,o 
overtakes Ayo at an earlier time TJ’ than To calculated 
above. Consequently, A,o and A;o are so small that Ac 
is nearly zero for !<T ’ and the discharge can be 
sustained in y,-predominant cases as in y,-predominant 
cases. 

Finally, at the last stage of formative time, locali- 
zation will occur somewhere owing to high space-charge 
density and then a streamer having a narrower path 
than the discharge path in the formative time, will 
begin. 

X. CONCLUSIONS 


The following conclusions can be drawn from the 
results of the present study. 


(i) The general solutions derived in PR1 are useful 
for computation of the space-charge distribution, space- 
charge distortion of field, growth of current, and change 
of ionization integral during the formative time of spark 
breakdown because the errors due to adoption of the 
finite terms are so small. 

(ii) The growth of the transient Townsend discharge 
can be classified into y,-predominant cases and y- 
predominant cases; the former correspond to A»>0 
and the latter, to \»,<0. The boundary of these regions, 
An =0, depends on y;, yp, and percent overvoltage A. 
The mode of development of space-charge distortion of 
field and growth of ionization in the discharge can be 
classified into y,-predominant and y,-predominant cases 
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in the same way as the development of space charges 
and the growth of currents. 

(iii) In y,-predominant cases, a considerable space- 
charge accumulation and a sufficient current to drive 
the discharge into “glow” or “arc” are attained within 
the (b) range, but in y;-predominant cases they are not 
attained till the time passes into the (c) ranges. 

(iv) The electronic space charges develop a steady- 
state-like distribution in the whole gap already in an 
early stage of the formative time of spark and the ionic 
space charges show such distribution only in the 
neighborhood of the anode. From this conclusion, it is 
clear that the expression for charge stream used by 
Bandel,* N,(x)=No(e*'—e**), which is completely 
valid only for a steady-state distribution set by under- 
voltage application, is approximately valid for a tran- 
sient-state distribution in the (c) range, but not for a 
distribution in the (b) range. 

(v) In view of these space-charge distributions in 
the formative time of spark, it may be concluded that 
anodic breakdown occurs in ,-predominant cases and 
cathodic breakdown, in y;-predominant cases. 

(vi) Charge streams in the gap increases nearly 
proportionally to the discharge current except for 
smaller values of current. 

(vii) In the initial stage of formative time of spark, 
the ionization integral takes a nearly constant value 


(al) corresponding to an applied field E, and in the 
middle stage it falls a little lower due to the potential 
drop in an external resistance; in the final stage it rises 


13 4, (x) =io(e*'—e**) in Bandel’s paper, p. 1125. 
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very rapidly due to the growth of space-charge dis- 
tortion of field overcoming the negative effect of the 
potential drop in the resistance and reaches a critical 
value to advance the discharge into “glow.” Such a 
sufficiently space-charge-distorted field and an ioni- 
zation integral may be developed in some ¢. or some 
tens of ¢_ in y,-predominant cases, but in several times 
i in y;-predominant cases. 

(viii) Judging by the variation of the ionization 
integral with time, it can be said that the discharge 
spreads over the whole surface of the electrode in +,- 
predominant cases, but it spreads only over a fractional 
part of the cathode surface somewhat broader than an 
externally irradiated area in y,-predominant cases. 

4 
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Equations of motion for small-amplitude plasma oscillations interacting with the electromagnetic field 
in slowly varying density or temperature gradients are set up. We then make a calculation of the radio 
noise excited by a wave packet of plasma oscillations traversing such gradients using the WKB approxima 
tion. A similar calculation is also made for a density discontinuity. 


1. INTRODUCTION 

N this paper we are concerned with the excitation 

of electromagnetic radiation inside a plasma by 
plasma oscillations. The source of radiation will be 
that which derives from the coupling between the 
longitudinal electric vector and the transverse electro- 
magnetic field as a result of density or temperature 
gradients. We shall suppose that there is no externally 
applied magnetostatic field so that the electromagnetic 
fields present are those alternating fields associated 
with the electron oscillations. In the first section we 
set up an equation for the electric field in the plasma 
supposing that the temperature and density are slowly 
varying functions of position, and neglect all quantities 
second order in their gradients. We then calculate the 
radio noise excited by plasma oscillations for two 
extreme cases, namely, gradients with a length scale 
L>> for which we make use of the WKB approxima- 
tion, and the case of density discontinuities L=0, 
where \ is the wavelength of the plasma oscillations. 
A discussion of the propagation of purely longitudinal 
waves using the WKB solutions for slowly varying 
gradients has been given by Watson.' 

Field? previously considered this problem. He gave 
equations for the case of a slowly varying density 
(L>A) and also explicitly calculated the radio émission 
produced by plasma oscillations striking a plasma- 
vacuum boundary (1=0). In his derivation of the 
electric field equations for large L, however, he omits 
the anisotropy of the pressure in a tenuous plasma and 
the restraining field E’ discussed below. Gould,’ starting 
with the same moment equations as Field, has made 
calculations of the radiation excited by plasma oscilla- 
tions in a region of random density fluctuations which 
he characterized by a mean square fluctuation and a 
correlation length. He developed a theory in which the 
irregularities were treated as a perturbation from the 
uniform case and his approach can be considered as 
complementary to ours. 


2. BASIC EQUATIONS 


Consider a plasma which is so tenuous that collisions 
of the electrons may be neglected and in which the ion 

* Supported by the U. S. Atomic Energy Commission. 

'K. M. Watson, Los Alamos Report L. A.-2055, Part V-C, 1955 
(unpublished ). 

2G. B. Field, Astrophys. J. 124, 555 (1956). 

*R. W. Gould, Oak Ridge National Laboratory Technica! 
Report ORNI. No. 4, November, 1955 (unpublished). 


temperature 7'9(x,;) and density N (x,) are slowly varying 
functions of position. The plasma will, of course, not be 
in hydrostatic equilibrium as a result of the nonvanish- 
ing pressure gradient 2¥(NVA7>) of the electrons and 
ions. However, any disturbances in the electron com- 
ponent will propagate much more rapidly than the bulk 
streaming of the plasma which will proceed with about 
the ion thermal velocity. Thus one may approximately 
consider the electron plasma motions to take place in 
the presence of a static nonuniform ion distribution, 
and our basic equations become the Boltzmann equa- 
tion for the electron distribution function f(u;,x;,t), 


1 
0f/dt+u-¥ f—e m(s +-uX H) -0f/du=0, (1) 
Cc 


together with Maxwell’s equations. We shall use the 
following standard‘ kinetic theory definitions of the 


electron fluid velocity »;, density =, pressure II,;, tem- 
perature 7, and heat tensor 0 


0 


tye 


The random thermal velocity C; is simply «;—»,;. The 
first three moments of Eq. (1) become, neglecting terms 
in the square of the electron fluid velocity, 

oz @ 


al Ox 


a t fa) 


ot m> ax 


é; it) 


‘S. Chapman and T. Cowling, Mathema Theory of Non- 
uniform Gases (Cambridge University Press, New York, 1958). 
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—Hig+2—O ijn t— Cod] jet ll atl; | 


at Xe OX, 


é 
+eZ(E;+ & 9) +—e jen Mint esa ll je |} =@0, (5) 


mc 


where €,;, is the unit antisymetric tensor. Now we can 
close the set of coupled moment equations at the second 
moment only if we make some assumption about the 
third moment Q;;. occurring in (5). In the following 
calculation we neglect this heat flow term in the plasma, 
as is frequently done.’ We shall also in the following 
discussion use suffix notation for vectors only when 
they occur in equations with tensors. 

Now consider an initial state in which the electron 
fluid is in equilibrium with the background ions of 
nonuniform density V(x) and temperature T»(x). The 
momentum Eq. (4) then gives an expression for the 
electrostatic field E’ which balances the gradient of the 
electron pressure in this equilibrium state,’ 


vP=—e(N+n’)E’. (6) 


The small density deviation n’ of the electrons from 
that of the background protons V is from Maxwell's 
equation 4re(Z— .V) = — VE, 


1 wP 
n! = —v( 
4re* N+n’ 


This is of order L~* where L is the scale of the density 
or temperature nonuniformities and will be neglected. 
Thus insofar as we neglect such terms, the equilibrium 
state will be characterized by a distribution function /, 
with its corresponding density N, pressure Pé;;, fluid 
velocity zero, temperature 7», and a restraining elec- 
trostatic field E’=—¥P/eN with zero magnetic field. 
Now suppose we perturb this system by writing the 
distribution function as fo+ f’. The perturbed moments 
will then be represented by 


== v+tn= f fet" 


Ii; = Poi; + pi; . m [Cs fo sda, 


4= furan 


m 
T= Tet-T' =——_—— fovitinan 
3k(N-+n) 


The change » in the electron density will produce an 
additional electric field FE; such that 


5 The assumption of a scalar pressure for the quasi-equilibrium 
state in the presence of arbitrary density and pressure gradients 
is correct to order L~. 
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(n+-n’) = —-—— —(E,+E/). 
4re Ox; 


(12) 


Using the expressions (8)—(11) in the set of Eqs. (3)-(S) 
and dropping terms in the perturbations squared, we 
obtain the linearized set of equations: 


on 0 
-—+—(Nv) =0, 


. (13) 
Ol Ax; 


oun; mn OP 124 
N—- + 


Ne 
. pis t+ —E,=0, 
Ot mN Ax; m 


m Ox; 

Opi; Ov; Ov; a 

—+ P—+P—+—(mP8,;)=0, 
al Ox; Ox; 


OX, 
together with Maxwell’s equations, 
VE= — 4ren, 
cVX H=dE/dt—4rNev, 


cvxXE=-— oH / at. 


(16) 
(17) 
(18) 


The energy flux transported in the plasma by the 
electromagnetic field and electron fluid motions corre- 
sponding to the above equations is readily shown to be 


c 


€ijal Hit fuji Piz. (19) 


Lor 


We next require an equation for the electric field in 
the nonuniform plasma. First differentiate (14) twice 
with respect to time and use (13) and (15) to eliminate 
dn/dt and dp,;/dt, respectively. Then differentiating 
(17) with respect to time, and using (18) to eliminate 
0H/dt, we obtain 

an, PE, 
V—=——+), 
al or 


(20) 


where 
re] OE, 
O;= Ce: je ms (21) 
Ox; OX m 
We now use (20) to eliminate 4v/8t obtaining finally 


an equation for the electric field, namely 
A FE, RT(#E; PE; 

-{ ——+w(x)E,— -|- 2-——— 
atl at m Axx; 


1 dN OE; 


2 
Ox; 


1 dT» OE; OE; 
+ "(42 ‘) 
Ty dx; \0x; Ox; 


kT 1 dT,90; 1 dN a0, 


2 dN | 


= | 

mtLdx? To dx; dx; N dx; dx; 

FQ, 1 dT» a0; 00; 
Ewes —+—), (22) 
OP Tydx;\Ox; Ox; 
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3. RADIATION EQUATIONS 


In order to exhibit the coupling which occurs between 
the electromagnetic field and plasma oscillations, we 
shall first split the electric field E into its longitudinal 
and transverse parts E, and Er defined by 


E=E_,+Er, 


Using these, and denoting the root mean square 
thermal velocity in the electron plasma by 


V = (3kT o/m)! 


vV-Er=0, VYXE,=0. (23) 


and the plasma frequency 


(~~) 
e - ’ 


Eq. (22) for the electric field becomes 


FY a a vy? 3 we a 
eR io Rage 
er Ox27 dF 3 Ax?2 Ox ; or 


Ta e fh ; 
+- [—+ w?7— V’2— Je: i=—(Syi+Sr,), 
OFLA Ox). 0 


where 
Sy; 2V? 2 AN OE,; V? & AN OE; 


oe 3N df dx; Ox; 


3N OF Ox; Ox; 
VAAN O A 
t— — —— NF ty 
3N Ox; Ox; 0x2 
2V27# AT dE; W2dT, 09 HF _ 
- aesyee orang see cena ap eee <I Er; 
af = 3Ty AF ax; Ax; 37) Ax; dx; axe 
V? & AT, dF, 2297, 0 & 
—— -——— ——- — ——Ez,. (26) 
3To OF Ox; Ax; 379 Ax; Ax; Ox?Z 
Consider first the case in which the density and tempera- 
ture gradients are zero, i.e., @Sy,/d?=8S7,/d?=0. 
Then (24) gives for the equations describing the propa- 
gation of a pure longitudinal plasma wave, or a pure 
transverse electromagnetic wave, respectively : 


oe 
(—+o2- vv? JE, =0, (27) 


oF 
and 


9 


i @ V? 9? 
| (=te?-er) +—w(er- -) Jer=0 
of OF 3 oF (28) 


Equation (27) yields the familiar dispersion relation 
w=w2+ V2, (29) 


for the plasma oscillations of a uniform plasma. Further, 
the second term in the square bracket of (28) is only 
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important for a relativistically hot electron gas, and 
will be neglected here since we did not start with a 
relativistic Boltzmann equation anyway. Thus insofar 
as C>V?, Eq. (28) yields the usual dispersion relation 
for electromagnetic waves in a uniform plasma, 


w+ kc’, (30) 


Now we shall make a number of simplifications. 
First consider separately the two cases of a tempera- 
ture gradient only and a density gradient only, setting 
the gradients along the x direction i in each case. 
Then taking the curl of (24) for these two cases, we 
obtain a pair of inhomogeneous wave equations for 
VX (#@Ez/df), namely: 


e Er 
(- +w?(x)— ev) wx 
or or 
as \ 
Vx 
or 


for the case of constant temperature, and 


e &Er 
or or 
PE, 
LivVy?)xv? 


e ag 
or or 


0 2S T 
vx - 


for constant density. In the source terms on the right 
of the radiation Eqs. (31) and (32) we can neglect the 
transverse field. This is because terms involving the 
transverse field are of order \,/Ar times those for the 
longitudinal field, where \, and Ar are the plasma 
oscillation and radiation wavelengths, respectively, i.e., 
h./Ar=(V/c)<K1. Also the transverse field will be con- 
sidered as a perturbation on the longitudinal field. Under 
these circumstances we can reduce (31) and (32) to two 
radiation equations for VX Er with fairly simple sources 
dependent on the longitudinal field, i.e., on the presence 
of plasma oscillations. For TJ») constant, the density 
gradient equation becomes 


e ; 
( +-«y,2(x)- ev)y x E, 


> 1) B,], (33) 


and with V constant, the temperature gradient equation 
becomes 


[(8/df)+w2—2V*]¥ X Er= (VV) X (V*Ez). 


(34) 

Thus if we specify the longitudinal field Ez, say, for 
a wave packet of plasma oscillations, we may calculate 
the radiation produced from temperature or density 
gradients. The longitudinal field will first be calculated 
from (24) by setting Er=0, since as far as the propaga- 





RADIO EMISSION BY PLASMA OSCILLATIONS 


tion of plasma oscillations goes the radiation field will 
make only a small perturbation. From (33) and (34) 
we see that the component of E, across the gradient is 
the radiative one. 


4. PLASMA OSCILLATION SOLUTION 
IN GRADIENTS 


If one sets the perturbation transverse field Er=0, 
the wave equation for plasma oscillations in a density 
gradient along the x direction i becomes, from (24), 


2 


0 
(—+o2e) _ vv) Ex, 
or 


2V?dN 
= ——_+—-9 -E 
3N dx 


V2? dN @ 
-—— —E,. 
3N dx dx 


If we now write the irrotational vector Ex as ¥¢ in(35) 
and drop terms O(~*), we find a wave equation for the 
scalar potential ¢, 


oe? 
(—+o (x)— yor) rp 
of 
Og dw? 
Ox dx 


V2 dw? do 
vV—=0. (36) 
we dx dx 


We shall examine the behavior of an infinite plane 
plasma wave with its propagation vector k in the xy 
plane. 

WV (w,ky,x) exp(—twl+ik,y). 


Equation (36) then becomes for ¥, 


1 dw2dv &¥ 
+— ——- — +—(k,?— 
we dx dx dx 


dV /1 dw? kf da? 


tones +h he =0, (38) 
dx y? dx wé dx 


(37) 


k,?) 


where 


k?(x)V?=0'?—w?(x)—k FV’. 


This is now in a form suitable for solution by the WKB 
approximation since the characteristic length L of the 
density gradient is >A, i.e., k(x) is slowly varying. 
Thus writing 


(39) 


¥=exp(Sot+Si+---), 


and calculating S» and S, from (38) in the usual way, 
yields for an arbitrary wave packet defined by yy, 


. p vv (w,k vwe(x) 
6= (27) f bith, ——cenets 
aie k(x)k,4(x) 


xexp| —iat+ibyy ti f bear | (40) 
9 


from which the electric field E, = ¥¢ is easily calculated. 
In a way similar to the foregoing, the behavior of a 
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wave packet of plasma oscillations in a temperature 
or can be calculated from (24), which becomes 


2V? dT V?dT @ 
—vE.et+— — —E,, 
3T dx 


ae —Vy* (x) ye Bs == 
of 3T dx dx 


and gives for the WKB solution, 


6= (2) f dudk, — 
. k (x) V(x) k(x) 


xern| —~ iattibyy +i f baad’ | (41) 
0 


The plasma oscillations given by (40) and (41) are 
refracted out of the direction of increasing N or T, i.s., 


w'—w?(x) 4 
“a & ~4] shy}. 
lL v%(x) 


Further, the electric vector rotates about an elongated 
ellipse whose major axis along the direction of propa- 
gation is of order LA~' times the minor axis. The ampli- 
tude of the electric vector given by (40) decreases in 
the direction of decreasing NV, the energy being trans- 
ferred to the temperature fluctuation as the wave tends 
to propagate more like a sound wave. 

The energies Yy and Yr carried by the wave packets . 
(40) and (41) are obtained by integrating the flux S 
over f and y. Using (14) and (17), (19) becomes for our 
longitudinal field, 


kT, [7 OE; 
2 [= (WE, )42(—. v)Eu* | (42) 
32r-N@L2 At 


where we have neglected terms O(L~). Thus from (40) 
and (41), we find 


S=— 
Yy= J Saydi=—— — f dadkyopn?, (43) 


Y;= — f deed he yok MY?. 
48rV7w2 


(44) 


The slow dependence of Yr on x derives simply from 
the neglect of terms in L~ in the approximate ex- 
pression (42). 


5. RADIATION BY PLASMA OSCILLATIONS 


Basically there are two extreme cases of gradients 
which we are able to investigate from the point of view 
of radiation. The first are slowly varying gradients for 
which L> and to which the radiation Eqs. (33) and 
(34) apply. The second, which for practical purposes 
will be considered as density discontinuities, are those 
for which L). These can be treated by applying 
boundary conditions to the solutions of the homo- 
geneous wave equation across a discontinuity. 
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Case 1, L>2 


We shall consider the density radiation equation first. 
We also consider a two-dimensional radiation problem 
by using a plasma wave packet localized with its 
propagation vector in the xy plane, but of infinite 
extent in the z direction. This will be incident on a 
region of infinite plane density variation N(x). The 
source term in Eq. (33) then gives rise to a z component 
of YXEr, i.e., essentially the magnetic field. Thus 
writing d= (VY XE,7),= —H,/c, we need to solve 


i dw? s2V? 
( -+-w,? (x) ova = (- —V?— 1 )Eve (45) 
or dx \3w/ 


We shall take for £,, that given by the two-dimensional 
wave packet (40) with wave numbers k and frequencies 
w. Those of the radiation field will be written K and ». 
Then taking Fourier transforms over y and /, 


® (an) f dvdKA(x,v,K,) exp(—ivt+iK,y), (46) 


(45) becomes 


where 


and 


1 dw, iK yo. {2V°2 
g(x) =— —n(v,K,)- (- +1) 
Cc dx ktk \ 302 


xexp| i f boa) | (49) 


(50) 


with now 


and 


PV2= P—w2. 


The amplitude A of the radiation in (46) is determined 
by (47) in which the source g(x) derives from those 
frequencies w=v and wave numbers ky=Ky, in the 
plasma oscillation packet. An approximate solution of 
(47) can now be generated from the two WKB solutions 
of the homogeneous equation, 


Ai K(x) exp| 4 if K,(x’ | (51) 
Ay . A 

- [ Asgdx’ — 
21 2i 


Suppose we now consider the density gradient region 
to be confined between two infinite planes, |x! <L, 


(52) 
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about the origin and the plasma to be of uniform 
density outside this region. Then for large |x| >L the 
two terms of (52) correspond to waves traveling to the 
right and left, respectively. In the plasma to the left 
of the gradient region there should be no transverse 
wave traveling to the right, and similarly on the right 
of the gradient there should be no wave traveling to 
the left. Thus we take the constants a 
Equation (46) then breaks up into two radiation wave 
packets for large |x|>>L, @y, traveling to the right 
in the positive x region, and yz to the left in the region 
x negative, i.e., 


-—o, b=, 


byitPnz, 
with 


= (49rc" 


Pyine 


where 


® dxw,(x) dw, 
Gi,2 f , 
2 Kkk, ds 


xexp t i K(x’ )dx’+ 


The integrand of G;,2 is a product of a rapidly oscillating 
function with a slowly varying wavelength A, and a 
slowly varying function with a gradient scale L. Ex- 
plicit calculation of the radiation field now depends on 
evaluating these integrals for a 
gradient V(x) and wave packet 
defined by yx 

In a similar way the radiation field resulting from 


particular density 
of plasma oscillations 


plasma oscillations traversing a temperature gradient 
follows from the wave equation (34). Writing @7 for the 
z component of ¥ X Er, we again have 2 waves traveling 
to the right and left, respectively, 

Or=O7:+ P72, 


where 


Pry7T2 tre 


and 


ex| T iK, 


2p d x 


We shall require in the following discussion the 
radiated energies represented by the radiation wave 
packets (53) and (55). These are derived from the flux 
in a similar way to that for the plasma oscillations, 
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namely, by using 


c 
. f E,H*dydt. 
Sar 


n 


We shall attach suffixes T7y1, Two, T7171, Tr2 for the 
energies of the two waves originating in the density or 
temperature gradients respectively. The electric and 
magnetic vectors E and H of the four radiation fields 
required in (57) can be obtained from yi, ®y2, Pri, and 
@r. using Maxwell’s equations = —H,/c and ¥-E=0. 
Thus for example the components of the magnetic and 
electric fields of wave 1 for a density gradient are 


FE,,=H,,= H,=0, 
i p*dedK,. 
Hi, sae -f —(7, 
4rc¥_. vp 
* dvdK,K, i. 
eas 


* dvdK,K, 
~ Gi, 
R? 


where 


_ Kws -. 
G,=- 7a exo — tvt +iKyy+i f K,( ve | 
K 


z 0 


Similar expressions are easily obtained for the other 
radiation waves. Using these in (57), the radiated 


energies become 
* dvdK, 
T w1.2= (32e¢ f —|Gy,2|*Pr*K,? 
<_< =? 


from the density gradient, and 


* dvudK 
Tri2= (32ne)-1 f — [Fie 


—_ (O60) 
» VK,K°* 


Werk? 


from a temperature gradient. We next calculated the 
functions G and F for a particular physically plausible 
gradient. 


Approximate Evaluation of F and G 


The WKB solutions (53) and (55) obviously break 
down at the classical turning points represented by the 
zeros of K, or k,. Better solutions are obtainable but 
we shall restrict ourselves here to this simpler case 
|K,°*dK,/dx'|<<1. Further, the functions F and G 
contain exponentially decaying factors as soon as 
K, becomes complex. Thus the condition we need 
to satisfy in order to obtain radiation capable of 
propagating is 

Vi~We 
— — Kj>0, 


c 


PLASMA OSCIL 


LATIONS 


Kels) » 


Fic, 1. Radiation by 
plasma oscillations tra- 
versiag a slowly varying 
density gradieni in the 
neighborhood <i wesw 


we (*) 








i.e., the angle Y=arctan(K,/K,) which the two radia- 
tion waves make with the +2 axis at the point of 
emission (Fig. 1) must be less than 4/2. The radiated 
waves have the same frequencies y=w and wave number 
components K,= kk, as the plasma oscillations. Only the 
« component of the wave number changes so that the 
condition for radiation can also be written 


ky V V 
tané; < =, (61) 
k, (?—V*)' ¢ 


where 6; is the angle the plasma oscillation wave 
number k makes with the gradient direction; i.e., the 
plasma oscillations must propagate in a narrow “radia- 
tion cone” about the gradient direction in order to 
produce radiation capable of propagating in the plasma. 

Now both the quantities F and G of (54) and (56) 
may be written in the form 


- dw? 
Gia= f dx g(x)—— 
dx 


an 


xexp| ; if K .(x')dx'+ if baled (62) 
wo dV? 
PF, =f dx {(x)—— 
dx 


Zz 


xexp| Fik x tif beady | (63) 


where g and f are slowly varying provided we avoid 
the zero of K, or k,. We next choose particular func- 
tions to represent the gradient regions in the plasma, 
namely, 


(wo — wy") z xr 
w?2(x)=w,+— ~ f dx exp{ — ), (64) 
Lx iL 


£ 


(V?-—V?) 7? a 
V?(x)=Vr+— —f ix exp(-—), (65) 
Lr o iL 
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i.e., either the density changes from N, to N:2 or the 
temperature from T; to T; in a region |x| <Z about the 
origin. Such gradients might, for example, describe the 
density or temperature transition through a shock wave. 
The integrals (62) and (63) are complicated and we 
shall here only approximately evaluate them. Consider 
first (62). Expanding the slowly varying wave numbers 
K,(x) and k,(x), we can write for the exponentials in 
(62) approximately 


exp[ix(k.(0)K .(0))+}ix(k,’ (0) K,'(0))], (66) 


which is valid for 
rapidly for larger x. 
and g(x): 


x|<L. The integrand vanishes 
Similarly for the functions f(x) 
fi x)= fot xfo', 


g(x)=gotxgr’, 


(67) 


Thus (62) becomes 


x 


(ws" Ww") 
G6, a dx(got+xgo ) 
Lr 


a 


x 
exp ——+iax4 in| (69) 
| Ba 


k,(0) + K,(0) and b= (k,’ (0) #K,'(0))/2, and 
the suffixes 1 and 2 on G correspond to the — or + 
values, respectively, in a or b. The above Fourier in- 
tegral becomes simply 


2° Ww" g ial? al? 
eae 
il*b)! 2(ibL?—1) 4$(1—ibL 


2 age \? a 
(ev ) exp( -), (70) 
2b 2PL? 


since b=O(A"L"), ie., D*<b*. Further since K<<k, 
and K,’<k,', we have a&k,(0) and b&k,’ (0)/2 so that 
|G,|?=|Ge2|? and the energies of the two radiated wave 
packets from (59) become 


where a 


V*w? |dw? “ dvdK, Ky tA , 
T v:=Ty—|- f - —— 
8c? | dx . K*vK ,k* 


Srk,'V* 

—— ree 
9 *\e ; 

(wo"— w)")* r=0 


keV? ko R2V(wP+2KV") | 
+ i 


xexp| - 


where 


wd (2B V2+302) J 
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and we have also used 


1 dw,’ w2"— w)") 
k,'(0 3 
2k.V? dx 2k.V?L xt 

In a similar way to the above, the functions F; 2» may 
be approximated and yield for the radiated energies 


in a temperature gradient 
1 |dV"| 7* dvdK Kr 2k2V?\? 
Tn =Tr >} f (: +— ) 
8c?| dx vK .K?-RV? w, 
8x V4 


a 
<exp| | ’ (72) 
{ V? V;) Z=V 


Radiation Efficiency for Slowly 
Varying Gradients 


The radiation efficiencies for these plasma waves 
propagating in the xy plane and encountering a region 
of density or temperature variation will be defined as 
Ry = (Ty T T n2) Vy and Ry (7 Tit T 12) Yr, i.€., the 
fractional energy radiated away in traversing the in- 
finite plane inhomogeneity considered here. Taking pw 
and Wr to be highly peaked functions about some partic- 
ular values vy and K, for which we use the same notation, 
the above efficiencies become from (43), (44), (71), and 


(72), 


12 |deo,? 
Ry=— 
11c| dx 


we\? sin’, fk\2/  2k2V?\? 
Reetatael (=) “es dx) (SD 
tic|dx|\w/ K,\K w? 


r 


SrVi ” 
<exn| 7 } , ee 
V V? ; | z—0 


where siné,= K,/k. It should be emphasized that these 
expressions are restricted both to large L>A and to 
angles 6, of the plasma oscillation across the gradient 
which are sufficiently smaller than V/c that we avoid 
the singularity at K,=0, ie., the classical turning 
points of the WKB solutions. Oscillations propagating 
at an angle 0,>V/c do not produce radiation capable 
of propagating. 

We shall next consider radiation by plasma oscilla- 
tions incident on density discontinuities, i.e., L=0. 
The radiation Eq. (33) will not be applicable to this 
case since it was derived neglecting terms of order \7/L* 
and above. 
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Case 2, L=0 


Consider a sharp density transition from \; to V2 
inside the plasma (e.g., a shock front) and long wave- 
length plasma oscillations incident on it (ADL), i-e., 
the opposite extreme to the case above. Then we may 
again calculate a radiation efficiency for such an en- 
counter by treating the sharp transition as a discon- 
tinuity and applying boundary conditions to the uni- 
form plasma solutions on either side. The boundary 
conditions are obtained from the exact Eqs. (3)—(5), 
together with Maxwell’s equations by considering a 
sharp but continuous density variation from N; to V2 
and then performing the usual limiting processes.* In 
crossing the density “discontinuity,” we shall hold the 
temperature of the electron component of the plasma 
constant. Thus, for example, such a discontinuity might 
correspond to a plasma shock wave in which the 
characteristic length over which the electrons are 
heated by the shocked ions is somewhat larger than 
the shock thickness. 

Writing E,, E:, H;, and H;, for the total electric and 
magnetic fields on the sides 1 and 2 of the boundary, 
we find the boundary conditions at x=0, 


H,—H,=0, 
ix (E,—E,)=0, 
i- (E,—E,) =4rei(N2e:—N¢;), 
Pzj(2)—paj(1) =9, 


where i is a unit vector in the x direction pointing 
towards the side 2 of the discontinuity. p,; are the x 
components of the pressure tensor fluctuation. Equation 
(77) reduces to 


i-(VxXH.—vXH))=0. (79 
It should be noted that these do not reduce to Field’s? 
boundary conditions for a plasma vacuum boundary 
He neglected the surface charge in the condition on the 
normal component of electric field. Now consider a 
plasma wave e;(k;) incident on the side 1 of the 
boundary. The boundary conditions are then satisfied 
by a reflected and transmitted plasma wave e2(k,) and 
e;(k;), together with two radiation waves e;(K;) and 
eo(K,) (see Fig. 2). These waves have wave numbers 
k,, kz, etc. We shall further consider them as plane 
waves, exp[i(k-x—w/) ] propagating in the xy plane 
with a frequency w. Thus we have five dispersion rela- 
tions for these waves, 


w= wr2tkeV2=w/7+ k?V?=0%+ Ke? 


=witk?V=w2+Kie, (80) 


* J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, New York, 1941). 
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OSCILLATIONS 








Fic. 2. Radiation by a plasma wave incident 
on a discontinuity in density 


where 


w@) 2” = dre’Ni 2 m (81) 


are the plasma frequencies on either side of the 


discontinuity. 


Now in simplifying the boundary conditions (75)- 
(79), we that E,=e,+e.+2¢; and E,=e3+ e:. 
Further we use Maxwell’s Eqs. (17) and (18) to express 


note 


the electron fluid velocities v, and v. and H, and H, in 
terms of the electric fields, together with (15) for the 
pressure tensor ~;;. They then reduce to the four 
relations: 


6:K,;— @K2=0, (82) 


€2 SiN, — €3 sinB;+ €; Cospi+ €2 Cosp2= —e, Sin8, (83) 


— €2 COSA, — €3 COSA3+ €;(sin*y; — Cos*p;)w?/2w siny; 


— €,(sin*2— cos*2)w."/2w* sin, = — e; cos6, 


(84) 
éok2(1+2 cos?@s) —e3k3(1+2 cos?6;) 

—€,2K,; cosy; sind; (w,;?/w") 

= €.2K> cosy, sins (ws? w’) 

= —k,e,(14-2 cos*@,). (85) 

We have used a further relation between the angles and 
wave numbers, namely the equality of phase for the 
various waves along the boundary, i.e., 


ky sin#,= ko sinB, = k; sin; = K, siny; =K;, siny2. (86) 


The angles in these equations are between the wave 
numbers and the x axis as shown in Fig. 2. Thus, for 

example, from (80) and (86), ki=k, and 0,= 6. 
The solution of Eqs. (82)—(85) for the amplitudes e, 
and ¢€, of the radiated waves are then simply 
6:= Kre2./Ki=(e\/D, (87) 


where the determinants [, ] and D reduce to 


"4 
laj= bei(- ) sind; cos6; (we? —w;*)/ V?, 
Cc 





Point For A Discontinuity 


)®a(%) 
aye Fic. 3. Radiation effi 
ciency Ry(L) for long 
wavelength plasma oscil 
lations incident at small 
6, on a density change 
from N; to N 


W.K.B. Approximation 








D kK, cosy 180, +k, Ke cosy; cos 


KK, sin’é, w*)+ kK, cosp2 cosé 


*K sin*0;/w*) +k K cosy; cos, 


* sin’@ w 


2 sin’, 


Next, consider the relations (80) and (86) between 
6:, ¥i1 and We. We see that as @; increases, y; and yz 
increase. Since y¥; and Wz cannot increase beyond 7/2, 
the maximum value of sin@; for which the first radiation 
wave exists is given by 


sind, << K1/k, V Cc; (90) 


and for the second radiation wave 


-. 


sin@; < - s 91) 


For both radiated waves to be propagated, the plasma 
oscillations must be incident within a very narrow cone 
around the normal to the density discontinuity. 


Radiation Efficiency for a Discontinuity 


We also require to calculate the fraction Ry of the 
energy Y of a wave packet of plasma oscillations which 
is emitted as radiation at the discontinuity. We shall 
restrict ourselves here to angles @, sufficiently less than 
V/c so that both radiation waves contribute. Further, 
since (V/c)<1, we shall terms of relative 
magnitude (V/c)* in the derivation of Eq. (92). Using 
the expressions (19) and (42) for the energy fluxes, the 
components of the fluxes ior the five waves at the dis- 
continuity become 


neglect 


Llwkje; k] 


64° Vie 


TIDMAN 


for the plasma waves, and 


Thus 


wave 


for the radiation. 
incident plasma 
discontinuity, 


energy of the 


radiated comes, for a 


2w;7 sm 


Ry(0;) 


“110, ART 


{s(2) 


where €; and ¢€2 are given by 


6. DISCUSSION 


tor the 


The expressions (73) and (92 radiation effi- 
ciency in slowly varying gradients or at a discontinuity 
are in general complicated. We shall here gi 
results for plasma 
propagating almost directly along the gradient, i.e 
A<K(V 
wavelength plasma wave 


N, with N,;=2N>. Thus 


ve numerical! 
a simple limiting case of waves 
c). We further consider the special case of long- 


incident from the dense side 


ky V< <w);> Ww 


and koV 


i.e., on the tenuous side, plasma waves with a short 
wavelength just above the Debye 
mitted. Under these 


discontinuity, 


trans- 
find for a 


radius are 


limiting cases we 


| (- ) 
, 4 
gradie it | 4 


and for our exponentia of scale L the 


WKB result (73) becomes 


A(x=0 
11107 )( 
V L 


> 


These expressions are plotted in Fig. 3 
in going from a discontinuity 
is a few wavelengths, tl 
two orders of which makes interpolation 
across the region LA only very rough. Once in the 
slowly varying gradient region L>d, however, the 
radiation efficiency varies simply as L 


i 


We note that 
to a gradient for which L 
e radiation efficiency drops by 
magnitude 
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The various anomalies exhibited by the thermal properties of liquid He* originate with its nuclear spin 
system according to the statistical thermodynamic formalism elaborated for the latter. This result of 
general character is verified directly through a quantitative evaluation of the volume expansion coefficient 
of the saturated liquid. The theory also yields the explanation of the observed pressure dependence of the 
temperature locus of its volume anomalies near saturation at moderate pressures. The quantitative ex- 
tension of the theory into the regions of the compressed liquid and the solid will have to await the forth- 
coming of precise measurements of several thermal properties in these phases of He® 





1. INTRODUCTION 


N recent work! we have analyzed the thermal prop- 

erties of the nuclear spin system in liquid He’ on 
the basis of its statistical thermodynamics elaborated 
previously.? The anomaly of the volume expansion co- 
efficient of the liquid could be shown to arise from the 
behavior of the spin system determined by the tem- 
perature and pressure dependence of the nuclear para- 
magnetic susceptibility of the liquid. In the present 
paper we propose to generalize quantitatively the 
theory’ in deriving the total volume expansion co- 
efficient of the liquid as well as some other properties 
closely connected with it in terms of empirically ob- 
tained properties required by the statistical thermo- 
dynamic character of the theory. 

The formalism is based on the assumed additivity of 
the entropy of the nuclear spin system and the entropy 
associated with the degrees of freedom other than spin.'* 
So far the main goal of the theory was a precise de- 
scription of the partial properties of liquid He’ arising 
from its nuclear spin system. In this the theory suc- 
ceeded without involving any arbitrary parameters 
whatsoever. The generalization attempted in the present 
work, so as to include in the formalism the system of 
degrees of freedom other than spin, still succeeds 
essentially as long as one considers the liquid in equi- 
librium with its vapor, or under moderate external 
pressure, near saturation. However, some of the thermal 
properties of the compressed liquid established in this 
Laboratory by two groups of independent workers,‘ at 
or above 1.0°K, suggest already that in the compressed 
liquid as well as probably in the solid phase,’ the non- 
spin degrees of freedom require, for their equation of 
state a parametric function ¢€,.(V,7) of the variables 
of state. This function is, of course, susceptible of 
evaluation through the formal description of some ther- 
mal properties of the liquid. 

The statistical thermodynamic formalism used in 
Goldstein, Phys. Rev. 102, 1205 (1956); 112, 1483 (1958). 
Goldstein, Phys. Rev. 96, 1455 (1954). 


iL 
*L. 
3 


L. Goldstein, Phys. Rev. 112, 1463 (1958). 


*R. H. Sherman and F. J. Edeskuty, Ann. Phys. (N.Y.) (to 
be published); E. R. Grilly and R. L. Mills, Ann Phys. (N.Y.) 
8, 1 (1959). 

§ L. Goldstein, Ann. Phys. (N.Y.) 8, 390 (1959). 


connection with the nuclear spin system’ leads in a 
fairly straightforward way to the derivation of the 
partial volume expansion coefficient of the nonspin 
degrees of freedom. This combined with that of the 
spin system yields the approximate total volume ex- 
pansion coefficient of saturated liquid He’ in fair 
agreement with preliminary data. The problem in 
compressed liquid He® can only be discussed along 
semiquantitative lines, because accurate data on the 
nonspin degrees of freedom of compressed liquid or 
solid He’ are not availabie at the present time. Results 
obtained near saturation condition and under moderate 
pressure appear to agree with the data. 


2. THERMAL PROPERTIES OF LIQUID He* 


It has been established, experimentally, by Roberts 
and Sydoriak’ that, to a fair degree of approximation, 
the partial heat capacity of the nonspin degrees of 
freedom in saturated liquid He’ is linear in temperature 
over a fairly wide temperature interval. This interval 
is, however, reduced somewhat in transforming the 
saturated liquid heat capacity to the constant volume 
heat capacity at the volume of the saturated liquid at 
any precise temperature.’ In this linear region it may 
be justified to write in a first approximation, 


' pno(V,T)=4§LEn(V,T)/V], 
that is to postulate the validity of the virial theorem. 


In (1), on account of the rather small variations of the 
liquid volume over the temperature interval of interest, 


(1) 


T 
Baal Vt f Cre(V,T)dT. 


In order to generalize somewhat the representation of 
the empirical results on the partial thermal properties 
of the nonspin degrees of freedom, it appears reasonable 
te rewrite the equation of state (1) in the less restricted 
form 


(2) 


pre(V,T) = 4ene(V,T)Ene(V,T)/V, 


*R. D. Taylor and E. C. Kerr, Physica 24, $133 (1958); Lee, 
Reppy, and Fairbank, Bull. Am. Phys. Soc. 3, 329 (1958). 
. R. Roberts and S. G. Sydoriak, Phys. Rev. 98, 1672 
(1955); see also Abraham, Osborne, and Weinstock, Phys. Rev. 
98, 551 (1955). 


(3) 


375 
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in which the parametric function €,.(V,7") is supposed 
to originate with the interactions existing within the 
system of nonspin degrees of freedom other than those 
which are taken into account through the empirical 
nonspin heat capacity and Eq. (2). Along the satura- 
tion line, and in the limited temperature interval of 
interest here the parameter ¢,, appears to be close to 
its ideal limit of unity. However, as will be shown 
briefly below, in compressed liquid He?’ as well as in the 
solid phase, this parameter should take on values con- 
siderably lower than unity, judged from the standpoint 
of the theory valid in the saturated liquid. 

In terms of the ideal antisymmetric formalism, it is 
possible to associate with the nonspin degrees of free- 
dom, on the basis of their empirical heat capacity,’ 

Cnov/R=aT, a=0.426, . @ (4) 
an apparent characteristic temperature given by 
To,ne= WRT /2C nev 
w/2a (5) 
=11.6°K. 


The coefficient a used here is somewhat smaller than 
the one given for the saturated liquid nonspin heat 
capacity. This reduction comes about through an 
approximate over-all linear fit of the constant volume 
nonspin heat capacity which falls below the saturated 
liquid nonspin heat capacity’ beyond about 1.0°K. It 
should be noted that the empirically established’ 
linearity of Cy.,.(7) involves a good deal of extrapola- 
tion, so that a certain amount of curvature of this 
partial heat capacity at the very low temperatures, 
this heat capacity being concave upward, cannot be 
ruled out at the present time. Such an upward concave 
extrapolation of C,,,, was actually suggested by the 
workers of the Argonne Group.’ The recent heat 
capacity measurements of the Ohio State University 
workers,® though extending in temperature well below 
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Fic. 1. Calculated molar volumes of liquid He’ as a 


function of the temperature. 


§ Brewer, Sreedhar, Kramers, and Daunt, Phys. Rev. 110, 282 
(1958); Brewer, Daunt, and Sreedhar, Phys. Rev. 115, 836 (1959). 
We wish to thank here the senior member of this group, Dr. J. G. 
Daunt, for communication of their latest stage experimental results 
before publication. 
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that reached by the measurements of either the Los 
Alamos or Argonne workers,’ cannot be used here for 
reasons which will be considered briefly below. Inas- 
much as we shall essentially limit ourselves to tempera- 
tures less than about 1.5°K, the empirical relation (4), 
linear in temperature, is acceptable over this interval, 
in view of the smallness of the ratio (7/T»,n-), even at 
the upper end of the above temperature range. 

It should be noted that in dealing with the spin 
system! the parameter «,(V,7) was found to be equal 
to (—1), corresponding to the situation whereby the 
virial theorem was there approximately verified to 
within the negative sign. The latter is a qualitative 
algebraic aspect of the fundamental anomaly of the 
spin system, which, however, seems to have a fairly 
clear physical interpretation.® In the system of the non 
spin degrees of freedom of the compressed liquid, it 
will be shown below that the characteristic derivative 


[dpnro/d k,./V) ly Fene(V 
Gu ¥ 3 ><A, 


T), (6) 


] 


is not ideal, the parameter ¢€,- falling below unity and 
depending in some way on the variables of state. The 
preceding result is imposed the data in the com- 


pressed liquid, and, probably, also in the solid phase.* 


Using the thermodynamic reasoning discussed previ- 
ously in connection with the partial volume expansion 
coefficient of the spin system,' one finds for the partial 
volume expansion coefficient associated with the non- 
spin degrees of freedom 

ane,p( V7) =F (kr(V,T)/Vene(V,T)Cnev(V,T), (7) 
where use was made of the equation of state (3) of the 
nonspin degrees of freedom. The total expansion co- 
efficient of the liquid 


a,(V,T) 


is then! 


Gne.p(VjT) +00, p(V 51 
2(xr(V,T)/¥ 
X[ene(V,T)Cae.v(V,T) 


where, as in (7), xr is the isothermal compressibility, 
which below about 1.0°K is the same practically as xs 
OF Ksat, the adiabatic compressibility or that along the 
saturation line, respectively. It should be remembered 
now that 

Cre,v(V,T)=Cr(V 


C,,v(V,T)]}, (8) 


»1)—C..v(V,7), (9) 


where Cy(V,7) is the observed total constant volume 
heat capacity, so that Eq. (8) is a statistical thermo- 
dynamic relation which correlates the following thermal 
properties of the liquid : Ap, KT, V, Cy, and Coa the 
latter being determined? through the empirical nuclear 
magnetic susceptibility ratio® x(V,7)/xo(V,T), xo stand- 
ing for the limiting Langevin susceptibility at the vol- 
ume V and temperature 7, which liquid He* would 
exhibit if it were an ideal nuclear paramegnetic system. 

*W. M. Fairbank and G. K. Walters, Proceedings of the Sym- 
posium on Liquid and Solid He*® (Ohio State University Press, 
Columbus, 1958), p. 1 of the Supplement 
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We have so far implied that ¢,.(V,7) is equal to unity 
in the saturated liquid. Equation (8) shows that the 
anomaly of the saturated liquid expansion coefficient 
arises from the anomalous behavior of its spin system. 
With €,. $1, the expansion coefficient vanishes at the 
root T, of the equation 


a,(V,T.)=90; éno(V,T a)Cne,1 (V,T a) 


=C,.v(V,T). (10) 


At T<T,, the expansion coefficient is negative since 


EnoCne,V<Cov, T<Ta. (11) 
It may be appropriate now to comment on the above- 
mentioned difficulty which arises when one attempts to 
use the more recent low-temperature total liquid He’® 
heat capacity data* to derive with them, through (9), 
the C,,.,y values. Inasmuch as the susceptibility ratios® 
determine uniquely’ the partial heat capacity of the 
spin system, the theory having no adjustable param- 
eters in its formalism, the difficulty corresponds, at the 
present time, to a slight inconsistency between the 
saturated liquid heat capacity® and susceptibility ratio 
data.® Either the latter are somewhat high or the former 
somewhat low. This should be resolved by additional 
experimental work on these properties of liquid He’ 
at temperatures below about 0.20—-0.15°K. It hardly 
needs to be stressed that, however difficult, this lower 
temperature region in liquid He’ constitutes a rather 
fertile experimental field. This not only from the point 
view of the above difficulty but, above all, because it 
seems to offer the possibility of verifying, oz disproving, 
the present theory'’** of statistical thermodynamic 
character of the thermal properties of liquid and solid 
He’. 

Equation (8) shows that the expansion coefficient is 
expressed in terms of the empirical xr, V(7), and, 
through (9), Cy(V,7), in addition to the calculated 
C,,v(V,T) values associated with the measured nuclear 
paramagnetic susceptibility ratios x(V,7)/x0(V,T). It 
is possible to reduce by one the number of the above 
empirical properties by calculating first V(T)a,(V,7) 
or the derivative (0V/dT),, 

V (T)a,(V,T)= (dV /dT), 
= Fx«r(V,T)Lene(V,T)Cue,v(V,T) 
—C,,v(V,T)], (8a) 
and using the latter to obtain, by integration, 


T 
V(T)—- vo= f (OV /dT) AT, 


0 


(12) 


which vanishes at a precise temperature 7;, where 
V(T;) is equal to the volume of the liquid at the 
absolute zero V(0). Using then the unique empirical 
volume V(T;) of Taylor and Kerr® we have obtained 
the liquid volume V (7), whose graph is given in Fig. 1. 
T; is equal, to the approximation of the above numerical 
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Fic. 2. The constant pressure volume expansion coefficient 


a», in units of 10°*/°K, of saturated liquid He’ as a function of 
the temperature 


calculations, to about 0.764°K, provided that én-(V,7) 
is taken, along the saturation line, to be equal to its 
ideal value of unity. The molar liquid volume V (7,4) 
or V(0) is, approximately, 36.69, cc/mole. The calcu- 
lated V(T) values then lead finally to an evaluation of 
a,(V,7), always on the assumption of the parameter 
€ne to be unity. Figure 2 gives a graph of the expansion 
coefficient a,(V,7), along isobars issuing at the satura- 
tion line. 

The expansion coefficient vanishes at about 0.417°K ; 
its minimum is, at 0.150°K, where its value is —0.0092 
‘°K, approximately. By the Nernst theorem, a, van- 
ishes at the absolute zero and always with ¢€,, taken to 
be unity, 


(da,/dT) ,= —[a,(V,T) P+V—(8V/dT"),, (13) 
or, with (8), 


(aa,/8T) >= —[ap(V,T) } 

+4V-'{ (Oxr/OT) [ Cae,v—Ce,v | 

+xrl (OC ne,v/8T) p—(OC,,v/8T),}}, (14) 

and 
lim (da, oT p 
T-0 

= 3[xr(T=0)/V(0) |[a— (3 In2)Te");_ (15) 
or this limiting slope is a constant, a being the empirical 
constant included in (4), and 7» in (15) is the character- 
istic temperature of the nuclear spin system, the limiting 
slope (0C,,y/dT), having been given previously.? The 
result that a, thus vanishes linearly in T, from negative 
values is a consequence of the linear vanishing of 
C,.v(V,T) with T, which is the dominant property 
imposing the linearity in T of ay, as predicted previ- 
ously.' The latter limiting property is not affected by 
the precise shape and temperature variation of the 
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nonspin heat capacity. If, in the future, accurate heat 
capacity measurements at the low temperatures, 7 
<0.15°K, would lead to an empirical C,,,y different 
from the one used here, Eq. (4), the dominance of 
C,,y at these low temperatures will insure the limiting 
linear variation of a,(V,7) with temperature, at very 
low temperatures. Using the limiting value of the com- 
pressibility x, estimated by Laquer, Sydoriak, and 
Roberts,” from their low-temperature sound velocity 
measurements, one obtains 


lim(da,,»/OT) » 0.126/ (°K)? 


’ 


T-0 


lim (dan. p 0T),=90.0232 


T—0 


(°K x 


lim Oa» a7 
T—0 


" 0.103/(°K 


Returning now to the total liquid volume V(7), whose 
T? or parabolic approach toward V(0) has been dis- 
cussed previously,' its minimum is, of course, at the 
zero of ap. The inflection point of V( T) isata tempera- 
ture Ty, at which, by (13), 

(da,/d T) Pp ( 16) 
where the expansion coefficient still decreases. If Ts is 
the temperature of the minimum of a,, then by (13) 
and (16), 


=—Qy, 


Ty <Ts. (17) 


However, taking a, to be about the same at 7’y as it is 
at Ts, about (—0.01/°K), an approximate value by 
excess, numerically, it is seen that the temperature slope 
of a, at Ty is less, numerically, than [—10~*/(°K)*], 


1.0y 


(10° cal/mole x °K x atm) 


, 
} 


(8C,,/dp 


vk 


“a 


N\ 


056 675 too 
T(*K) 


Fic. 3. The pressure slope (0C,/0p)r, in units of 10-* cal/mole 
°K Xatmosphere, of the constant pressure heat capacity of 
liquid He’, near saturation, as a function of the temperature. 


 Laquer, Sydoriak 


and Roberts, Phys. Rev. 113, 417 (1959) 
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and the smallness of this suggests that an experimental 
differentiation between Ty and Tg could be difficult, or, 
that Ty and 7, should be rather close. 

Another aspect of the preceding situation is associated 
with the pressure variation of the constant pressure 
heat capacity at a constant temperature, according to 
the thermodynamic relation 

(OC ,/Op)1 T(@V/al (18) 


One obtains here, in terms of a,(V,7) given by (8), 
(C,/ap)r -C,,v] 
Get ) 


—3T{ (dxr/OT) p[ €noCne,¥ 
+Krl (0 oT), ee aT (19) 
This shows that at low temperatures the heat capacity 
first increases with pressure as a consequence of the 
dominance of the spin heat capacity through its tem- 
perature derivative in the second term on the right- 
hand side of (19), and as predicted on the basis of the 
behavior of the spin system at low temperatures.*:* The 
pressure slope vanishes, as we just saw, at Ty, the 
inflection point of the liquid volume, to become nega- 
tive at T>Ty. We give in Fig. 3, the graph of 
(0C,/dp)r at the saturation line. It vanishes at the 
absolute zero and at 7y, and has one maximum at 
about 0.076°K where its value is, approximately, 0.00443 
(cal/moleX °K Xatmos). The value of (0C,/dp)r at 
Tz, is, with (13), (16), and (18), 
(dC, Op) Ts V (T3)7 al ap Ts) F. (20) 
This is negative because of (17 
equal to about 37 cc/mole, 7s~0.15°K, and a, being 
about (—0.01/°K), it is seen that, in units of (cal/mole 
<°KXatmos), the slope at 73 is about —1.3x10-5, 
which is a rather small slope. This again shows that 7g, 
though larger than 7y, should be quite close to it, the 
slope at Ty being zero by definition. The numerical 
calculations of the quantities (0V/dT),, a,(V,T), and 
(0C,/0p)r according to the relations given above 
yield Ty and Ts, for €,- being equal to unity, as being 
essentially coincident at 0.15°K, as mentioned already. 
In connection with the numerical evaluations of 
V(T), a, and (0C,/0p)r, it is well to keep in mind that 
the errors affecting the various empirical quantities 
entering into these calculations are cumulative, and 
tend to limit necessarily the numerical precision with 
which the above properties are obtainable. The same 
limitations apply to the temperatures Ty or Ts, Ta, at 
which @, vanishes an 7;. At the present time, it, 
would seem justified to state that at or above 7., the 
volume V(T) as well as the expansion coefficient a, 
appear to agree fairly well with the experimental! values 
of preliminary character of Taylor and Kerr.® 
In the calculations of the above properties the pa- 
rameter €,, was taken to be unity. If accurate values 
of a, were available, Eq. (8) would allow the deter- 
mination of €,.(V,7), in terms of the other properties 
entering into Eq. (8). At the present time, however, it 


However, with V (7) 
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TaBLe I. Approximate values of the characteristic temperatures 
Ty, Ts, Ta, Ts, and of the minimas a,(Tg) at various values of the 
constant parameter €n,. 





Ty 
(°K) 
0.150 
0.151 
0.153 
0.155 
0.156 
0.158 


ap(TB) 

Ck 
— 0.00917 
— 0.00934 
—0.00951 
— 0.00968 
— 0.00985 
—0.0100 


Ts 
) (°K) 


0.150 
0.151 
0.153 
0.155 
0.157 
0.159 


0.764 
0.792 
0.822 
0.854 
0.890 
0.928 


is not possible to obtain actually the parameter ¢,,(V,7) 
along the saturation line. It seemed, nevertheless, in- 
structive to obtain approximately and indirectly the 
effect of several constant values of €,, on the tempera- 
tures, Ty, Ts, T., the zero of a», and 7;, the zero of 
the volume variation [V(T)—V (0) ]. We give in Table I 
these various temperatures as well as the values of a, 
at their minimas. 

The influence of a constant €,¢ on the various char- 
acteristic temperatures and the minimum of a, can be 
easily understood by noting that T, is the temperature 
of intersection of the increasing éneCae,v functivn and 
the decreasing branch of the spin heat capacity C,,y, 
Eqs. (8) and (10). Hence with decreasing e,, the product 
Eno ne,v iS depressed, causing the zero T.(€n,) to shift 
toward higher temperatures. Also, the limiting very 
low-temperature negative slope (da,/dT)r.0 decreases 
with decreasing €,., causing a more rapid fall of a, with 
temperature toward a decreasing minimum a,(7). The 
increased negative loop of a,, causes the volume change 
[V(T)—V (0) ], Eq. (12), to become more negative and 
shifts thus its zero 7; toward higher temperatures. 

In compressed liquid He’, or in solid He’, the partial 
nonspin heat capacities are not available at the present 
time, above all at the lower temperatures where their 
values are critical in connection with the predicted** 
anomalous pressure behavior of the spin heat capacities 
C,(p,T). The quantitative evaluation of the expansion 
coefficient a,(V,7) of the compressed liquid cannot 
thus be made at the present time. Beside the absence 
of the total heat capacities C,(p,T), and with them the 
nonspin heat capacities Cye,p(p,7), there is another 
circumstance tending to prevent a straightforward dis- 
cussion of a,(V,7) for the liquid under pressure or the 
solid phase. Namely, new and more accurate experi- 
mental values of the nuclear paramagnetic suscepti- 
bilities and susceptibility ratios would be important for 
a verification of the rule deduced recently* on the 
pressure effect of these properties. In spite of these 
obstacles which prevent one from obtaining the com- 
pressed liquid or solid He*® expansion coefficients along 
isobars of the phase diagram, the formalism estab- 
lished'?-* and used above was already sufficient to yield 
an explanation of the anomalous temperature variation 
of the pressure derivatives (@C,/0)r near the satura- 
tion line. In addition, we are also in measure to advance 
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an explanation of another property of liquid He’ reach- 
ing into the compressed liquid phase region near 
saturation conditions, using the above formalism. This 
concerns the locus of the zero of the expansion co- 
efficient 7.(p). 

According to Eq. (8), the zero T, of a,(V,T) associ- 
ated with the saturated liquid is that temperature at 
which the positive or normal nonspin expansion co- 
efficient is equal, numerically, to the anomalous spin 
expansion coefficient, or 7, is the root of 


Gne.p( V1 a) +ae,p(V,7 a) =0, (21) 
as pointed out already previously! and discussed above. 
Equation (8) also allows one to obtain qualitatively the 
pressure dependence of 7,.(p) near the saturation line. 
At T,, where a, vanishes, we have by (13), (18), and 
(19), 


lim (0°V /dT*), 
T—Ta 


= 2Rxr( T. ){ (a OT) Le, a(€ ‘ne,v/R) } 


~(8/8T)»(Ce.v/R)} (22) 


=—7. '(0C, Op) Ta 
—Ta"[(8C ne, p/OP) Tat (OCo, p/OP) Ta |. 


On assuming, without thereby reducing greatly the 
generality of the result to be obtained, that €,, varies 
only slowly with temperature near 7, in comparison 
with Cye,y, one has, by (4), 


Eno (0, OT) »(Cue,v/R) = déne; 


(0/8T)5(C.,v/R)=8(T), (23) 
where the temperature derivative of the spin heat 
capacity has been studied previously.?* At T, equal to 
about 0.42°K, one has* 


a=0.426/(°K), 6(T's)=—0.32/(°K), (23a) 


(8Cne,p/OP) Ta<0, (8Ce,p/dP)ta<0,  (23b) 


a result conform to the previous discussion’ of the for- 
malism. But according to (23a) and (22), 
| (OC ne.p/OP) Ta\ > | (OC, ,,/dp) Tel; (24) 
or the nonspin heat capacity is depressed more by ex- 
ternal pressure than the spin heat capacity, at the 
saturation line and at 7,. Also, omitting the subscripts 
p or V above, at the low temperatures in question, and 
provided that 
énob/a, (b/am~0.75), (25) 
the temperature of intersection of enf/n, and C,, 
T.(p+é6p), at the ptessure 6p above the saturation 
pressure, is seen to be shifted toward a temperature 
higher than 7,(p), as a result of the larger depression 
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Of €nceC ne compared with that of C,. Hence, 


a(p+6p) T.(p)>9, (26) 
26 
(OT ../0p) ra>9, ’ 


that is the locus of the 
plane must increase with 


zeros T,(p), in the (T,p) 
increasing pressure in the 
vicinity of the saturation line. This is the explanation 
of the pressure dependence* of the 
T.(p) at small external pressures, near the 
line. 


locus 
saturation 


observed 


The observed pressure increase the locus 


Ta(p) is 
connected with the larger reduction through pressure 
displayed by the nonspin expansion coefficient 
compared with the pressure increase of the negative 
spin expansion coefficient a,. This comes about physi- 
cally through the circumstance that at T2T., Ta 
~0.42°K, the spin system has already reached a degree 
of disorder which is not far from being complete, the 
spin entropy being at that temperature some 80% of 
its limiting value of (R In2) per mole. Hence (0S,/0p)r, 
whose numerical value (0V/dT),|, or Via, 

must be rather moderate or small. In contrast with this, 
the normal system of the nonspin degrees of freedom is 


GQne 


is also 


not subject to pressure limitations of their normal de- 
creasing entropy on compression at temperatures of 


the order of T., and its response to the application of 


external pressure may reasonably be expected to be 


While the 


always larger than that of the spin system. 
proof (26) of the increasing pressure slope of Ta(p) 
valid only near the 
siderations on the larger pressure response of the non- 
spin degrees of freedom as compared with the spin 
system tend to suggest the monotonically increasing 
character of 7.(p) up to the melting line and beyond, in 
the solid phase also, 


saturation line, the preceding con- 


which may reasonably be expected 
to be also anomalous.® 
The lower limit of €,. 


of T.(p,) at the 


in (25) defines the upper limit 
saturation line through 


ad 


or, the allowed limits of 


Fel p.) are 


12 €ne 2 6(7 0.42°K STa(p.) <0.49°K, (27a) 
Table I. As 
preceding discussion assumed, 
for simplicity, that ¢,. was a constant practically. The 
calculations of a, with the various €,, values indicate 
that at temperatures T7>T7., the value of €,- must be 
closer to unity than to its lower limit so as to reproduce 
the observed s.° At the lower 
temperatures, smaller €n¢ values still 
appear to lead to a, values which could well correspond 
to their actual values not yet available at the present 
time. 

At higher pressures, 7.(~) increases to reach a value 
of about 1.26°K at the melting line at a pressure of 


where the range of 7.(p,) is included 
mentioned already, the 


expans ion coefficient 


however, the 
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about 47.3 atmospheres, 
measurements of two Los 
However, the entropy « 
temperatures below those of the locu 


according to independent 
Alamos groups of workers.‘ 
hanges on compression at all 
s T.(p), starting 
from saturation condition and up to the melting line 
appear to be rather small. This oc« because of the 
or anomalous 
ystem 
about 


opposite signs of these changes, positive 


in the spin system and negative or normal in the 
of ye degrees of freedom. Inasmuch as at 


1.25°K, t he 


rena icentropy limit in the 


nuclear spin system has practically reached 
2 and, 
higher 
of freedom can 
les rease This 


turated liquid 


a fortiort, in the compressed yr sei at these 
temperatures only the 
exhibit slight ropy 
that the partial nonspin he 

crease only moderately fri 
liquid. In 
anomaly in the 
compressed liquid, as 


also,® it is necessary that 


a de grees 
some Suggests 


should also de- 
ym its value in the 


at capacity 
saturated 
theory of the volume 
iquid to stay valid in the 
probably in the solid 
parameter €ng( V.7), the 
ithin the f: 5, of the pressure 
associated with the thermal! excitations with respect to 
the energy density of la should take on rather 
moderate values. This will insure the reduction of the 
product €neCre so that it will equal the rather small 
values of the spin heat 


order now for the 


Saturated 


derivative, to w 


at temperatures 


in the solid 
ong isobars, the 


increasing up to about 1.25°K or beyond, 
phase also.* At the hi ures, a 

total heat hould exhibit long 
plateaus at a heat capacity level only slight 
by about (0.05-0.07)R, than the p 
heat capacity? of about 
the increasing C,, part 


capacity ( 
ly higher, 
ak value of the spin 
0.24R. This means that while 
ial nonspin heat capacity branch 
and the decreasing partial spin heat capacity 
C,, at the hig ressur ay become equal at 
temperatures still not much hig] han 7,(p,), the 
product é€neCne will equal C, only at the higher tempera- 
tures associated w ith 


branch 


It seemed instructive to obtain a precise 
idea of the numerical values of «(V,7 
liquid. In view of the fact that 
thermal properties exist 
ume anomaly at about 4° : 
that of liquid He’, w 

V,7) of saturat 
thermodynamic relatior 


in a classical 
ibundant data on the 
primarily in water whose vol- 

similar qualitatively to 
tained, with Eq. (8), the 


values of e( r, through the 


§(0V /AT),I : ’ 28) 


over a range of tempera! ata compiled 


ures 


for water” we give in turated liquid 


water e(V,7) values. temperatures of this table, 


but in compressed v pressures of about 250 


" Thanks are due f vers for the majority of the 
numerical work, as well ; liss I ooper and Mis sB.A 
Moore for various calculatior Hin 1 for the 
drawing of the graphs. 

2N. E. Dorsey, Properties rdina uter Substance (Rein 
hold Publishing Corporatior ew rk, 1953), second edition. 
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Tas_e II. Calculated values of the parameter «(V,7) 


in saturated liquid water. 


«(V,T) #(°C) 


—0.024 
+0.075 
0.16 
0.24 
0.38 


80 
100 
150 
200 


atmospheres, the values of e(V,7) remain practically 
constant at a fixed temperature. 

The parameter ¢ is $ times the parameter y(V,7) 
used in the discussion of the equation of state of solids.” 
Because of the volume anomaly of saturated or moder- 
ately compressed water, it is seen that «(V,7) is nega- 
tive below the temperature of the volume minimum, it 
vanishes at the latter, becomes positive and increases 
monotonically at increasing temperatures. The € values 
of Table II are only illustrative of those which may 
occur in liquids. The molecular character of water has 
also to be kept in mind. 

The small or moderate €,, values imposed by the 
data‘ on the locus T,(p) in compressed liquid He® sug- 
gest, as do the ¢ values of Table II, the complexity of 
the formalism correlating the pressure and the energy 
density of the thermal excitations in these systems. 

It is easy to show with Eqs. (8) and (28), that in 
saturated liquid He’, the total parameter é€.4:(V,7) is 


€ne( VT )Cue,v(V,T)—C, v(V,T) 


Esat | VT) 


(29) 


Cac.v(V,T)+C,,v(V,T) 


and with ¢,,. taken to be approximately equal to its 


limiting ideal value of unity, one obtains, with? 


limC, y=2.31RT, 


To 
and with the empirical C,,,v, Eq. (4), 


limésat( V,7) = —0.69, 


T—0 


lim €sat( VT) 7 1. 
T large 


3M E. Griineisen, Proceedings of the Solvay Conference, held in 
1913 (Gauthier-Villars, Paris, 1921), pp. 243-280. 
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This range of values of ¢,... displays the pathological 
behavior of saturated liquid He’. 

It seems appropriate finally to comment qualitatively 
on the volume anomaly along lines emphasized previ- 
ously.' This anomaly may be understood in the follow- 
ing way: at the absolute zero the vanishing total spin 
angular momentum of liquid He*® imposes therein a 
fairly rigid spatial order, with a very large atomic 
volume as a result of the tendency of the parallel spin 
atoms to be separated by the largest distances com- 
patible with the minimum of the total energy. As the 
temperature of the liquid increases, the rapid tempera- 
ture rate of increase of the spin disorder allows a con- 
traction to set in because of the possibility of parallel 
spin atoms to approach each other in coordinate space 
as a result of their increasing separation in momentum 
space. This contraction phenomenon, though small as 
far as the total volume change is concerned, continues 
up to the temperature 7,(p,) at which the degree of 
spin disorder is fairly complete? and beyond which the 
ever present normal temperature rate of volume in- 
crease originating with the nonspin degrees of freedom 
overtakes the anomalous volume contraction arising 
from the behavior of the spin system. 

In concluding then, it appears justified to say that 
the approximate evaluation of the total volume ex- 
pansion coefficient of saturated liquid He*® performed in 
this work lends support to the statistical thermo- 
dynamics formalism of the thermal properties of this 
liquid elaborated previously."** The theory should 
thus be also successful to account for the temperature 
variation of the constant pressure heat capacity pres- 
sure slopes (0C,/dp)r near saturation condition, as a 
consequence of the thermodynamic correlation of these 
properties. In addition, the theory offers a fairly rigorous 
explanation of the pressure dependence*of the locus 
T.(p) of the vanishing expansion coefficients, near 
saturation condition or under very moderate external 
pressures. The verification of the theory in the liquid 
subject to increasingly larger external pressure, and 
probably also in the solid phase,’ will have to await the 
forthcoming of various data of sufficient accuracy in 
these high-pressure regions of the phase diagram of He’. 
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The linearized plasma equations and the boundary conditions to be satisfied acro 
discontinuity are considered. It is shown that an incident longitudinal plasma wave gener 
transmitted transverse plasma waves, as well as reflected and transmitted longitudinal 1 


process also occurs. The transverse waves are generated only when the longitudinal wave 


incident ; in the inverse process, the generated longitudinal waves are propagate 


I. INTRODUCTION 


E consider here the types of waves which result 

when pure longitudinal and pure transverse 
plasma waves are incident on a plasma density dis- 
continuity. (Since we assume that the equilibrium 
pressure is the same on both sides of the boundary, a 
temperature discontinuity is associated with the density 
discontinuity.) In particular, we show that an incident 
longitudinal wave generates reflected and transmitted 
transverse waves, in addition to reflected and trans- 
mitted longitudinal waves. Thus, we describe a mecha- 
nism by which energy is transferred from compressional- 
type waves to electromagnetic-type waves. We also 
demonstrate that the inverse process occurs; transverse 
waves give rise to longitudinal waves when incident 
upon a boundary. 

This problem, which bears upon the generation of 
radio noise in the solar atmosphere, as well as the 
generation of radio waves by plasma oscillations, has 
been partly treated by Field.' However, his work is 
restricted to the case of a plasma-vacuum boundary; 
this actually implies a gross velocity for the medium, 
which is not taken into account in his linearization of the 
plasma equations nor in his boundary conditions (which 
are incorrect for other reasons as well). 

In Sec. II we discuss the plasma equations, and the 
types of waves which result. Since the boundary con- 
ditions are of considerable importance, they are con- 
sidered in detail in Sec. ITI. Section IV contains the 
results for the incident longitudinal and 
incident transverse waves; the reflection and trans- 
mission coefficients are calculated for all types of waves 
which appear in each case. Section V contains a dis- 


Cases of 


cussion of the results, and some numerical calculations; 
in Sec. VI the work is summarized. 


Il. LINEARIZED PLASMA EQUATIONS 


The plasma equations are obtained by applying the 
combined sets of hydrodynamic equations and Maxwell 
equations to a completely ionized gas. The assumption 
is made here that the ions are fixed in space, so that 
their only effect is to neutralize electrically the plasma 
when the electrons are uniformly distributed. Since we 

* Supported by the Office of Naval Research 

1G. B. Field, Astrophys. J. 124, 555 (1956). 


1 norr 


are thus considering (electron) gas, 
the parameters asso iated with the ions do not occur 
in the equations. The equations are linearized in the 
usual manner by as variations from 
equilibrium in the plasma variables are sufficiently 
small so that products of these 
neglected.” 


a one-component 


uming that the 


variations can be 
The electron density and hydrostatic pressure are 
+p and pot p; the po, po are 
equilibrium values, and the p and p contain the space- 
time variations. It is assumed that i 
motion of the plasma and that 
present; thus, the variations of electron 
(fluid) velocity, electric field, and magnetic field are 
represented by u, E, H. The variables p, p, u, E, and H, 
as well as their space and time derivatives, are assumed 
to be of first-order smallness; products of first-order 
terms are neglected in the linearization. The linearized 
plasma equations are thereforé 


given, respectively, by p 


there is no gross 


no external fields are 


space-time 


po(du/dt)+Vp- m)E=0, 
poV -u+dp/di=0, 

Vp=vVp, 
cVXE 
V-E 
cVXH 
V-H=0 (7) 


adiabati 
and c is the velocity of light; —e and m are the charge 


borpye/m)ut dE el, (6) 


In the above equations, » is the sound velocity, 
and mass of the electron; p is the v arying mass density, 
the current 
i equation of conserva- 


harge density; 


+} 


and (ep/m) is the varying « 
density is — (poeu/m). Thu 
tion of mass, Eq. 
conservation of charge 


(2), is identical to the equation ot 


The plane waves which 
determined by assuming solutions to the plasma 
equations of the form exp[i(ém-r—wit)]; k is the 
propagation (or wave and, in 
general, is a function of the frequency, w; n is a unit 
vector in the direction of propagation; and r is the 
vector to the observation point. By equating the 


may exist in the plasma are 


constant number 


2 Cf., L. Oster, Revs. Modern Phys. 32, 141 (1960 
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determinant of the coefficients of the plasma variables 
to zero (the condition for the solution of the simul- 
taneous equations), an equation for k as a function of 
w is found. This dispersion relation has three solutions. 
One solution corresponds to a longitudinal wave which 
has no magnetic field associated with it. The remaining 
solutions correspond to two transverse waves, of 
opposite polarization, which have no density variations 
associated with them. The propagation constants for 
these waves are: 


k= (w*—w,)!/v, (longitudinal wave) 


K=(w’—w.)!/c, (transverse waves) 


w?= 4arpoe?/m?, 


w, is the plasma frequency. If the propagation is along 
the x axis, the longitudinal wave has field variables 
uz, E,, p (or p); the transverse waves have variables 
uz, E., Hy, (and u,, E,, H,). The relations between the 
variables are: 


ma 
u,= —i1— Ek 
4repy 

(longitudinal wave), 
mv" 

V-E, 
4rre 


p= 


1€ 
= ——E,, 
m 
(transverse waves). 
1 


H, 


Cc . 
VXEr 


Ww 


In general, all three waves may exist in the plasma; the 
boundary and initial conditions determine which waves 
exist for any physical problem. 

Because the two transverse waves can act differently 
at a boundary, depending upon the direction of polari- 
zation with respect to the plane of incidence, they shall 
be denoted as follows: the transverse wave polarized 
with its magnetic vector perpendicular to the plane 
of incidence (electric vector in the plane of incidence) 
will be called a perpendicular magnetic (PM) wave; 
the wave with electric vector perpendicular to the 
plane of incidence will be called a perpendicular electric 
(PE) wave. 


Ill. THE BOUNDARY CONDITIONS 


Since the plasma equations are a set of coupled 
acoustic (or linearized hydrodynamic) and electro- 
magnetic equations, the boundary conditions to be 
imposed are a combination of the usual acoustic and 
electromagnetic boundary conditions. It is to be noted 
that these sets of equations are coupled by the electronic 
charge. If e is set equal to zero, uncoupled acoustic and 
electromagnetic equations result, and the possible 
waves are then simply a longitudinal acoustic wave 
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and transverse electromagnetic waves. This limiting 
case must be kept in mind when the conditions are 
imposed across a boundary. 

The acoustic conditions to be imposed across the 
density discontinuity are the usual ones* of continuity 
of pressure and of the normal component of the fluid 
velocity : 
at 


x=0, (10) 


x=0, (11) 


pi+p"—p'=0 


i,-(u'+u’—u‘)=0 at 


where the superscripts i, r, ¢ refer to the incident, 
reflected, and transmitted waves, and i, is the normal 
to the boundary, assumed at x=0. The continuity of 
pressure is a dynamic condition requiring the net force 
on the boundary to be zero. The continuity of the 
normal fluid velocity is a purely kinematic condition; 
if not imposed, then the fluids can separate. This 
condition therefore requires that the mass flow across 
the boundary be nonzero; this may be understood from 
the following considerations. 

Suppose that the boundary is on the plane x=0 
when there are no waves present ; when a wave impinges 
upon the boundary, it moves with velocity u,‘+,"= u,' 
(the linearization requires these velocities to be much 
smaller than the sound velocity, so that, to first order, 
the boundary conditions are taken at x=0). Across 
the plane x=0, there is a flow of mass per unit area, of 


(12) 


where po: and poz are the equilibrium densities on the 
two sides of the boundary. There is therefore a transition 
layer, around x=0, of thickness = {(u,'+wu,")dl 

JS uz'di=(i/w)u,' [assuming an exp(—iwf) time 
variation |, which contains a “surface” distribution of 
mass per unit area of 


Apott, poi (uz'+ uz") = Ports", 


£| <A. 


(13) 


The condition on |£| in Eq. (13) is just that |u| <2, 
as is required for linearization. The continuity of 
pressure is insured since the rate of change of momentum 
per unit area, associated with this mass, is of second 
order. 

There is associated with the “surface” mass distri- 
bution a “surface” charge distribution 


T= (po1— po2)E; 


(14) 


This “surface” charge distribution will give rise to a 
discontinuity in the normal component of electric 
field ; however, the “surface” current density associated 
with this charge is of second order smallness and is 
therefore taken as zero in the boundary condition given 
by Eq. (16) below. 

Since the two curl equations, Eqs. (4) and (6), and 
the equation of conservation of charge, (e/m) times 
Eq. (2), are a complete set of Maxwell’s equations, the 
additional boundary conditions are derived from Eqs. 

*R. B. Lindsay, Concepts and Methods of Theoretical Physics 
(D. Van Nostrand Company, Inc., New York, 1951), p. 369. 


o= (e/m)r= (e/m) (p01— por) é. 
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wEOIUM | 
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ee } Fic. 1. Longitudinal wave (1, 
angle of incidence 4), wave number 

k,) incident upon boundary (Case 

1); reflected waves—longitudinal 

(L,:6;, k1), transverse (T,: g:, K1); 

transmitted waves—longitudinal 

Li: 02, ke), transverse (T;: 2, K2) 


(4) and (6) by applying the usual procedure’: 
i,X (E‘+E"—E*)=0, 
i,X (H'+H’—H*)=0. 


the normal 
electric field can be obtained by taking the divergen e 


(15) 
(16) 


Ihe discontinuity in component of 


of Eq. (6) and using the condition of continuity of the 
normal component of velocity. [This is equivalent to 
combining Eq. (5) and (e/m) times Eq. (2) indicating, 
of « ourse, that Eq. (5) is not ne¢ essary for the complete 
set of Maxwell’s equations. | Once again, applying the 
procedure for determining boundary conditions, we 
find that i,-AE=i(4re/mw)i,-Apou. Therefore, by 
comparing this with Eq. (14) and, Eq. (11), we see that 
the “surface” charge accounting for the discontinuity 
the surface charge 
derived from the transition layer considerations. The 


of normal electric field is the same as 


condition on the normal component of electric field is 
therefore 
i,-( E‘+E*—E'] 


4c, (17) 


where a is defined by Eq. (14). The boundary condition, 
on the normal component of magnetic field, derived 
from Eq. (7) is redundant (as is the equation itself). 

A wave incident on any surface of discontinuity in a 
plasma can give rise to six possible waves, i.e., three 
reflected waves (one longitudinal and two polarizations 
and three similar refracted waves. 
lhe six boundary conditions, Eqs. (10), (11), (15), 
and (16), will determine the amplitudes of the six 
“surface” 


of transverse waves 


waves. The charge distribution can then be 
determined by using Eq. (17). If the acoustic and 
electromagnetic systems are “uncoupled” by setting e 
equal to zero, then the electric field is no longer related 
to the fluid velocity, and the normal component of 
field becomes continuous as expected for 
dielectric media 


electric 


2. Transverse wave (T; 
of incidence g, wave 
K,) incident upon bound- 

y (Case 2); reflected waves 
longitudinal (L,:6,,& trans 
verse (7,: ¢:,K,); transmitted 
waves—longitudinal (Li: 62, ke), 


transverse (7;: ¢o, Ke) 


‘See J. A. Stratton, Electromagnetic Theory 
Book Company, Inc., New York, 1941), p. 34 ff 


(McGraw-Hili 
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Since the requirement of normal 
particle velocity across a boundary gives rise to a 
discontinuity of normal electric field, one may expect 
that a boundary (e.g., of density 
discontinuity between the 
longitudinal and transverse If a longitudinal 
wave, having a particle velocity u 
electric field E, impinges upon the boundary, the 
acoustic boundary conditions Eqs. (10) and (11) will 
“tend to” nd transmitted longitudinal 
the electri iated with these longi- 


continuity of 


the presence of 


will cause a coupling 
waves 


and associated 


set up re flec ted 
waves; fields assoc 
innot satisfy Eq. (14) (unless 


the incident wave is normal to the boundary). Thus 


tudinal waves (alone) « 
reflected and transmitted transverse waves are required 
in order to satisfy all the bound iry < onditions 
Similar 
transverse 
incidence (PM wave 
wave and the PM wave have the 
plane of incidence, the PE wave will not be generated, 
ind The PE 
field parallel to the 
boundary, will act simply as does an electromagnetic 
number K), satisfying Eqs. (14) 
not couple » the PM transverse or 


old for the case of an incident 


wave with its ele 


effec ts 
tric field in the plane of 
Moreover, since the longitudinal 
heir electric fields in the 
as seen from Eqs. (14 wave, on the 


other hand, having its 


wave (with the wave 
and (16), and will 
longitudinal waves 
the ine ident 


PM 
rise to reflected and transmit 


Since transverse wave does give 
ted longitudinal plasma 
waves, the PM reflection (and transmission) coefficients 
are quite different from those obtained in the ordinary 
Therefore, the and 


nal plasma waves probably can 


electromagnetic case existence 

properties of longit 

be inferred from this difference in reflection coefficients 

It is to be not he electric charge to 

“de oupl s” the 
fields 

the boundary conditions a 10 longer related to each 


he separate 


to to zero in tions, 


hydrodynamic and electror ti In this case, 


other [o goes to zero in E 17 and t 


acoustic and electromag conditions 


result. 


boundary 


IV. APPLICATION OF THE BOUNDARY 
CONDITIONS 
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where the longitudinal wave propagates at an angle @ 
with respect to the positive x-axis and has wave number 
k; the transverse waves propagate at an angle ¢ with 
respect to the positive x-axis and have wave number K 
(see Figs. 1 and 2). The wave numbers k& and K are 
given by Eq. (8). The other variables associated with 
the waves are found from Eq. (9). 

Case I. Incident longitudinal waves.—We consider first 
a purely longitudinal wave, with wave number &,, 
incident on the density discontinuity at angle %. The 
following waves are assumed: reflected-longitudina! 
(angle 6,, wave number &,) and transverse (angle ¢, 
wave number K,) waves; transmitted-longitudinal 
(angle #2, wave number k:) and transverse (angle ¢o, 
wave number K¢2); see Fig. 1. Applying the boundary 
conditions, Eqs. (10), (11), and (14), (16), at x<=0, we 
find that the following forms of Snell’s law must be 
satisfied : 


k; sinOo= k, sin6,= kz sinbe= K; sing;= Kz sings. (19) 


Also, the amplitude of the PE wave is identically zero; 
the longitudinal and transverse PM (E in plane of 
incidence) waves have reflected and transmitted 
amplitudes given by 


EE,’ ji If tan al Q, tanO 
+A- —1 
gE tan ge IL Qs tanBe. 
| 
| JA 


| 


| 


+2,(1—A)? ane: 


) tan¢ 
E ra || 
tan ¢e 


sin®, 


tan#, 


sinh; 


1 
| _ 44 -~A 


sin8y 
M\ | 


| 
COS ¢1 


sino 


1 
| -2a01~4 
M 


- lang, , 


SIN ge 
+1 


tang; ]{2; tan 
A-— A--—- 
tangeIiQ. tan, 
0Q,(1— A)? tan® tang, 


, , 
w, 22-2 


A= (1-—Q,)/( 


a0] 


1—?.). 


These results will be discussed in Sec. V. 

Case II. Incideni transverse wave-—The case of an 
incident transverse PE wave (electric field perpen- 
dicular to the plane of incidence) is similar to that of 
an ordinary transverse electromagnetic wave, of wave 
number X;, incident upon a boundary. Since there is no 
pressure wave associated with a transverse wave, Eq. 
(10) does not enter in the boundary condition; since 
the electric field and fluid velocity are in the y direction, 
Eqs. (11) and (15) do not enter. This incident PE 
wave is therefore not coupled by the boundary to 
longitudinal waves (or PM waves); the reflected and 
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transmitted amplitudes are those given by Fresnel’s 
law for the case of the electric field normal to the plane 
of incidence.*® 

An incident transverse PM wave, however, does have 
a coupling to longitudinal waves; again, the PE wave 
does not enter. Taking the incident wave at angle ¢o, 
wave number K;; reflected and transmitted transverse 
waves at angles ¢; and go, with wave numbers K, and 
K2, respectively ; reflected and transmitted longitudinal 
waves at angles 6, and @, with wave numbers k, and ky, 
respectively ; w Snell’s laws: 


K, sing Kz 


e have 


K, SiN go sin ¢2 ky sin@; = ky sind. (21) 


The various electric field amplitudes are given by 
Er’ 1 [1-4 |-2 +] 
tr NI lho. 
0,(1—A)* tané, tango}, 
Sin go Q, tané, 
—|24 [14 4— || 
N SiN ge Q. tanb, 
—22;(1- 


sin ¥o 
- A) : 
cos, 


Ph an¢go] weet 


tan ge tan@, 


SIN go 


20,A(1 A tant, 


J 


+02,(1— A)? tand, tan ¢o. 


sind, 


tango ft; tand, 
1+A—— —A t 
tang, ILQ. tand, 


V. DISCUSSION OF THE RESULTS 


It has been shown that transmission of a longitudinal 
wave across a discontinuity can cause transverse waves 
to be generated. However, only a small cone of incident 
angles are allowed for transverse waves to be formed. 
For a normally incident longitudinal wave, Eqs. (20) 
show that no transverse wave appears (as was noted 
in the discussion of the boundary conditions); more- 
over, for a true transverse wave, the angle of propa- 
gation (¢, for the reflected wave, and gz for the 
transmitted wave) must be less than 90°. The angles 
are given by Snell’s laws, Eq. (19): 


ky 


sinBy sino, 


ky < 
A} 


sind sind. (23b) 


For all except very small %, the angles g, and gz will 
be complex since (c/»,) is much greater than unity. If 
the angle of propagation is complex, the transverse 


* Reference 4, p. 495 





386 H. KRITZ 
wave becomes a surface wave propagating along the 
boundary (z direction) and exponentially attenuating 
in the direction normal to the boundary (x direction). 
Moreover, the electric field, in this case, has a com- 
ponent in the direction of propagation. 

Calculations have been performed assuming an 
electron density of 4X 10° electrons per cubic centimeter 
and a temperature of 10° °K. These values are com- 
parable to values of these parameters in the solar 
corona. The ratio of densities across the discontinuity 
is taken to be 2:1, with transmission into the less 
dense medium. The plasma frequencies are computed 
using Eq. (8): wa=3.5810° cps and w= 2.53 10° 
cps. Since c/v,= 1.89 10, reflected transverse waves 
will only occur for angles of incidence less than zero 
degrees eighteen minutes. Because the ratio of propa- 
gation constants, Eq. (23b), contains the factor A}, the 
transmitted waves will be generated over a slightly 
larger range of incidence 
increases as w approaches w,;. In Fig. 3 are plotted 
the relative electric field amplitudes of the created 
reflected and transmitted waves. Three 
different frequencies of the incident wave are assumed: 
I, w= 3.94 10" cps; I, w=10X 10° cps; III, w= 18.8 
X 10° cps. 

The ratios of the propagation constant for an incident 
transverse wave to the propagation constants for the 


angles; the allowed range 


transverse 


generated longitudinal waves, 


K,/k,=0,/c, Ki/ke A'v2/c, 


(24) 


are much less than unity—of the order 10 in the 
calculations which were: performed. Therefore, PM 
transverse waves incident 
reflected and transmitted 
result of Snell’s law, though, the angles of reflection 


at any angle give rise to 


longitudinal waves. As a 
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VI. SUMMARY 
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Magnetic coupling processes are considered in terms of the orbitals which result from the splitting of the 
d levels by the crystalline field. It is shown that the antiferromagnetic and ferromagnetic structure properties 
of many crystalline compounds can be qualitatively accounted for on the basis of indirect coupling processes 
which depend on the overlap of magnetic cation d orbitals with p orbitals of intervening anions and on the 
electron spin occupation appropriate to the particular cations involved. 

The orbital approach has also been used in considering the magnetic properties of the 3d metals and a 
coupling mechanism has been proposed which is consistent with much of the magnetic data relating to the 


iron group metals and their alloys. 


INTRODUCTION 


N part I indirect magnetic coupling processes in 

crystalline compounds are considered in terms of 
the properties of the orbitals which result from the 
splitting of the d levels by the crystalline field. 

In part II the magnetic coupling properties of the 
3d metals and their alloys are treated similarly in terms 
of the occupation and the energy splitting of the 
d orbitals. 


I. MAGNETIC COUPLING IN CRYSTALLINE 
COMPOUNDS 


A. Coupling between Ions in Octahedral Sites 


The simplest type of compounds for the study of the 
magnetic coupling mechanisms between ions in octa- 
hedral sites are those of the perovskite type such as 
LaMO; and the trifluorides MF; where M represents 
an iron group element. These compounds are ideally 
cubic with one molecule per unit cell. The magnetic 
cation M is located at the corners of the cube and the 
anions lie near the centers of the cube edges between 
neighboring cations. In the perovskites of the type 
considered here the rare earth ion or its equivalent 
which is located at the center of the cube is non- 
magnetic and plays no essential role other than that of 
determining the valence state of the magnetic ion. 

Of these compounds a neutron diffraction study’ was 
first made on the magnetic properties of the mixed 
system La**Ca** (Mn**,Mn**)O3. It had been shown by 
Jonker and Van Santen* that this system was ferro- 
magnetic in a region 0< Mn**t <0.5, from which it was 
concluded that the indirect magnetic interaction 
between a Mn* ion and a Mn* neighbor must be 
ferromagnetic. The neutron experiments showed the 
existence of a series of different antiferromagnetic 
structures as a function of composition, and it showed 
the transitions between these structures and structures 
involving the ferromagnetic properties. 


1 E. O. Wollan and W. C. Koehler, Phys. Rev. 100, 545 
2G. H. Jonker and J. H. Van Santen, Physica 16, 337 
19, 120 (1953). 


1955). 
1950); 


Just prior to this work Goodenough and Loeb’ had 
applied a hybrid orbital approach to the study of 
distortions in spinel type crystals and Goodenough‘ 
applied these same considerations to the above perov- 
skite system and the resultant correlations of the 
spacially ordered hybrid orbitals with the observed 
magnetic structures were very striking. In the case of 
the ferromagnetic coupling between Mn* and Mn* 
ions there was unfortunately in this picture no obvious 
mechanism of magnetic coupling 

It appears now that the d orbitals that result from 
the application of crystal field theory® give a truer 
representation of the physical situation. It is on the 
basis of the spacial properties, the type of energy 
splitting and the electron occupation of these orbitals 
that the magnetic properties of crystals will be dis- 
cussed. 

The crystal field splits the 3d levels of an ion in an 
octahedral site into a lower triplet (4,) and an upper 
doublet (e,). The three :, orbitals are of the type d,,, 
d,., and d,, and the two e¢, orbitals are of the type d,: 
and d,:,2. The t,, orbitals are square orbitals which 
point along the diagonals of the respective cube faces, 
the d,2 orbital is concentrated along the z axis and the 
d,*_,: orbital is a square orbital whose lobes lie along 
the x and y edges of the cube. In a crystal of the 
perovskite type the two e, orbitals of a metal atom on 
the corner of a cube point towards and overlap with 
one of the p orbitals of each of the six oxygen neighbors 
of the metal ion and the two nearest neighbor metal 
ions overlap the opposite ends of an intervening anion 
p orbital. It is thus to be expected that these orbitals 
would play the important role in the indirect magnetic 
exchange between the two neighboring cations and the 
intervening anion. 

To consider the role of these orbitals in their overlap 
with their neighboring surroundings in crystals it is 


+ J. B. Goodenough and A. L. Loeb, Phys. Rev. 98, 391 (1955). 

‘ J. B. Goodenough, Phys. Rev. 100, 564 (1955). 

*H. A. Bethe, Ann. Physik 3, 133 (1929); J. H. Van Vleck, 
Phys. Rev. 41, 208 (1932); W. G. Penney and R. Schlapp, Phys. 


Rev. 41, 194 (1932); J. D 
Chem. Solids 3, 20 (1957) 


Dunitz and L. E. Orgel, J. Phys. 


387 





388 


TABLE I. d-shell configuration and primary energy splitting 
for iron group ions 


Mn‘* 
Cré* Mn** Fe** 
vz*+ = Cri* Mn?* 
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110 
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Ni®* 
Co** 


Cu** 
Ni®* 


Cations in 


compounds Fe?* 


Tetrahedral 
sites 
E (te) > E(e) C 0 


t, 000 000 00 


necessary to consider their occupation by the electrons 
in the 3d shells of the ions of the iron group elements 
which enter into the compounds in question. The 
upper part of Table I shows the splitting in octahedral 
sites and the occupation of the orbitals for the ions of 
iron group elements. 

The magnetic structure properties of the above 
mentioned perovskite system and of the corresponding 
compounds of chromium, iron and cobalt® as well as 
the more recently studied trifluoride compounds’ CrF3, 
MnFs, FeF;, and CoF; can be accounted for on the 
basis of the spacial distribution and the. electron 


Fic. 1 
*W. C. Koehler and I 
(1957). 
7 Wollan, Child, Koehler, 
(1958). Some of the considera 
reported in reference 


Schematic repre of indirect exchange processes. 


O. Wollan, J. Phys. Chem. Solids 2, 100 


1, Phys. Rev. 112, 1132 
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occupation of the e, orbitals of the particular cations 
involved and on the basis of three associated types of 
indirect magnetic coupling. 

These three types of indirect coupling which result 
from the overlap of magnetic orbitals with 
intervening anion orbitals in crystalline compounds are 


cation 


listed below and they are also diagramatically illustrated 
in Fig. 1. 

(1) Whenever half-filled orbitals of two magnetic 
cations overlap, respectively, the two ends of a given 
anion p orbital the magnetic coupling will be anti- 
ferromagnetic. 

(2) Whenever empty orbitals of two magnetic « ations 
| of a given anion 

likewise 


overlap, respectively, the two ends 
p orbital the magneti 


ferromagnetic. 


coupling anti- 


(3) Whenever an empty orbital of one magnetic ion 
overlaps one end of an anion # orbital and the other 
end of the same anion p orbital overlaps a half-filled 
orbital of another magnetic ion the magnetic coupling 
is ferromagnetic. 

It would appear that (1 
tion theory calculations 
Anderson® and by Pratt’ on 
earlier considerations and whi 


orresponds to the perturba- 
wh ch have been made by 
the basis of Kramers’” 
h has been termed super- 
exchange. Although the first calculations of this type 
gave ferromagnetic coupling for ions with less than 
half-filled d shells, these conclusions were later modified 
to allow for possible antiferromagnetic coupling in this 
case (2) also. Case (3) must be considered as an inter- 
pretation of experimental observations but it is 
quite understandable on an intuitive extension of 
(a) and (b)." 

These processes can be 
sented as indicating that an electron associated with 
overlapping orbitals of two neighboring ions must 


phenomenologically repre- 


satisfy the condition for existing simultaneously on 
either ion. This condition requires (a) that the two 
electrons of an anion p orbital always remain anti- 
parallel, (b) that when the anion p orbital overlaps an 
empty orbital of a magnetic cation that anion electron 
which spends time in the overlapping cation d orbital 
will tend to have its spin parallel to the cation spin, 
(c) in the case where the particular cation orbital is 
occupied by one electron regardless of whether or not 
the d shell is more or less than half filled the anion 
p electron which spends time in the overlapping cation 
d orbital will tend to have its spin antiparallel to the 
cation spin. 

These principles have been expressed in terms of an 
indirect coupling process. As will be seen later it would 

* P. W. Anderson, Phys. Rev. 79, 350 (1950) 

* George W. Pratt, Jr., Phys. Rev. 97, 926 (1955) 

” H. A. Kramers, Physica 1, 182 (1934 

1 P. W. Anderson (to be published) has 
Approach to the Theory of Super 
treats 
presented 


yw written “A New 
which 
processes herein 


N. Y.) 4, 87 (1958). 


+ + ” 
exchange Interactions 
theoretically the magneti coupling 


K. Nesbet, Phys 


See also R 
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TABLE IT. Néel temperatures in perovskite and 


trifluoride compounds. 


Perovskites 
LaCrO,; 


LaMnO,; 
LaFeO; 


Trifluorides 


Crk 3 
MnF; 
FeF; 
CoF,; 


appear that similar considerations can be 
to more direct coupling processes. 

Two examples of magnetic structure types which 
develop in the tren and trifluoride compounds 
are shown in Fig. 2 where the symbols used to designate 
the magnetic structures are those used in the original 
papers. These figures represent the magnetic structures 
as interpreted in terms of the spacial properties of the 
e, orbitals and the corresponding coupling processes 

(2), and (3) listed above. 

The G-type structure invoives antiferromagneti« 
coupling between a given metal ion and all six of its 
nearest neighbors. If all the e, orbitals in Fig. 1(a) are 
considered as half filled, then the indirect coupling 
would be of the type (1). The foliowing are examples of 
this class: LaFeO;, FeF 3, and CoF;. On the other hand, 
if the orbitals were all empty one would obtain the 
same G-type antiferromagnetic structure by indirect 
coupling processes of type (2). The compounds LaCrQ,, 
CaMnQOs, and CrF; are of this class. 

The A type of antiferromagnetic ordering is shown 
in Fig. 2(b). In this case there is ferromagnetic coupling 
within the plane and antiferromagnetic 
between planes. This structure is observed 
LaMn*O; and Mn**F;. In Mn* the 
orbitals are empty and by proper ordering of these e, 
orbitals develops the observed ferromagnetic 
coupling within the plane according to process (3). It 
has been assumed here that the d,: orbital is half filled 
and the d,:_,: orbital is empty. The same structure 
could be developed on the opposite assumption. The 
antiferromagnetic coupling between planes under the 
present assumptions is of type (2). In this figure there 


applied also 


coupling 
for 


one of two é 


one 


is included a schematic representation of the displace- 
ment of the anions from the central position between 
the This 
is the actual observed displacement of the anions in 
MnF; ” 
ordering very reasonable. 


magnetic cations on the corners of the cube. 


and it makes the proposed type of orbital 


illustrate the possible 


indirect exchange processes in octahedrally coordinate 


These examples serve to 
compounds. Other types of antiferromagnetic ordering" 
and these 
of 


This is true also of the ferromagnetic and 


have also been observed, 
for 


can generally be 


accounted on the basis d-orbital exchange 
processés. 


2M. H. Hepworth and K. H. Jack, Acta Cryst. 10, 345 (1957 
* See reference 1 and Wold, Arnott, and Goodenough, J. App! 
Phys, 29, 387 (1958). 
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Fic. 2, Examples 
of d-orbital coupling 
in magnetic struc 
tures (a) G-type 
antiferromagneti« 
structure which is 
observed when bot! 
é, orbitals of all the 
cations involved are 
either half filled or 
empty. (b) A 
antilerromagneti 
structure interpreted 
in terms of ordered 
arrangement of half 
filled d, orbitals and 
empty d,2 


type 


y? orbitals 


ferrimagnetic ordering properties observed in some of 
these compounds." 

The approximate transition temperatures at which 
the various iron group perovskites and trifluoride 
structures order in Table If. It will be 
noticed that the structures involving ions with empty 
e, orbitals, those containing Cr+ and Mn*, 
relatively Néel temperatures whereas those in- 
volving the ions Fe** and Co** with half-filled e, 
orbitals have relatively high Néel temperatures. One 
would thus conclude that the type (2) indirect coupling 
(e9— * —éo) involving empty orbitals is weaker than 
the type (1) - © —e,) involving half-filled 
orbitals. 


are shown 
have 
low 


coupling lé+ 


B. Magnetic Coupling between Ions in Tetrahedral 
and Octahedral Sites 


Compounds with the spinel type structure, of which 
so many have been studied in recent years, constitute 
the best source of information about this type of 
magnetic coupling. 

The spinel type structure is cubic with eight 
molecules per unit cell, and it can be characterized as a 
face-centered lattice array of oxygen atoms with metal 
atoms located in the interstices of the oxygen lattice. 
These sites, of which there are 48 in the unit cell, are of 
there are 16 A sites in which the metal ions 


ideal 


two types ; 


; 


4 See reference 1 and U. H. Bents, Phys. Rev. 106, 225 (1957). 





390 Ee ae, 


are tetrahedrally coordinated to four oxygen neighbors 
and 32 B sites in which there is octahedral coordination 
to six oxygen neighbors. The 24 metal ions in the unit 
cell occupy half of the A sites and half of the B 


It was originally proposed by Néel that the A-B 


sites. 


coupling in spinels was strongly antiferromagnetic and 
that the A-A and B-B couplings are weakly anti- 
ferromagnetic. Much of the work on spinels has been 
correlated with Néel’s hypothesis and the results have 
been expressed where possible in terms of the coupling 
constants of these interactions. 

Let us coupling 
mechanisms for the 
magnetic structure properties of the simple perovskite 


the 
account 


now consider whether or not 


which were found to 
and trifluoride type compounds will also account for 
the magnetic properties of spinels. 

In these compounds there are ions in both octahedral 


and tetrahedral sites. For the ions in tetrahedral sites 
the cry stal field splitting of the d shell is such as to 
make the doublet (e, orbitals) of lower energy than the 
triplet (log 


for ions in tetrahedral sites is also shown in Table I. 


orbitals). The splitting and level occupation 


Now since in the spinels it has been observed that 
the important magnetic coupling in most cases seems 
A sites and those on B 


to be that between the ions on 


sites (A-B coupling) it would appear that the principal 


magnetic coupling would involve the ‘2, orbitals of 


Fic. 3. (a) Schematic of indirect exchange in 
spinels. (b) Relation of the orbital overlaps of an A-site ion and 


its B-site neighbors with the # orbitals of the intervening anions. 


re presentatior 
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A ions and the Cg orbitals of and their related 
overlap with the orbitals of the intervening oxygen 
The 
shown schematically for the B 


3(b 


show 5 he I 


anions. spacial arrangement of these orbitals is 
ighbors of a given 
A-site ion in Fig. 

Figure 3(a orbital relation- 
ion and the 


»ends ofa p orbital 


intervening ‘ would 


ship of an A-site ion wit i B-site 
overlap of these orbit 
of the 
this type of indirect 


ippear that 
n principle be the 
coup! 
tahedr { might be expected 


same as the linear (¢ ing observed 
between ions in o 
} 


the primary requirement f« h coupling is that the 
D orbital 


orbitals of two cations i of an inter- 


Che 


in Fig. 3(a) is not to be confus vith that 


vening anion of coupling shown 
involved 
anion whi h is 
acce pt 


ndirect 


when the right anyie | nt Lne 


assumed to give zero eff this as es- 


sentially identical to the coupling, 


except that it may differ ir then the types of 
, and (3) wl used in accounting 


pe rov skite 
licable here 


coupling (1), (2 
for the 
compounds would seem to be ap 


magnetic propert tne 


ty pe 
| also. One 
ferromagnet 
] 


, 
pp! ea 


would thus coupling in the 


expect ant 
spinels when cases (1) and (2 ind ferromagneti 
coupling in case (3 


12 B-site 


are magnetically 


From Fig. 3(b) one tnat ire ions 
(3 B-site ions are 1 
coupled to a single sit n by the mechanism of 
Fig. 3(a). If all the 


filled as would be 


ndicated are half 
npound like Fe;O,4 
whether it the 
magnetic A-B ntiferromagnetic. 
This would then ippea { r! po! to the 
A-B 


antiferromagnet 
molecular field the ory. 


were normal o1 verted, then all 
linkages 
strong 


introduced in 


It is evident now that 
correctly 
assumption that this 


1-B « oupling is 

picture, the 
yuld always be anti- 
ferromagnetic cannot be accept Phis 
a particular 


represented present 
ill be true in 
g bond only if the 
respective /» bot} 
both half 


suggested that, in s] 


{ mpty or 
ould be 


romium 


filled 

ions with empty e, id iron 
ions, for example, tetra- 
hedral sites, the ye ferromagnetic. 
The 


much 


strength of however, be 


weaker than coupling 
both A 


xed spinels involving 


involving half-filled orbita ions on 
It is known that m 


have magr 


and B sites. 


chromium ions etic properties which cannot 
be accounted for on the basis of the usual molecular 
preparation 


modified if the 


field approach. The whole approach to th 


and study of such spinels might thus be 


16 E. W. Gorter, PI 1954 
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(o) 


Fic. 4. (a) Direct linkage of the ft, orbitals (cross hatched) of 
cations in tetrahedral sites and the relation of the ¢, orbitals to 
the p orbitals of an included anion. (b) Possible indirect coupling 
linkages for a tetrahedrally coordinated antiferromagnetic struc 
ture 


present suggestions regarding magnetic coupling in 
such systems are found to be essentially correct. 

In addition to the A-B coupling it has usually been 
assumed in the molecular field approach that there are 
both A-A and B-B types of coupling. On the d-orbital 
picture there does not appear to be any obvious 
mechanism for an A-A type of coupling. In the case of 
the octahedral B-site ions, however, the direct overlap 
of the 4, orbitals might be expected to give rise to a 
direct B-B exchange interaction. If one assumes that 
there is an exchange of d electrons between ions with 
overlapping /2, orbitals and that the previously stated 
principles similar to (b) and (c) apply in this case also 
then the direct exchange between ions on octahedral 
sites would be antiferromagnetic when half-filled /2, 
orbitals are involved. The overlap of empty orbitals 
would not be expected to give rise to coupling but the 


overlap of an empty orbital with a half-filled orbital © 


might be expected on the present basis to give ferro- 
magnetic coupling. 

That this direct exchange is weak is suggested by the 
neutron diffraction data of Corliss and Hastings'® on 
the ZnFe2O, system in which all the tetrahedral A sites 
are occupied by the nonmagnetic Zn ions. This com- 
pound was found to show a tendency towards anti- 
ferromagnetic ordering at about 9°K. A_ broad 
unresolved band of antiferromagnetic type scattering 
was observed and the neutron pattern could be 
accounted for on the assumption of ferromagnetic 
sheets of random atomic thickness, some of which had 
one spin orientation and some the opposite orientation. 


C. Magnetic Coupling between Ions in 
Tetrahedral Sites 


In this class of compounds it is the 4 orbitals that 
would be expected to participate in coupling processes. 
Figure 4(a) shows these orbitals in relation to four 
cations in tetrahedral coordination. In compounds of 
this type one may or may not find an anion in the 


16 J. M. Hastings and L. M. Corliss, Phys. Rev. 102, 1460 (1956 
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center of such a group of cations. In fact it might 
appear at first sight that an anion would be superiluous 
as far as exchange is concerned since the cation orbitals 
point only to each other, and this would suggest that 
any exchange in such a configuration would be of the 
direct type between these cations. As had previously 
been pointed out, the direct exchange of a d electron 
between overlapping half-filled ¢, orbitals would on the 
present assumptions be expected to be antiferro- 
magnetic. Such an exchange would, however, give rise 
to an antiferromagnetic structure only if there were 
distortions in the crystal or if other exchange processes 
were involved. 

Consider now an anion to be brought into the picture 
with its p orbitals disposed as shown in Fig. 4(a). 
These anion p orbitals overlap the cation ¢, orbitals in 
a somewhat complicated pattern but they do indeed 
bring in the possibility of indirect coupling mechanisms 
of the type previously discussed. These orbital arrange- 
ments may at first sight seem rather unpromising as a 
basis for accounting for antiferromagnetic structures in 
such compounds but the apparent success of similar 
arrangements in accounting for the magnetic properties 
of the metals (see Part IT) would suggest that serious 
consideration should be given to these orbital overlap 
properties. The antiferromagnetic spin arrangement 
shown by the arrows in Fig. 4(b) is one which is 
observed in some types of tetrahedrally coordinated 
compounds." 

Another somewhat different problem which may be 
tied in with a type (lag—/2,) of direct exchange is that 
of the stabilization of the MnO type of antiferro- 
magnetic structure. In the MnO structure the neighbor- 
ing Mn? ions in a given sublattice are antiferro- 











Fic. 5. Relationship of the t, orbitals of a given ion with its 
twelve nearest neighbors in the face-centered cubic structure. 
The shaded areas are for clarity of representation. 


'7For example, the MnS (zincblende) antiferromagnetic 
structure, Corliss, Elliott, and Hastings, Phys. Rev. 104, 924 
(1956). 
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TABLE III. Proposed orbital occupation pattern for 3d metals. 


Ht | 


titite titite titite titita titits 








magnetically coupled via the intervening oxygen ions. 
The coupling in this case is to be associated with the 
half-filled e, orbitals. The particular ferromagnetic 
sheet type structure which is known to exist in this 
compound is, however, only one of several possible 
ways of magnetically coupling the four sublattices 
together. This problem considerable 
attention and one proposal involves invoking magnetic 
dipole forces as the stabilizing factor.'® 

Now on the orbital approach one is impressed by 
the fact that the é, orbitals have just the required 
property of connecting the four sublattices. These 
orbitals are schematically represented in Fig. 5 where 
the circles represent the Mn ions in the MnO structure. 
Half of each d,,, etc., orbital lies in ‘the plane of a 


has received 


containing the central atom and 
the other half of these orbitals connects the central 


ferromagnetic sheet 


atom to the oppositely aligned magnetic sheets above 
and below the central plane on the cube diagonal. 

Now the direct exchange of the type (2,—/2,) would 
be expected to be antiferromagnetic for the half-filled 
orbitals of Mn**. This in itself would not stabilize a 
particular structure but if considers that the 
crystal in the magnetically ordered state has a small 
rhombohedral distortion along the axis perpendicular 
to the ferromagnetic sheets, it is possible that this 
would strengthen the antiferromagnetic coupling be- 
tween the layers and weaken it within the layers. 

The magnetic structures of the other iron group 
oxides FeO, CoO, and NiO are based on the same 


one 


ordering within each sublattice but the over-all struc- 
tures differ in a is consistent with a 
(tag—leg) exchange which is modified by the different 
occupation patterns in this series of compounds. 


fashion which 


Il. PHENOMENOLOGICAL THEORY OF 
MAGNETISM IN 3d METALS” 


A. Orbital Occupation and Magnetic 
Coupling in the Metals 


the indirect antiferro- 
coupling in certain 


In Part I it was shown how 


magnetic and ferromagnetic 


18 F, Keffer and W. O'Sullivan, Phys. Rev. 108, 637 (1957). 
1” A preliminary report of early considerations of Part II of 
this paper were given in Phys. Rev. 110, 1205 (1958). 


be determined to a 
siderable degree by the crystal field splitting and the 


( rystalline ( ompounds may con- 


resultant occupation patterns of the d orbitals of the 
magnetic cations involved. 

The second part of this paper represents a similar 
the fundamental 
and their alloys. The 
involved with the i 
associated in part with relating to the 
e orbitals” of the ions of 3d elements in crystalline 
compounds. These observat 


approach to the interpretation of 
properties of the 
reason for 


3d metals 
becoming metals is 


obse rvation 


o a correlation of 
with the 
the bold arrows 


ons led t 

the orbital occupation pattern of 3+ ions 
corresponding 3d metals a 
in Table III. The order of th 
at this point without regard for the energy of splitting 
of the d orbitals. It is to be 
occupation for chromium, manganese, 


shown by 
entries have been made 
noted that the e-orbital 
and iron have 
to ions in octahedral 
whereas for the case of 


been taken as those appropriate 
surroundings? 
nickel the e-orbital occupation is that appropriate to 
ions in tetrahedral sites (see Table I). The appropriate- 
ness of this assignment must be considered as a pure 
assumption at 
attempt will be made to show the 


cobalt and 


this stage of the development but an 
reasonableness of 
this assumption in a later section 
Now the assumed oc« upatiol 


in the metals will be maintained if the remaining three 


1 pattern of the e orbitals 


electrons per atom over and above those shown in bold 
type are assumed in every case to enter with opposite 
spin into the ¢ prbitals. It is known, 

some of the outel electrons in thi 


however, that 


metals are in s states 


the partial 


and hence it will be assumed that occupation 
of these s states jin all cases gives rise to holes in the 
t orbitals. In the ordered magneti 
will be associateél with the spin 
indicated in Table III by 

The occupation of the orbit 
Table III leads directly to a simple interpretation of 
the magnetic mpment data for the 3d metals. The 
trend of the moments which result from the proposed 
occupation of the e orbitals only is plotted as the solid 
line in Fig. 6. In addition to these 


state these holes 


down ele trons as 
open ¢ ire le s. 


ais as thus represented in 


integral moment 
values there will be a contribution from the additional 
holes in the d shell which are here assumed in every 
case to be associated with an incomplete filling of the 
t orbitals. These holes are then considered as represent- 
ing the fractional contribution to the observed moments. 
The trend of this contribution to the moment values is 
schematically represented by the cross hatched areas 
in Fig. 6. On this basis it is the holes in the ¢ orbitals 
which give rise to the asymmetry of the magnetic 
moment data relative to iron and one notices from the 
figure that this asymmetry in the data appears to be a 
structure sensitive property. 

* In this part of the paper the d orbitals wi 
e orbitals and / orbitals, th 

iN. F. Mott and K. W 
have proposed a 
occupation. 


reierred to as 
imbers cripts being omitted 
H. Ste Mag. 2, 1364 (1957 


d-lev splitting ch gives this e-orbital 
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Although we have given first this brief interpretation 

of the magnetic moment data of the metals in terms of 

the orbital occupations listed in Table ITI it is interest- 


ing from the writer’s point of view to note that these . 


moment data relations constituted only a byproduct 
and not a starting point in the consideration of the 
metals. At the outset an attempt was made to develop 
a magnetic coupling scheme for the metals along the 
lines pursued in considering the crystalline compounds. 

In this connection the characteristics of the eccupa- 
tion pattern of the e orbitals of chromium, manganese, 
and iron as represented in Table III played an 
important role. Now since the ¢ orbitals have been 
assumed to be similarly occupied in all the metals it is 
suggested that the differences in their magnetic 
properties is to be associated with the different occupa- 
tion pattern of their e orbitals. It is then to be noted 
that chromium and manganese which are antiferro- 
magnetic have empty e orbitals whereas for iron which 
is ferromagnetic both of the e orbitals are half filled. 
In the case of manganese which has one half filled and 
one empty e orbital, both the crystallographic and the 
magnetic structure properties are complicated.” This 
situation bears some similarity to that observed for 
Mn* ions in crystalline compounds in which the 
magnetic structure properties were found to be some- 
what more complicated than those involved with a 
symmetrical filling of these orbitals. 

In the case of iron and chromium the structures are 
nearly identical both being body centered cubic with 
spacing values which differ by only about half of one 
percent yet their magnetic properties are very different, 
iron being ferromagnetic with a large moment and 


STRUCTURE 
TRANSITION 
| REGION 


¢-ORBITA 


Fic. 6. Schematic representation of moment contributions 
in the iron group metals 


=. E. Orgel, J. Phys. Chem. Solids 3, 50 (1957), has proposed 
an empty e orbital in manganese as a means of accounting for the 
complicated crystallographic structure of the a form of this metal. 
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Fic. 7. Orbital relationships in the body-centered 
cubic structure of iron. 


chromium being antiferromagnetic with a _ small 
moment. It was on the basis of a consideration of these 
two metals that the ideas for the presently proposed 
theory of the 3d metals and their alloys was developed. 


Tron 


In the case of iron which has the body-centered cubic 
structure, the ¢ and e orbitals would be expected to fit 
into the lattice as shown in Fig. 7. Every cube face 
and cube edge (cube face for body-centered ion) would 
constitute the meeting point of six orbital lobes which 
represent part of the five 3d orbitals. These orbital 
lobes for each of the six iron ions related to the left face 
of the cube are shown in Fig. 7 together with other 
orbital lobes which connect the central ion to the ion 
in the lower left-hand corner. As first contemplated 
this picture represented a rather unpromising situation 
but on further study it became apparent that this 
orbital arrangement might have just the desired 
characteristics to account for the magnetic properties 
of the bec structure. 

In what might be considered a somewhat naive 
approach the writer was led in the first step of the 
intuitive arguments to imagine the crystal to be made 
up of Fe** ion cores (spins in bold type in Table IIT) 
at each lattice point with three electrons per atom at 
hand to be returned to the crystal in a fashion con- 
sistent with the known ferromagnetic properties of 
iron. It was observed that if these three electrons per 
atom in iron were returned to d orbitals with their 
spins antiparallel to those on the 3+ ion cores, then 
the average moment per atom would be 2 yp which is 
close to the observed value no regard being taken at 
this point for the possible nature of the splitting of the 
d levels by the crystal field. As a step in the intuitive 
arguments, however, the three electrons per atom were 
imagined as returned to the crystal in the ferromagnetic 
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state as one electron per orbital meeting point there 
being just three such orbital meeting points per atom 
in the crystal. 

If these three electrons per atom are then assumed 
to have an itinerant character, it would suggest the 
possibility of electron transfer processes in which these 
electrons could be thought of as resonating between 
half-filled orbitals, the process being governed by the 
probability of finding unoccupied states in these 
orbitals. Such a process suggests a magnetic coupling 
similar to that encountered in crystalline compounds. 
In that case two anion electrons were involved in the 
electron transfer process, and the coupling between two 
cations with half-filled orbitals overlapping a p orbital 
of an intervening anion was antiferromagnetic. In the 
present case of iron where a single electron is assumed 
to be involved in the process an intuitive application 
of the same general principles would lead to ferro- 
magnetic coupling ions with overlapping 
half-filled orbitals (spins in bold type in Table ITI). 


between 


Let us now examine these possible electron transfer 
processes in a little more detail. The iron crystal is 
assumed to be in the ferromagnetic staté in which the 
atoms have net spin up. For the suggested orbital 
occupation pattern shown in Table III the moment 
value for iron would be somewhat greater than 2 yp 
per atom. Since the observed average moment per 
atom is 2.22 uz it will be assumed for the present that 
0.22 spin down electrons per atom have been trans- 
ferred from the ¢ orbitals of the d band to the s band 
where their spins are assumed to be compensated. 
These holes in the ¢ orbitals now give room for electron 
transfer processes of the type (tt —}—¢+) to take place, 
where the symbolism represents the resonant sharing 
of an electron half-filled ¢ orbitals of 
neighboring atoms. One sees from Fig. 7 that if such 
processes are operative they would have the effect of 
ferromagnetically coupling the spins of first and second 


/| 
| 
| 
| 


between two 
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8. Orbital relationships in the body-centered 
cubic structure of chromium 
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nearest neighbor atoms in each of the sublattices of the 
iron crystal via the overlap of their respective ¢ orbitals. 

If we consider now also that the half-filled e orbitals 
of an atom on one sublattice (body center) overlap the 
t orbitals of the atoms on the other sublattice a similar 
electron transfer process of the (ts—}—er) can 
take place and this process will ferromagnetically 
couple the moments of atoms on one sublattice with 
those on the sublattice. On the 
assumed splitting of the d orbitals shown in 
this latter process will be less probable than those of 
type (44 —4—/1). The Curie temperature of iron would 
thus be expected to be determined primarily by the 
strength of the magnetic coupling of the spins within a 
given sublattice. It is interesting to note that similar 
processes of the type (er-—}—er) involving the overlap 
of the half-filled e orbitals of neighboring atoms would 


type 


basis of the 


Table VI 


other 


also be expec ted to be fe rromagnetic. These are, how- 
ever, assumed to be less probable than either of the 


other two. These and other points will be considered in 


a more detailed examination of the nature of the 
proposed spin correlation process in a later section 

It does appear, however, from these simple consider- 
ations that the ferromagnetic properties of iron are 
consistent with electron transfer processes of the type 
suggested and that also the average moment per atom 


is consistent with this picture 
Cur WLUW 


In chromium (bcc) the assumed ocx 
of the d orbitals (Table III 
in that its e orbitals are whereas those in iron 
are half filled is known to be 
ferromagnetic and iron is ferromagnetic, it seems logical 
to expect the difference 
two metals to be associated with the 


upation pattern 
differs from that of iron 
empty 
Since chromium anti- 
lagnetic properties of these 
difference in the 
oc’ upation pattern of their « 

Let us now attempt to account for the antiferro- 
magnetic properties of chromium on the 
electron transfer processes of a type similar to those 
invoked in connection with the discussion of the ferro- 
magnetic properties of iron. The 
are schematically represented i 
spin orientations are those cl 
antiferromagnetic structure of cl 

This figure as in the case of Fig. 7 for 
schematic representation of the 
pattern before the three extra electrons per atom have 
been returned to the lattice. It is th 
note for this situation that 
introduced into the lattice at the meeting point of the 
orbital lobes in the face of the bec structure and if this 
electron is allowed to make resonant trar 
the half-filled and empty orbitals consistent with the 
requirement of the Pauli exclusion principal and Hund’s 
the property of stabilizing 


hromium just as 


basis of 


orbitals for this case 
Fig. 8 in which the 
aracteristic of the known 
romium 

iron is a 


orbital oct upation 
en interesting to 
f a spin down electron is 


sitions between 


rule, it will appear to have 
the antiferromagnetic structure of 





MAGNETI COUPLING IN 
the same processes appeared to stabilize the ferro- 
magnetic structure of iron. 

Let us, however, now consider the situation when all 
the electrons have been returned to the crystal. We 
consider first the ferromagnetic coupling of the moments 
in one of the two sublattices (cube corners). The 
neutron diffraction measurements of Shull and 
Wilkinson” give an average moment of 0.4 us per 
chromium atom. To obtain this moment value it will 
be assumed that an average of 0.4 electron per atom 
have been transferred from the d band to the s band. 
We now have a situation similar to that for the ¢ 
orbitals of iron in which electron transfers of the type 
(4s —4—¢+) can be expected to operate. There is a very 
important difference in this case, however, in that on 
the present picture there is no permanent residual 
moment on a chromium ion as there was in the case of 
iron where the e orbitals were half filled. There is, 
however, a certain probability (~0.4) that a given 
atom will at any time have a moment of 1 yg. For the 
present then it will be assumed that electron transfer 
processes of the type (¢;—4§—/;) ferromagnetically 
couple the spins in each of the two sublattices of 
chromium in the same fashion as such processes were 
assumed to couple the spins in the nearly identical be« 
iron structure. A further examination of such a coupling 
scheme will again be deferred to a later section. 

The antiferromagnetic structure of chromium must 
now be assumed to arise from the nature of the coupling 
of the spins in one sublattice (cube corners) with the 
spins in the other sublattice (body centers). Assuming 
as in the case of iron that electron transitions can take 
place between the ¢ orbitals of the atoms on one sub- 
lattice with the overlapping empty e orbitals of neigh- 
boring atoms on the other sublattice one would have 
the situation in which the itinerant electron could be 
considered as making transitions between a half-filled 


‘ orbital where its spin would be expected to be anti- 


parallel to the average net spin of the chromium ion 
and an empty e orbital where the electron would be 
expected to enter (because of Hund’s rule) with its 
spin parallel to the net spin of the neighboring chromium 
ion. Such processes symbolized as of type (/+—4—1€0) 
would thus intuitively be expected to be of antiferro- 
magnetic character. On the basis of such assumed 
processes then one would obtain exactiy the observed 
antiferromagnetic structure of chromium. The strength 
of magnetic coupling and hence the Néel temperature 
would again be presumed to arise from the intra- 
sublattice coupling of type (¢*+—4§—/+). Transitions to 
e orbitals would be less probable because of the higher 
energy of these orbitals but only a weak magnetic 
coupling of this type should be required to stabilize 
the antiferromagnetic structure. 


2% C.G. Shull and M. K. Wilkinson, Revs 
1953). 
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Fic. 9, The t-orbital relationships in the face-centered 
cubic structure of cobalt or nickel. 


Manganese 


The antiferromagnetic properties of a manganese 
would appear as for the case of chromium to be at- 
tributable to the existence in its orbital occupation 
pattern of an empty e orbital. The fact that there is 
only a single such empty orbital suggests a more 
complicated antiferromagnetic character than for 
chromium. The complicated character of both the 
crystallographic and the magnetic structure of a 
manganese has discouraged any further consideration 
of this metal at this time. 


Cobalt 


Since the 3d orbital representation and energy split- 
ting in an hexagonal field is somewhat more complicated 
from the present point of view than that involved in 
other structures, it does not seem profitable to consider 
the hexagonal form of the metal at this time. Metallic 
cobalt is also quite stable in its fcc form and the 
magnetic moments of the two forms are nearly the 
same, and it seems preferable at this time to present 
the arguments relating to the magnetic properties of 
cobalt in terms of this structure. In the fcc form of the 
metal one would expect only the / orbitals to be directly 
involved in the magnetic coupling processes since these 
are the only orbitals in such a structure which would 
be expected to overlap appreciably the orbitals of 
neighboring atoms. The situation is showr schematically 
in Fig. 9 where the general nature of the Lorbital 
relationships is represented. Now the average moment 
per cobalt atom is observed to be about 1.7 wg and 
hence if the nonoverlapping e orbitals in this structure 
contain one uncompensated spin as indicated in the 
orbital occupation scheme presented in Table III one 
would ascribe the fractional moment of ~0.7 yp to 
holes in the ¢ orbitals. Under these conditions the ferro- 
magnetic properties of cobalt would be ascribable to 
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electron transfer processes of the type (¢;—J}—/+). In 
the fcc form of the metal these would be presumed to 
be the only important processes involved. 


Vickel 


In nickel which has the face-centered cubic structure 
the orbital occupation pattern in Table III shows the 
e orbitals to be completely filled and hence these 
orbitals would make no contribution to the magneti 
moment. The observed moment of 0.6 us per atom is 
then to be ascribed entirely to holes in the ¢ orbitals. 
As in the fcc form of cobalt metal the ferromagneti 
coupling process would then be presumed to be of the 
type (4+— )—-t+ Chere is a distinction between cobalt 
and nickel, however, in that each cobalt atom has at 
no time a moment of less than 1 wg arising from the 
e orbital whereas for nickel 
average moment of 0.6 upg 
the probability density of 
r atom. A further discussion 
of this situation which is similar to that encountered in 


uncompensated spin in the 
on a dynamic picture the 
per atom would represent 
the une ompensate d spins pe 


the case of chromium is again deferred to a later section. 


B. Regarding the Nature of the Proposed Electron 
Transfer Processes 

Up to this point the magnetic moment and magnetic 
structure properties of the 3d metals have been shown 
to be consistent with the assumed orbital occupation 
scheme given in Table III and with the proposed 
coupling processes which operate in a fashion consistent 
with the applications of the Pauli principle and Hund’s 
rule. An attempt will now be made to show in somewhat 
more detail how these processes might be exper ted to 
effect the spin correlations. 

Let us first make a preliminary examination of the 
coupling processes of type (¢+—4—¢+) in Fe and Co in 
presumed to have a permanent 
moment associated with uncompensated spins in the e 
orbitals. 


which each atom 


Consider, for example, two neighboring Co 
{ as represented in Table IV in which 
at a given instant atom (1) is in a neutral charge state 
with all ¢ orbitals completely filled and atom (2) has a 
hole in an overlapping ¢ orbital. 


atoms in a state 


In the ferromagnetic state of the crystal represented 
by the aligned spins in the e orbitals one would expect 
these two neighboring atoms to be found equally likely 
in state B in which an unpaired electron is now found 
in a ¢ orbital of atom (1). If the average state of the 


by a proper linear combination 


m 
system as represented 


TABLE IV. Possible Di 


1 correlation process in cobalt 
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TABLE V. Possible spir 


of states A and B has a lower energy than either state 
alone then the mechanism symbolically represented by 
(tt —}—¢+) would appear to have the required property 
of coupling the spins of neighboring atoms. 

the 
where on a dynamic model there 


moment 


Consider now the 
chromium and nickel” 


is no 


same 


process in case of 


permanent with uncom- 
pensated spins in e orbitals but only the transient 
moment associated with holes in the ¢ orbitals. 


asso iated 


For this case consider two atoms as shown in Table V 
in which in state A two holes appear simultaneously in 
two ¢ orbitals of the same atom (2). The unpaired 
thus coupled by Hund’s rule. 


If at a later instant the system 


electrons on this atom are 
found in another 


itom (1) must 
stantaneously correlated with the 


be in 
spin on atom (2) to 


h such a process 


state B the unpaired spin on 


conserve angular momentum. Althou 


might give rise to spin correlations between neighboring 
atoms, it would appear to be energetically unfavorable 
because it 
rather high would also be 
statistically unfavored because it requires that two holes 
out of an average of h, 


requires atom ( in state A 


to be in a 
charge state » state 


0.6 for nickel must first appear 
simultaneously on a single 
shall 


consistent 


itom. Such a process as we 
later se 


with the 


see in a tion would not to be 


appear 
the 
ition in the 


linear variation Curie 
temperature data as j 
NiCu alloy system 


A further 


1 function ompos 


examination of the proposed coupling 
process for this case is thus required. Preliminary to 
let us recall the situation en- 
countered in the binding of the hydrogen molecule. 
Here it is known that the singlet 

magnetic coupling of the spins) has the lowest energy 
because the electron density between the protons and 
the concomitant the 
molecule is increased over t e triplet state. 
In this system bot! identical 
properties. 


these considerations 


state (antiferro- 


binding of the two atoms in 


‘ 


iat for th 


4 
space 
on the ott hand helium positive 
molecular ion He,* o the situation 
represented by two overl: ng / orbitals, one taken 


instantaneously as filled and one as half filled, belonging, 


Consider, 


respec tively, to two ne ighboring atoms which are other- 


wise neutral. The stability of the molecular ion He,* 


would presumably arise from an increase in the electron 
charge density between the two positive nuclei as in 
molecule. The 


the case of the hydrogen simplest repre- 


* See J. H. Van Vleck, Revs. \ PF hys. 25 
related considerations 


220 (1953). for 
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sentation of the molecular wave function for such a 
system would correspond to the antisymmetric com 
bination of the two states in which two electrons in one 
or the other atom are in a singlet state, and the other 
electron is in a triplet state. 

Although one might at first consider that in such a 
two atom system there is no suggestion of ferromagnetic 
coupling, it must certainly be true that a slow neutron 
scattering experiment would show the average spin 
state to consist essentially of two ions separated by a 
distance r, each having a net parallel spin of 0.5 uz. 

This molecular system is then suggestive of the 
properties of the proposed coupling processes of typ 
(ts —}—¢+) which have been considered in phenomeno 
logical terms as representing a spin down electron 
resonating between or being shared by the two over- 
lapping half-filled ¢ orbitals. The considerations regard- 
ing the properties of the wave functions of the He,* ion 
are thus suggestive of the nature of the magnetic 
coupling in metals. 

In this connection then let us consider the case of 
nickel in which the only uncompensated spins are 
presumed to be those associated with holes in ¢ orbitals. 
In such a case the proposed process (/s—4—/+) would 
appear to have the effect of correlating the spins on 
two neighboring atoms and in the paramagnetic state 
this might be considered as introducing a degree of 
short-range order. When considered as individual 
events such processes would proceed as effectively in 
the paramagnetic as in the ferromagnetic state of the 
crystal. This is obviously too restricted a view for a 
crystalline system in which more extensive interference 
effects would be expected. It is thus suggested by the 
intuitive arguments that the crystal in the ferro- 
magnetic state has average wave function properties 
similar to those of a He,t ion. The average spin de- 
pendent charge distribution would then be such that 
in the ferromagnetic state there would be a small 
increase in the charge density between the overlapping 
t orbitals over that which would be present in the 
paramagnetic state and this part of the charge distribu- 
tion would have an excess of spin down electrons which 
are the shared electrons in the ferromagnetic 
Che lower energy in this state would thus be associated 
with the small increase in electronic charge between 
the overlapping / orbitals and the spin dependence of 
this charge would be a consequence of the spin proper- 


State. 


ties of the wave functions. Such a picture would thus 
seem to be consistent with the ferromagnetic properties 
of nickel. These considerations regarding the nature of 
the coupling processes of type (¢4s;—4$—/1) in nickel 
would be pertinent also to the other 3d metals. In the 
case of iron and cobalt, however, there is-the additional! 
factor of the unpaired electrons in the e orbitals. The 
role of these electrons which is presumed to be related 
primarily to the strength of the magnetic coupling will 
be considered in a later section. 
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Taste VI. Schematic representation of energy splitting of 
d orbitals in ordered magnetic state. 








C. Energy Splitting of the d Orbitals 


An attempt will be made in this section to qualita- 
tively justify the assumed orbital occupation patterns 
shown in Table III. The proposed orbital occupations 
would seem to be consistent with an energy level 
diagram of the type shown schematically in Table VI 
for the ordered magnetic state. Consider first in this 
connection the case of nickel (fcc). The very nature of 
the structure in this case would seem to suggest the 
proposed type of energy splitting. The e orbitals which 
point along the cube edges would not be expected to 
have appreciable overlaps with the e orbitals of neigh- 
boring atoms because of the large cube edge spacing 
in this structure and hence the energy of the electrons 
in these orbitals would not be expected to be appreciably 
affected by the neighboring atoms. Consider the atoms 
to be brought in from large distances to form the 
crystal. In the free atom there are 8 3d electrons and 
2 4s electrons of lower energy. When the d electrons 
begin to overlap the electrons in completely filled 
levels would tend to repel similar electrons on neigh- 
boring atoms, and hence there would be a distortion 
of the d functions tending to push these doubly filled 
levels into that part of space represented by the e 
orbitals where the overlaps are minimized. This has a 
tendency then to make the e orbitals completely filled. 
Anticipating the final situation we can now consider 
that the 2 4s electrons have in the interim formed a 
conduction band which distributes electronic charge 
rather crystal. This uniform 
negative charge distribution has the effect of binding 
the positive nuclei in the crystal but this binding can 
presumably be further increased by concentrating 
more of this negative charge in the space between 
nearest neighbor This can presumably be 
accomplished if some of these s electrons are returned 
to overlapping d orbitals. The process must, of course, 
stop short of completely filling these orbitals because 
then the orbitals would become repulsive. It would 
thus appear reasonable to expect a splitting of the type 
proposed in Table VI. 

In face-centered cobalt the situation is similar to 


uniformly over the 


atoms. 
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that encountered in nickel except that in this case 
there is one less electron available. It must be assumed 
in this case then that more energy is gained by keeping 
the more nearly complete complement of electrons in 
the ¢ orbitals where they are presumed to effect an 
advantageous charge distribution than would be gained 
by adding an extra electron per atom to a nonover- 
lapping e orbital. The situation relative to nickel may 
be reflected in a small increase in the number of holes 
in the ¢ orbitals [h,(Co)~0.7, 4,(Ni)~0.6 ]. 

In the case of the body-centered cubic structures 
the nature of the orbital overlaps are more complicated 
as one sees from Fig. 7, for example, and arguments 
relative to the energy level splitting would seem to be 
less straightforward. It is presumably true here also 
that the electronic charge will tend to build up between 
atoms in such a way as to effect the maximum binding 
of the positive cores. In this structure the e orbitals 
would be exper ted to have the greatest overlap and 
hence a complete filling of these orbitals would tend 
to give the greatest repulsion. Electrons would thus 
tend to pair up first in the ¢ orbitals in which the 
repulsive energy would be least. If this pairing up is 
carried too far even these orbitals will tend to become 
repulsive and raise the energy of the system. The 
optimum negative charge distribution between neigh- 
bors would then presumably be reached when a certain 
number of holes still remain in the ¢ orbitals and a 
filling to this level would require 4s electrons also to 
enter the ¢ orbitals. In the case of iron the proposed 
explanation of the ferromagnetic structure in terms of 
electron transfer processes between orbitals would not 
appear to be very sensitive to the exact nature of the 
splitting of the d orbitals. Whether the itinerant 
electrons spend more or less time in the ¢ or in the e 
orbitals would not per se affect the ferromagnetic 
structure of the system. The proposed splitting is, 
however, more consistent with the over-all picture. 

Another qualitative way of looking at the energy 
splitting is to assume that the itinerant electrons as 


( Bonr magnetons 


<Ipl> 
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Fic, 10. Magnetic moments of iron group metals and alloys 


WOLLAN 


represented by the light arrows in Table VI spend time 


and hence introduce negative charge in the between 
atom regions. The field splitt ng of the remainder of 
the d electrons represented in Table VI by the bold 
arrows which would res sucn a ¢ harge distribu- 
tion would then correspond to that required to give 


in Table IIL. 


ult from 
the orbital occupation pattern shown 


D. Ferromagnetic Alloys of 3d Metals 
Face-Cenlered All 


The pertinent binary fcc alloys are those involving 
and Zn. The that 


Fe, Co, Ni, Cu, 

average moments in such alloys vary almost linearly 
with the percent of alloying constituent on a plot of 
Fig. 10 where the fraction of the 
added element is represented on a scale which depends 
on the distance apart of the 
data break away from tl 
ship when the structure 
crystalline form. Such 
average moments for the face 
Fe, Co, and Ni is consistent 
these elements in the alloys maintain approximately 
their individual character as determined primarily by 
the occupation of their respective e orbitals and that 
the number of holes /, in the ¢ orbit 
a constant for this particular cryst 


Both these assumptions are consistent 
] 


data show the 


the type shown in 


elements involved.”* The 
S approximate linear relation- 
from fec to another 

ar relationship of the 
centered alloys involving 
with the assumption that 


is approximately 
allograph structure. 
the 
d levels and 


with 
proposed oct upation an 
with the proposed ferromagnetic 
which in the face 
type (/r —1—/;) 
only. The assumption that there is 


splitting of the 
coupling processes 


' : ] 
cen ered singie 


tructures are of the 
involving the overlap of the ¢ orbitals 
no apprec iable 
the 
tuents is consistent 
orbitals. It 
that the 
electron transfer processes in the vicinity of a hole in 
{ orbitals would not be greatly affected 

by the fact that these orbitals belong to the 


two adjacent 3d metals. Som 
} 


change in the individual occupation 
e orbitals of the individual const 
with the proposed energy spl 
seems 


pattern of 
ng of these 
reasonable to assume in addition 
two overlapping 
same or to 
effect on these processes 
Hund’s rule 
é orbital 


would however from _ the 


»¢ exXT 


coupling relating to th ifference in the 


occupation of the parti 
On this basis then 

per atom in the face-cent 

to be quite well 


magnetic moment 
would be « xpec ted 
represe nted by a Simple average of the 
magnetic moments of the tuents which have 


been assumed to be given bi 
u=M-+ (1) 


where M is the number of uncompensated spins in the 
e orbitals and hy is the number of holes per atom in the 
t orbitals. 


The average atomic moment for an AB alloy 


* Data transcril 


D. Van Nostra 
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would then be given by the relation 


bap=Npat (1—n)up=nM4t (1—n)Mat+hy, (2) 


where » is the fraction of element A and the appropriate 
values of M, and Mz are My,= 2, Mc.=1, and My;=0, 
and fy, represents the average number of holes per 
atom in the ¢ orbitals. This equation with 4,=0.6 gives 
the solid line in Fig. 10 which follows quite closely the 
NiCo and NiFe data for the fcc form of these alloys 

It is to be noticed that the line also passes through 
the data for Ni-Cu and Ni-Zn. Since copper and zin 
have 1 and 2 electrons respectively in addition to those 
required to completely fill the d shell, these electrons 
could be expected to fill holes in the ¢ orbitals of nickel 
until no more extra electrons are available than re- 
quired to maintain an average of 0.6 s electrons per 
atom, and then the number of these holes per atom in 
the alloy would increase linearly with the percent of 
nickel atoms added. All the average moment values 
for the fcc alloys containing the elements Fe, Co, Ni, 
Cu, and Zn are thus seen to be well represented 
by Eq. (2). 

Data relating to the individual moments of the 
constituents in these face centered cubic alloys were 
obtained in the neutron diffraction experiments of 
Shull and Wilkinson®® on the NiFe system. For the 
alloy Ni;Fe in the ordered state they obtained the 
moment values (most logical choice) 


ure= (2.97+0.15) un, 
uni= (0.55+0.15) us. 


These values agree satisfactorily with the average 
moment data for this composition range and it is thus 
suggested for this case that the number of holes con- 
tributed to the ¢ orbitals is effectively different for each 
constituent, 4,(Fe)~0.9 and A,(Ni)~0.6. 


Hexagonal (NiCo) 


Over the small for which the 
system is stable in the hexagonal form 
moment data are consistent with an approximate 
constancy of the individual atomic moments. The 
slope of the data curve suggests a value of 4,(Co) ~0.7. 


range NiCo alloy 


the average 


Body-Centered (FeCo) 


The FeCo alloy system is body-centered cubic in the 
composition range from pure iron to about 75% cobalt 
content. Considerable significance has been placed in 
the past on the maximum average moment value 
Umax (FeCo) = 2.44 uz observed in this alloy system. It 
is difficult on the present basis to place any unusual 
significance on this value; it would appear to represent 
the maximum in a transition curve for this particular 
alloy system. 


* C. G. Shull and M. K. Wilkinson, Phys. Rev. 97, 304 (1955 
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One notices for this system that the average moment 
data (Fig. 10) are nearly linear with composition for 
cobalt concentrations (0.75—0.5). Such a linear relation 
suggests again a constancy in the moments of the 
individual constituent atoms. As seen in Fig. 10 this 
line gives the following individual moment values in 
this alloy 


Mro= 2.9 up, 


he 1.9 MB, 


which compare very favorably with some unpublished 
results of Shull and Wilkinson which give 


(2.95+0.1) uz, 


(1.80+0.1 up. 


MR 
UCo 


One might, however, also make a similar extra- 
polation of the data for low cobalt content for which 
there is also a nearly linear relation of the average 
moment with composition. This line would predict the 
individual moment Mre~2.22 up and 
uc the values which Lomer and 
Marshall*’ suggest for this composition range. On the 
basis of the concepts presented here there is no logical 
reason to assume a cobalt moment greater than 2 yz 
and hence if the holes in the ¢ orbitals are assumed to 
remain nearly the same for cobalt and iron the moment 
assignments in this region would correspond more 
nearly to a monotonic drop-off from the high values at 
(0.5 Co-0.5 Fe) of uceo~ 1.9 and up,.~ 2.9 down to values 
in the neighborhood of uwoo~1.2 and wre~2.2 at the 
nearly pure iron end of the system. No attempt has 
been made to interpret the transition region in this 
alloy system and unfortunately no individual moment 
data are available for comparison with any theoretical 
predictions. 


values to be 


~3.1 MR. These are 


E. Magnetic Transition Temperatures 


Certain properties of the magnetic coupling scheme 
here proposed would appear to have an important 
bearing on the energy of this coupling and hence on 
the transition temperatures of the 3d metals and their 
alloys. It is evident that nothing can be said on the 
of arguments about the 
absolute magnitude of these temperatures, but it may 
be possible'on the basis of such arguments to draw 
some conclusions regarding the relative transition 
temperatures in systems of similar crystallographic 
jorm. 


basis phenomenological 


The magnetic coupling as herein represented has 
been assumed to be associated in a basic way with 
what has been phenomenologically considered 
processes of the type (¢t—4—/1). In the case of nickel 
for which the atomic moments are assumed to arise 
entirely from uncompensated spins or holes in the / 
orbitals the process has been qualitatively considered 


as 


27 W. M. Lomer and W. Marshall, Phil. Mag. 3, 185 (1958) 
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as a coupling of the spin up electrons in the overlapping 
t orbitals by transitions made by the spin down 
electrons. The completely ordered ferromagnetic state 
of the system has been assumed (see Sec. B) to be 
represented by the time average of such processes over 
the whole crystal for which the effective coupling is 
presumed to arise from an average increase in the spin 
dependent charge density between the at®ms which 
thus effects a 
On this basis it would seem reasonable to expect within 


lowering of the energy of the system. 
limits that the average coupling energy associated with 
pairs of neighboring spins would be a linear function 
of the average number of holes 4A, per atom in the 
t orbitals 

In the case of and the effect of the 
uncompensated spins in the essentially noninteracting 


iron cobalt 
e orbitals must also be considered. These uncompensated 
spins are assumed to be effective only in so far as they 
distribution with the 
t+). The uncompensated 
spins in the e orbitals of the two atoms associated with 
this process can be considered to be coupled by Hund’s 
rule to each of the spin up electrons phenomenologically 
represented as directly associated with the coupling 
In the case of nickel the resonating electron 
could thus be considered as coupling one unit of spin 
on each of the two atoms involved in the process. For 


modify the charge associated 


basi coupling process (/+ 4 


pre CESS. 


cobalt with one uncompensated electron per atom in 
orbital the process would effectively involve a 
of spin on each atom and for iron 
with two uncompensated electrons in e orbitals there 


an é 
coupling of two unit 


would be effectively three units of spin associated with 
each atom. The coupling situation as thus considered 
is pic torially represent d in Table VII. 

Now the simplest assumption with regard to the 
strength of the magnetic coupling in a single process 
would be that it would depend linearly on the effective 
number of spins associated with each of the two 
neighboring atoms involved in the process. The average 
strength of the coupling between spins on neighboring 

TABLI 


VII. Coupling processes and transition temperatures 
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have previously indicated depend 


number of such processes per atom 


atoms would as we 
on the averagé 
which is linearly relate the number of holes per 
atom in the / orbitals. On the basis of these assumptions 
then the should be 
determined by the av spin coupling energy per 
atom pair would be given by the 


ransition temperature which 
erage 


relation 
M-+-1), (3) 


where /, is the average number of holes per atom in the 
t orbitals, M is the number of uncompensated spins in 
the e orbitals of the metal being considered and a is a 
proportionality constant which would depend on the 
orbital overlap properties associated with a particular 


crystal type. 
The Metals 


and nickel the 
al so that the constant 


For the case of face-centered cobalt 


structures are sufficiently identic 
a can be taken as the same for both. For this structure 
one obtains the value of /, directly from the fractional 
part of the average magnetic moment per atom, 
h,(Co)=0.7 and h,(Ni)=0.6. With these values of h, 
and the values of M(Co)=1 and M(Ni)=0 one should 
then obtain the relative values of 7. for these two 
metals. The relative number of holes required in Eq. (3) 
to give the observed values of 7. for these metals are 
listed in Table VII and one sees that the values are in 
good accord with those obtained from the moment data. 

In considering the body-centered structures of 
chromium and iron it would be expected that a different 
constant a than that used for the face-centered struc- 
It is interesting to note, 
however, that if the same value of a is used in Eq. (3) 
to determine the relative JT; values for both structure 
types one obtains agreement th the observed 7, 


Table VII. In the 


ied does not agree 


tures would be required 


values for the A, valu 
case of iron the /, value 
with the fract moment value of 0.22 wg but for 
this structure /;, is iven directly by the fraction 

hi l the fact that in 


1onal 


part of the moment 

iron the transitions from / itals increase 
the average value of /, without affecti 1e observed 
fractional moment. In transitions 
reduce the 
required to bring the transition tempera 


thus not 


apparent h large hy value 
ture for iron in 
unreason- 


of the data with 


agreement with the other met 

able but the qualitative agreement 
Eq. (3) with a single value of a for both structures may 
well be fortuitous 


F ace-C entered 


For the NiCu 
moments and | 


nence 
orbitals is a near 


Ni>0.4. The Curie 
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(Fig. 11) are known also to vary linearly with com- 
position and hence also with A, over the same range. 
These data are thus in accord with Eq. (3), (M=0 for 
both constituents). 

In the NiCo alloy system the average moment 
values which are given by Eq. (2) with 4,~0.6 to 0.7 
vary nearly linearly with cobalt content and the slope 
of the moment line is continuous with that of NiCu. 
The Curie temperature data for the NiCo system 
follow the upper dashed curve in Fig. 11. For such a 
system in which the constituents maintain to a con- 
siderable degree their individual moment values, it 
would not be expected that the Curie temperatures of 
the alloys would be given by a simple average of the 
Curie temperatures of the constituent metals. The 
observed type of curve might reasonably be expected 


on the present basis where the end points are accurately 


determined by Eq. (3). 

The Curie temperature data for the NiFe system ar 
given by the lower dashed curve of Fig. 11. In this case 
(My;=0, Mp.=2) it would be even more difficult than 
in the case of NiCo to determine the average inter 
action energy from that of the pure constituents among 
themselves. Nevertheless, it is interesting to note that 
falloff of the Curie temperature curve in 
limited composition range (0.75 Ni-0.25 Fe) to (0.5 Ni- 
0.5 Fe) can be qualitatively accounted for on the basis 
of a simple average of Eq. (3) for the two constituents 
when the observed change in the average individual 
h, (see Fig. 11) values are taken into account. 


the the 


It is interesting now in this connection to briefly 
speculate regarding the properties of the Ni-Pd alloy 
system and thus on the magnetic properties of palladium 
metal itself. If it is assumed that the energy splitting 
is such that the holes in the 4d shell of palladium are 
in the nonoverlapping e orbitals, then the fact that 
palladium has a moment p=/A,u4g=0.6ue2 but does not 
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ric. 11. Magnetic moment and Curie temperature data of 
face-centered cubic alloys of nickel as a function of composition. 


become ferromagnetic becomes understandable. On 
this assumption the Curie temperature data for the 
Ni-Pd alloy system are found to follow very qualita- 
tively the curve obtained by a simple averaging of the 
coupling properties of the constituents as given 
by Eq. (3). 
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The specific heats of NiC],-6H,O and CoCl 


6H,0 have been measur 
anomalies were observed at 5.34°K and 2.29°K for NiCl.-6H.O and CoCl, 
presumably with antiferromagnetic-paramagnetic transitions. It has been possi 


6H.O., respect y, associated 


) Separate 


out the magnetic contribution to the specific heat and thus to compute the total magnet tropy gain 
in the transition from the fully ordered to completely disordered condition. This 


given accurately by R In(2S+1) with S 


4 for Co** 


and S=1 for Ni**. Shor 


pronounced in these substances, the fraction of the total magnetic entropy 


being 0.52 for CoC! 


INTRODUCTION 

HE work to be described is an experimental in- 

vestigation of the specific heats of two hydrated 
paramagnetic salts which exhibit antiferromagnetism 
in the liquid helium range. In some respects the thermal 
properties of these materials are simpler than those of 
anhydrous salts or oxides in which the interaction among 
magnetic ions may be much stronger. Of particular im- 
portance for our purposes will be the fact that at 
helium temperatures the contribution of lattice vibra- 
tions to the specific heat of the solid is both relatively 
small and easily identified with reasonable accuracy. 
It becomes feasible then to separate out the contribu- 
tion to the specific heat associated with the magnetic 
ordering process from the measured total. This ‘“‘mag- 


netic specific heat” proves useful first of all as a source 
of information of primarily magnetic interest. For 
example, it indicates rather unambiguously the tem- 
perature at which the magnetic transformation occurs 
and thus gives a measure of the strength of the inter- 
ions. At the same time, it 
yields a value of the effective spin of these ions in their 
ground state. An examination of the details of the 
heat anomaly 
provides, furthermore, information relevant to the more 


actions among magnetic 


specific accompanying the transition 
gene ral problem of order-disorder which is diffic ult to 
extract from observations on other types of ordering 
systems. 

The choice of CoCl.-6H2O and NiCl.-6H,.O for in- 
vestigation of earlier 
work on the hydrated cupric' and manganous’ chlorides. 


represents a natural extension 
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work was presented at the Cambridge Meeting of the American 
Physical Society, March, 1959 [ Bull. Am. Phys. Soc. II, 4, 183 
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Wasscher, Physica 19, 1072 


6H.O and for 0.40 for NiCl,-6H,O. Other features of th 


The need for such extension has been emphasized by 
the recently reported powder susceptibility measure- 
ments on CoCl.-6H,O by Haseda and Kanda’* and 
NiCl,-6H,O by Haseda and Date.‘ In the first of these 
studies the existence of antiferromagnetism is strongly 
indicated, while in the case of Ni( 

independent paramagnetism is four 


6H,O temperature 
4°K of a 
terpreted without 
the assumption of antiferromagnetism 


d below 
type which could presun 
In both cases, 
however, our results will consistent with 
the occurrence of antiferromagnet 


EXPERIMENTAI 
The salts used in the 
“Certified Reagent 


present measurements were 

supplied by Fisher 
These materials are of 
analytical quality. Analyses of the impurity content of 


the specimens provided by tl 


SOo-¢ alled 


Scientific Supply Company 


e supplier are reproduced 


in Table I. Particular care was taken during the handling 


of the specimens to prevent cl in their water 


content. 


In each series of determinations approximately 80 


grams (~0.3 mole) of the specimen material in the form 
of small crystals (of a rag | 
I 


yn O.Smm) were 


contained in a thin-walle ylir al copper capsule. 
This was suspended by ny! insi 


TABLI 


Onw 


0.009 
0.006 
0.0004 
0.08 


Insoluble matter 
Nitroger com! 
Sulfate 

\lkalies and « 
Ammoniur 
Copper 

Cobalt 

Nicke 

lron 0.0007 
Zin 0.01 
Lead 0.005 
Substances ! 


by (NH,):S 


0.001 
0.009 


* T. Haseda and 


‘T. Haseda ar 
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TABLE IT. Specific heat of NiCl,-6H,0 in calories per moje degree. 


Temperature AT 

(°K) (°K) Cp» 
0.0842 
0.1184 
0.1767 
0.2820 
0.3499 
0.4466 
0.5493 
0.6378 
0.7126 
0.9327 
1.098 


Temperature aT 
(°K) (°K) 
4.7918 0.1096 
4.9148 0.1399 

0.1244 
0.1374 
0.0403 
0.0502 
0.1448 
0.1951 
0.2871 
0.4338 
0.4797 
0.5359 
0.5761 
0.6192 


1.6104 
1.7412 
1.9740 
2.2363 
2.4239 
2.6182 
2.8012 
2.9495 
3.1500 
3.3805 
3.5624 
3.7186 
3.8587 
4.0222 
4.1842 
4.3488 
4.4688 
4.5520 


0.1666 
0.1370 
0.0959 
0.1750 
0.2380 
0.2064 
0.1686 
0.1454 
0.2676 
0.2054 
0.1747 
0.1548 
0.1402 
0.2032 
0.1811 0.613 
0.1564 . 0.583 
0.0880 Aa 558 
0.0820 3! 805 534 
0.0383 2.45: 35 573 
0.0205 0.628 
0.0198 0.584 
0.0197 0.540 
0.0318 
0.0631 
0.0600 
0.0921 
0.0826 
0.1351 
0.1176 
0.3074 
0.3877 
0.4471 
0.2599 
0.0515 
0.0718 


NrmNr 
oo 
= © 
uw GS ¢ 


i) 
I 
wa 
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3.028 5.17 0.557 
3.219 5.712 0.5 
3.415 2 0.5 
3.811 842 0 
4.453 7.37 0 
5.119 7.3 0 
1.936 

1.524 

1.308 

1.168 

2.524 

2.676 


6.6208 
4.6444 
4.7041 


jacket which could be either highly evacuated or filled 
with helium gas for heat transfer purposes. The vacuum 
jacket was immersed in either liquid helium or hy- 
drogen and the heat capacity of the composite specimen 
determined by the conventional discontinuous heating 
procedure. Rapid attainment of thermal equilibrium 
throughout the sample was assured by an egg-box type 
copper grid silver-soldered to the inner wall of the 
capsule and the inclusion of helium transfer gas. 
Attached to the capsule were a heater winding of No. 38 
manganin wire and a resistance thermometer consisting 
of a 51 ohm, } watt Allen Bradley resistor. 

The thermometer was calibrated at numerous tem- 
peratures against the vapor pressure of either the helium 
or the hydrogen bath. The temperatures were taken 
from the liquid helium vapor pressure-temperature 
relation compiled by Clement® in 1955 (75s scale), and 
the vapor pressure-temperature relation for equilibrium 
liquid hydrogen established at the National Bureau 
of Standards.* The vapor pressure over the bath was 
measured with mercury or oil manometers, and, where 
necessary, a correction applied for the hydrostatic 
pressure head above the calorimeter. The calibration 

6 J. R. Clement, U. S. Naval Research Laboratory Report 
(1955); Clement, Logan, and Gaffney, Phys. Rev. 150, 743 (1955) 


* Wooley, Scott, and Brickwedde, J. Research Natl. Bur. 
Standards 41, 379,(1948). 
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data were fitted approximately with an expression of 
the form suggested by Clement,’ (logR/T)!= a+-6 logR. 
Having chosen a reasonable value for the constant 3, 
precise values of a were computed for each calibration 
point and plotted against logR. A smooth curve was 
drawn through these points providing not only a con- 
tinuous calibration in the helium and hydrogen ranges 
but also in the region from 4.2 to 14°K. For a given 
resistance value R, the appropriate @ could then be 
read from this curve and substituted in the above 
formula to give the corresponding temperature 7. 

The correction for the heat capacity of the empty 
capsule (plus He transfer gas) was determined in a 
series of independent measurements over the entire 
range 1.4 to 20°K. 

The molar specific heat of NiCl,-6H,O as a function 
of temperature is shown in Table II and in Fig. 1. The 
results for CoCl,-6H,O appear in Table III and Fig. 2. 


DISCUSSION OF RESULTS 


As is seen in Figs. 1 and 2, the specific heat of each 
specimen exhibits a lambda-shaped anomalous peak. 
Such an anomaly is generally associated with the occur- 
rence of some sort of cooperative transformation with 
rising temperature from a highly ordered to a disordered 
state. In the present cases this ordering process is 
evidently one of magnetic orgin. The ordered state in 
each case is probably antiferromagnetic so that we 
shall refer to the transition temperature as indicated 
by the position of the anomalous maximum as a Néel 


TABLE III. Specific heat of CoC],-6H,0 in calories per mole degree. 


Temperature AT Temperature 47 
(°K) (°K) Cs (°K) (°K) Cy 


0.5729 0.3285 
0.5737 0.3559 
0.5657 0.3961 
0.5139 0.4335 
0.4642 0.480 
0.4277 0.521 
0.503 0.491 
0.502 0.549 
0.503 0.616 
0.523 0.664 
0.532 0.747 
0.546 0.838 
0.564 0.945 
0.595 1.05 
0.537 1.17 
0.579 1.28 
0.522 
0.566 
0.639 
0.593 
0.538 
0.522 
0.477 
0.439 
0.419 


1.5269 
1.8316 
1.9084 
2.0014 
2.0870 
2.1700 
2.2494 
2.3448 
2.3681 
2.5112 
2.6952 
2.8913 
3.0891 
3.3666 
3.6250 
3.8760 
4.4122 
4.7498 
5.0361 
5.3512 
5.6220 


0.1288 
0.0637 
0.0913 
0.1025 
0.0845 
0.0996 
0.0759 
0.1296 
0.1060 
0.1947 
0.2232 
0.2594 
0.2794 
0.3300 
0.3563 
0.3853 
0.4612 
0.4169 
0.4580 
0.4833 
9.6103 
6.0752 5729 
6.4688 5767 
6.8450 5553 
7.2534 

7.6630 


0.4630 
1.003 


8.1258 
8.6108 
9.0914 
9.5798 
10.028 
10.436 
10.160 
10.663 
11.165 
11.678 
12.199 
12.738 
13.293 
13.872 
14.438 
14.996 
15.547 
16.091 
16.693 
17.309 
17.875 
18.409 
18.908 
19.366 
19.795 


0.8506 
0.7880 
0.6630 
0.6111 
0.5616 
0.4620 
0.4296 
0.3851 
0.3595 
0.3303 
0.3143 
0.3025 
0.3071 
0.3047 
0.3185 
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7 J. R. Clement, Temperature (Reinhold Publishing Corporation, 
New York, 1955), Vol. II, p. 382 
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Fic. 1. Molar specific heat of NiCl,-6H,O 


as a function ol temperature. 


temperature, 7'y. The values of Ty quoted below corre 
spond to points of discontinuous slope on temperaturs 
time curves obtained in continuous heating measure 
ments through the transition regions. 

The powder susceptibility measurements on CoC], 
-6H,0 by Haseda and Kanda’ revealed a broad maxi- 
mum near 3°K, which they attributed to an antiferro- 
magnetic transition. Our measurements locate the Néel 
point at 2.29,°K, a temperature somewhat lower than 
that of the susceptibility maximum. This is analogous 
to the situation in CuCl,-2H,O* which was shown by 
Marshall’ to be due to the presence of rather persistent 
short range order at temperatures above the Néel point. 

Haseda and Date’s measurements‘ of the powder 
susceptibility of NiCl,-6H,O show temperature-inde- 
pendence below 4°K. They attribute this behavior to a 
crystalline Stark splitting of the lowest spin triplet of 
the Nit** ion. In attempting to fit the data with a 
theoretical expression of the type which proves adequate 
for other Ni** salts they note that the required zero 
field splittings for NiCl,-6H,O must be unusually large, 
about twenty times those found for Ni(NH,4)2(SO«)2 
-6H.O. No cooperative effects are anticipated on this 
scheme, the specific heat being expected to show only a 
Schottky-type anomaly similar to that found by Stout 
and Hadley” for a-NiSO,:6H,0. 

The cooperative anomaly revealed by our measure- 
ments indicates, however, that NiCl,-6H.O transforms 
into an ordered state below 5.34,°K. That the ordered 
condition is antiferromagnetic is strongly suggested by 
the sign of the Weiss constant needed to fit the ob- 
servations of Haseda and Date at hydrogen tempera- 
tures and above. The fact that the susceptibility is 
approximately temperature-independent in the helium 
with this conclusion. It is 


range is not inconsistent 


® Van der Marel, van den Broek, Wasscher 
21, 685 (1955). also Leiden Comm. No. 300d 

®*W. Marshall, J. Phys. Chem. Solids 7, 159 

10 J. W. Stout and W. B. Hadley, Conference de Physique des 
Basses Tem pératures, Paris, 1955 (Centre National de la Recherche 
Scientifique and UNESCO, Paris, 1956), p. 162. 


and Gorter, Physica 


1958) 


AND S 


unfortunate that the Néel point comes at a rather in- 
accessible temperature. It possible that the 
susceptibility would be found to exhibit a maximum 
slightly above T7y=5.3°K 

It is interesting to note that Kim and Sugawara" have 
reported the disappearance of proton resonance in 
NiCl,-6H,O below a temperature of ~8°K. This fact 
is completely consistent with our conclusion that this 


quite 


below that 
temperature. That the proton resonance disappears at 
a temperature above the Néel point is probably another 
manifestation of th« pe rsistence of short-range order 
after long-range order has been destroyed at Ty. The 
importance of short-range order in both the nickel and 
the cobalt salt is clearly 
heat “tail” seen above 7 in each case. Additional im- 
plications of this effect are discussed below. 

The observed specific heat 
from both system and 
vibrations. The lattice contribution, ( 
tracted from the total to det vhat we may call 
the magnetic specific heat, Cyrag- Cz, mi 
vary approximately as 7* at temperatures well below 
the Debye temperature of the lattice (about 200°K for 


these salts). Since Cm 2 should become proportional to 


salt becomes antiferromagnetic somewhat 


evident in the large specific 


includes contributions 


the magnetic spin the lattice 
‘r, must be sub- 
ermine 


Ly be exper ted to 


T-* at some temperature above the Néel point, i.e 
vary in the way expected of a paramagnetic material 
with isotropic ex hange co ipling among the magne tic 


ions,” it is reasonable to attempt to describe the ob- 
served specific heat above Ty witl 


an equation of the 
aTl*+6T~. A plot of CT T® should be 
1e a and 6b. Such plots 
6H,0 and CoCl 
linear to about 15°K 


The ¢ quation of 


form C, 
linear and enable one to determi 
are shown in Figs. 3 and 4 for NiCl. 
-6H,0, respectively. They are 
where the 7* dependence of ¢ 

the indicated straight line is shown in each figure. It 


will be noted “that the latti 


yntribution, i.e., the 


13. 968 
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term a7*, is nearly the same for each salt. This fact is 
consistent with the known isomorphism of these 
materials and the nearly identical ionic masses. It also 
strengthens the belief that we have by this means, in 
fact, separated C; and Cyag in the region above Ty. 
While some variation in the coefficient a of the lattice 
terms is expected as T-—+0°K, negligible error will 
probably be incurred in the present instance by assum- 
ing a to be constant between 0 and 15°K. Near 7 y in 
each case Cy, evaluated in this way is less than one per- 
cent of the total specific heat. Separation of Cuag has 
been carried out between 1.4°K and ~15°K by sub- 
tracting C,=aT as indicated in Figs. 3 and 4 from the 
observed total. 

We wish to obtain the magnetic entropy increase, 
AS= Jo? (Cusg/T)dT, associated with the transition 
from a perfectly ordered to a fully disordered state. On 
the basis of the statistical interpretation of entropy and 
the third law of thermodyanmics we expect AS to be 


just R Inwy regardless of the mechanism by which the © 


change occurs so long as only the ground state of the 
paramagnetic ions, having a degeneracy wo, is occupied 
during the process. We shall be concerned only with 
cases in which wo=2S+1, where S is the effective 
electronic spin of the paramagnetic ion in its ground 
state. The extrapolation of Cyrag to infinite temperature 
required for the evaluation of AS was carried out ana- 
lytically using the relation Cyg= 6/7? with the d values 
given in Figs. 3 and 4. For NiCl.-6H,O below the Néel 
point, the rapid fall of C, dies out by 4.3°K and a T* 
law is then followed to the lowest temperature obtained, 
possibly the behavior expected on the basis of spin 
wave theory.” For the cobalt salt, in the limited range 
in which data were taken below Ty, the fall is more 
rapid than as 7°. It does not seem likely, however, that 


this rapid fall will continue at lower temperatures so 


Cutag Was extrapolated to 0°K according to a 7* relation 
as for the nickel salt. This assumption could probably 


R 
. 


# 


Fic. 3. Plot of CT? vs T*® for NiCl,-6HO 


Kubo, Phys. Rev. 87, 568 (1952 
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4. Plot of C7* vs T* for CoCl,-6H,0. 


introduce at most a three percent error in the calcula- 
tion of AS for the cobalt salt. In the case of the nickel 
salt, less than one percent of the total AS is found below 
1.4°K so that the extrapolation of Cyag to O°K in- 
troduces the vicinity of Ty, 
S (Cstg/T)dT has been evaluated both graphically and 
analytically, the methods yielding essentially 
identical results. The analytical procedure utilizes ex- 
pressions for Crag vs 7, the fitting of which is discussed 
below. 


negligible error. In 


two 


The total magnetic entropy increase AS deduced in 
this way, ignoring possible nuclear contributions below 
1°K, is 9.13 joules/mole-degree for the nickel salt and 
5.80 joules/mole-degree for the cobaltous chloride. 
These values are given accurately (to better than 1%) 
by the expression R In(2S+1) as expected theoretically 
provided one uses S= 4 for the cobaltous ion and S=1 
for the nickelous ion. These effective spin values are the 
ones expected on the basis of the theory of the influence 
of the crystalline electric field on the electronic levels 
of the transition metal ions.“ In both instances the 
effective spin deduced in this way is consistent with the 
notion that each magnetic ion is surrounded by six 
ligands arranged in a distorted octahedron so that the 
crystalline field has less than cubic symmetry. The 
effect of the crystalline field is particularly striking in 
the case of Cot* where the effective spin is S= 4 rather 
than § as for the free ion. 

Having concluded from the calculation of the mag- 
netic entropy increase that the effective spin of the 
cobaltous ion in the ground state is 4 one can turn to 
the Curie constant of CoC],-6H,O observed by Haseda 
and Kanda and determine an average g factor for the 
magnetic ion. Well above the Néel point they found 


X y = 2.65/(T+ 20) =C/(T+8). 


Since C= g’8*N.S(S+-1)/3k, where 8 is the Bohr mag- 
neton, we find g=5.3. This average powder value is 
consistent with the results of paramagnetic resonance 


“A. Abragam and M. Hl. L. Pryce 


Proc. Roy 
A205, 135 (1951). 


Soc. (London ) 
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experiments on various cobalt salts which yield values 
of 3.0 to 6.5 for g.'® 

Haseda and Date’s susceptibility measurements on 
NiCl,-6H,O well above the Néel point may be sum- 
marized by the 1.18/(T7+7) giving a 
Curie constant of 1.18. Using an effective spin of one we 
the value 


re lation X uv 


find g=2.17 in reasonable agreement with 
2.25 observed for other nickel salts 

It is interesting to note that 0/Ty~8.7 
‘6H.O while for NiCl.-6H.O, 0/Ty~1.3 


Weiss constants, 6, have been quoted in the preceding 


for CoCl, 
where the 


paragraphs. At first sight one might expect these ratios 
to be roughly the same if magnetic ordering of the same 
same kind were to occur in these structurally similar 
salts.'® That they differ is not immediately attributable, 
however, to different kinds of ordering in the two anti- 
It is probable that @ for the 
cobalt salt is unusually large for the same reason that 


ferromagnetic systems 
the splitting factor g is large, namely, the proximity 
of excited states to the ground state.'’ This effect con- 
tributes to the observed @ in addition to the exchange 
interaction and could well be dominant. 

While the total entropy gain in the transition from 
magnetically ordered to disordered states has a simple 
interpretation quite independent of any model of the 
ordered condition, the inte rpretation of the total order- 
ing energy, W= fo” CoagdT, is somewhat less direct. 
If the system is assumed to contain one mole of magnetic 
ions, each of spin a coupled by exchange to 2 identical 
approximation in which the 
antiferromagnetic ground state corresponds to a perfect 


neighbors then in the 


alternating arrangement of oppositely directed spins,'* 

W = Nos|J|S* where |J 

change integral, and 
J \2/k is given by 


is the magnitude of the ex- 
is the Avogadro number. Thus 
RS* where R= Nok, the universal 
gas constant. W has been computed for the two salts, 
extrapolating Cuag as was done above in the entropy 
calculations. Using these values one finds | J|2/k=9.8 
for CoCle-6H.O and 7.4 for NiCle-6H2O. We may 
compare these values with the ones given by Van 
Vleck’s molecular field theory of antiferromagnetism 
which yields the relation” | J|2/k=3Ty/S(S+1). The 
theoretical values on this basis become 9.2 for CoCl, 
‘6H.O and 8.0 for NiCl.-6H.O. The agreement is 
rather satisfactory in view of the obvious limitations 
of the molecular field model and suggests that the 
relationship between Ty and W is not particularly 
sensitive to the model used. 

Kubo" has shown that, under certain simplifying as- 
sumptions, the spin wave theory of antiferromagnetism 
predicts a 7* dependence of Cyrag in a temperature range 

’EK.D 


Bowers and J. Owen, Reports on Progress in Physics 
(The Physical Society, London, 1955), Vol. XVIII, p. 304 

i¢@P W Anderson, Phys. Rev 79, 705 (1950 

7 J. H. Van Vieck, The Theory of Electric and Magnetic Su 
cepltibilities (Oxford University Press, New York, 1932), p. 305 

18 See for example A. B. Lidiard, Reports on Progress in Physics 

The Physical Society, London, 1954), Vol XVII, p. 201. 

J. H. Van Vleck, J. Chem. Phys. 9, 85 (1941) 
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for which (22|J|S8Hs)*<kT<&z|J|S where H, is the 
anisotropy field and @ is the Bohr magneton. Below this 
region, Céag is expected to fall exponentially with 7. 
As was mentioned earlier, Cuag for NiCl.-6H,O actually 
law quite closely below 4.3°K. Kubo has 
given explicit expressions for the coefficient of the 7* 
term for NaCl- and CsCl-type structures. Either of these 
reproduces the measured coefficient to within a factor 
2|J|/k obtained 
by either of the methods of the preceding paragraph. It 
appears rather likely that the observed 7° behavior in 
NiCl,.-6H,0 isa spin wave ¢ ffect 
it occurs quite near the Néel point 


follows a T 


of two upon insertion of the quantity 


in spite of the fact that 


Let us consider more closely of the features of 


The very rapid varia- 


some 

the anomalous peaks themselves 

that the data for 
vs log T - Ty 


omitting three 


tion of Curag With T near Ty suggests 
this region be analyzed by plotting Cma, 
Such a plot of the NiCl.-6H,O data 
points for which AT includes 7) 
The points fall on two straight | corresponding to 
T>Ty and 7<Ty. Similar lines are obtained for 
CoCl.-6H.O. At least to the limits of their resolution 
the present measurements are thus consistent with the 


shown in Fig. 7 


existence of 
heat at the Néel point. Suct 
integrable, giving both finite enthalpy and entropy. The 


a logarithmic singularity in the specific 


a singularity is, of course, 
equations describing Cuag as a function of T in the 
vicinity of Ty used in the analytical evaluation of the 
entropy mentioned earlier were obtained from linear 
plots of the kind shown in Fig. 5 

The simple molecular field models 
elaborate Bethe-Peierls models of cooperative behavior 
predict finite specific heats (wit! 


and the more 
finite discontinuities) 
at the transition temperature. However, the 
the two dimen yn Ising problern does 


exact 
solution of 
point Un- 


reveal a logarithmic singularity at this 


fortunately, the three-dimensional Ising problem has 
not been solved exactly and it 1ot yet possible to 


predict accurately th 


Ising model at 


® See review 
Modern Phys 25 
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Fic. 6. Magnetic entropy as a function of 
temperature for NiCl.-6H,O 


however, that here too a_ logarithmic 
singularity would be indicated. There is known at least 
one order-disorder transformation, namely the lambda 
transition in He‘, in which the existence of a logarithmic 
singularity in the specific heat has been established ex- 
perimentally with extremely high resolution.’ We hope 
that it may prove feasible to re-examine the anomalies 
in cobaltous and nickelous chlorides with comparable 
resolution. 

The Néel temperatures of NiCl,-6H.O and 
CoCl,-6H,0 suggest that the coupling among magnetic 
ions in these salts is sufficiently weak that an external 
magnetic field H of 10 or 15 kilogauss could produce an 
appreciable shift of Ty. It should be feasible, therefore, 
to study in these substances at least a portion of the 
phase boundary in the H, T plane separating para- 
magnetic and antiferromagnetic regions. Rather detailed 
prediction of the nature of such boundaries has been 
given for several microscopic models of antiferromag- 
nets.2? These may have limited applicability to a par 
ticular salt, however, so that a purely thermodynami 
analysis of the observations will probably be extremely 
helpful. This would normally be attempted for a simple 
second order transition, for example, by means of the 
appropriate Ehrenfest relations.” From the form of the 
specific heat anomalies in zero external field described 
in the preceding paragraph, however, it is evident that 
we are dealing with higher order phase transitions for 
which Ehrenfest’s analysis yields little useful informa- 
tion. Without entering into details we wish merely to 
note here that an alternative thermodynamic approach 
recently proposed by Pippard™ may well be applicable 
in these cases. This treatment should make possible 


impossible, 


low 


” Fairbank, Buckingham, and Kellers, Proceedings of the Fifth 
International Conference on Low-Temperature Physics and Chem 
istry, Madison, Wisconsin, August 30, 1957 edited by J. R. Dillinger 
(University of Wisconsin Press, Madison, 1958), p. 50. 

® See for example, C. G. B. Garrett, J. Chem. Phys. 19, 1154 
1951); J. M. Ziman, Proc. Phys. Soc. (London) 64, 1108 (1951 
C. J. Gorter and T. van Peski-Tinbergen, Physica 22, 273 (1956 
also Leiden Comm. Suppl. No. 110b 

2 P. Ehrenfest, Proc. Koninkl. Akad. Wetenschap. Amsterdam 
36, 153 (1933); also Leiden Comm. Suppl. No. 75b. 

* A. B. Pippard, Classical Thermodynamics ‘Cambridge Uni- 
versity Press, New York, 1957), p. 143. 
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interesting deductions from the observed dependence of 
Ty on an external magnetic field when these data 
become available. 

In the course of the calculation of the total magnetic 
entropy change discussed earlier, the magnetic entropy 
as a function of temperature, S(7)= /o7(Cuag/T)AT, 
has also been evaluated. The plotted results are shown 
for NiCl,-6H,O and CoCl,-6H,0 in Figs. 6 and 7, re- 
spectively, the limiting value R ln(2S+1) being indi- 
cated in each case. It will be seen that as the tempera- 
ture is raised to the Néel point, only 0.60 of the total 
magnetic entropy is gained by the nickel salt and 0.48 
by the cobalt salt. Thus the amount of short range 
order persisting after destruction of the long range order 
at Ty is really quite large. A similar, but less pronounced 
effect, was observed in CuCl,-2H.0.' In this connection 
the work of Domb” on Ising models is rather instructive. 
He points out that the fraction of the total magnetic 
entropy gained above 7'y increases as the coordination 
number, z, decreases. This result is clearly reasonable 
since in the limit of infinite coordination all order must 
be long range in character, whereas in the limit of zero 
coordination only short range order is possible. 

Domb shows, for example, that for a two dimensional 
square lattice with z=4 the fraction of the entropy 
gained above the transition temperature is 0.56, a value 
comparable with that observed for CoCl,-6H,O. The 
comparison suggests that z is rather small in this salt. 
This result, however, is not unambiguous since, as in 
the case of CuCl,-6H,O,° the interactions of a given ion 
with nearest and next nearest neighbors may prove 
to be of comparable magnitude and opposite sign. 

As was noted by Haseda and Kanda,’ the occurrence 
of a Néel point above 1°K for such a dilute salt as 
CoCl,:6H,O is rather unexpected in view of the be- 
havior of CuClo-2H.O (Ty=4.3°K) and MnCl,-4H,O 
(Ty =1.6°K). A similar observation must now be made 
for NiCl,-6H,O although the element of surprise has 
been somewhat reduced by the knowledge that these 


8 
Temperature. °K 
Fic. 7. Magnetic entropy as a function of 
temperature for CoCl,-6H/. 


2% C. Domb, Changements de Phases (Paris, 1952), p. 192. 
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two substances are isomorphous. There is perhaps 
reason to believe that the occurrence of comparatively 
strong cooperative interaction is a distinctive feature of 
hydrated chlorides (and possibly other halides) of nickel 
and cobalt not exhibited by other salts of these metals 
hydrated to a comparable degree. For example, in 
aNiSO,4-6H,0", a Schottky-type specific heat anomaly 
has been found at liquid helium temperatures but no 
evidence of cooperative interaction. X-ray analysis has 
shown” that each Nit* 
by an octahedron of six water molecules which ap- 
parently help to isolate it rather effectively from its 
neighbors. While similar octahedra might be expected 
to surround NiCl,-6H.O and 
CoCl,-6H,O, recent x-ray studies by Mizuno ef al.?’ 
this 


ion in this salt is surrounded 


the metallic ions in 


show not to be the case. They find that each 
metallic ion is actuaily surrounded by an octahedron 
consisting of four water molecules and two chloride 


The Cl 


hedron while the HO molecules form a 


ions ions are at opposite vertices of the octa- 


in the 
27°C. A. Beevers and H 


7 Mizuno, Ukei, a 
1959) 


Lipson, Z. Krist. $3, 123 (1932 
d Sugawara, J. Phys. Soc. Japan 14, 383 


AnD S$. . F 


RIEDBERG 
plane bisecting the line joining the Cl~’s and containing 
the metallic ion. On the basis of preliminary reports of 
this x-ray work, Haseda and Kanda* suggested that 
the Cl- ions, replacing as they do water molecules in 
the usual octahedral coordination 
Néel point 

sumably they provide pat! 


( heme, are respon- 
Col |,-6H,O. Pre- 


s for the indirect exchange 


sible for the “high” 


coupling of Co** moments. Our 
transition in Ni 


with this 


obse rvation of 
-6H,O 


Further speculation as to 


a co- 


is certainly 


operative con- 


sistent conjecture 


the mechanism of such coup! 


ng should perhaps await 


the development of a clearer picture of the arrangement 


untiferromagnetic state in 


of ioni I 


both salt 


moment 
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iod for the 


evaluation of thermal activation energies from glov 


escribed. Use is made of the symmetry of the glow peak, from which the 


by a simple formula 
half-widt 
tl giow peak Values of q 


imoie 


INTRODUCTION 


HE method of 


extensive 


been 
in the study of trapping states 
In this method energy stored up in the 


thermoluminescence has 
ly used 
in crystals. 
cry stal by suitable excitation, is subsequently released 
with emission of light on warming up the crystal from 
the low temperature at which it has been excited. 
Randall and Wilkins* were the first to investigate 
the thermoluminescence theoretically. They used a 
electrons in metastable 


model in whicl 


States are 


raised thermally to an excited state from which they 


‘lor references sec G. | J Gar ick, Luminescent 
Oxford Universit Press, Oxford, 1949). G. |] | 
Encyclopedia of P i 
XXVI, pp. 1-28; W. Ho 
515 (1958). 

2 J. T. Randall and M. H. F.. Wilkins, Pro 
A184, 366 (1945 


V aterials 
J. Garlick, 

Springer-Verlag, Berlin, 1958). Vol 
renstraaten, Philips Research Repts. 13, 


* 


Roy. Soc. (London) 


E=(q/8)kT,*?, where T, is the peak temperature, & 
h towards the falloff of the glow peak, and g 


a factor which 


1 were found for monomolecular pro 
ir ones. The method thus enables to determine the type of | 


return to the ground stat« ion of luminescence. 
Assuming a uniform rate « 
expression for the variatio hermoluminescence 
with temperature, but they neglected the bimolecular 
nature of the 
by other investigators,’ 
kinetics and 


ing they obtained an 


process theory was extended 


umed bimolecular 

also allowed for retrapping of the 
released electrons 

Computation of activation energies remained still 

quite complicated, not only for mathematical, but also 

for physical reasons. The difficulty lies in the fact that 


in addition to the activation energy, the equations 


7H. E. Klasens and M. E. Wise, Nature 158, 483 

*V. V. Antonov-Romanovski, Izvest. Akad 
Ser. Fiz. 10, 477 (1946). 

*Ch. B. Lushchik, Doklady Akad 
(1955). 


¢J. J. Hill and P 
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Nauk S.S.S.R 
SSSR 


101, 641 
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contained other unknowns; e.g., the so-called frequency 
factor of the trap, and the probabilities of the transitions 
involved. Several methods have been proposed in 
order to overcome this difficulty.’ These methods are, 
however, still limited in use. One of the limitations was 
the assumption of equality of the number of traps and 
the number of luminescence centers, which does not 
seem to be always justified. 

In the present work, a new method for calculation of 
activation energies is developed. Use is made in this 
method of the symmetry properties of the glow peaks 
It is to be shown that this symmetry depends not only 
on the transition probabilities involved (e.g., the 
amount of retrapping) as has been concluded formerly,*”’ 
but is also dependent on the number of traps compared 
to that of luminescence centers. 

The theory developed in the present paper has 
already been applied successfully to experimental glow 
curves. Results obtained with alkali-halides are to be 
described in the following paper.® 


(1) The Theoretical Model 


We start with the physical model shown in Fig. 1, 
which has already been proposed by various authors.’ 
The scheme admits a number of discrete localized levels 
in the forbidden energy gap between the valence band 
and the conduction band. In the following it proves 
convenient to use full formal analogy between electrons 
and positive holes. We assume several levels of depth 
E; below the bottom of the conduction band, which 
may serve electron traps. By analogy several 
trapping levels for positive holes are assumed to be 
present above the valence band. 

Let N; designate the number per cm’ of electron 
traps of depth £;, and nm; the number of them occupied 
by electrons. By analogy m; out of M; hole traps of 
“depth” E; (above the valence band) may be occupied 
by holes. Such ful/ hole traps are often looked at as 
empty luminescence centers. 

By excitation of the crystal we understand the 
process of elevation of electrons from the valence band, 
or directly from the luminescence centers, into the 
conduction band, followed by trapping of the electrons 
in the trapping levels .V;. At the same time holes created 
in the valence band are trapped in the levels Mj. 

The energies F; and F; are assumed to be large 
compared to kT (say, the smallest of E;, E; be about 
10 kT), where k is Boltzmann’s factor, and 7 the 
absolute temperature. Under these conditions the 
number of electrons in the conduction band, and of 
holes in the valence band will be very small compared 
to the corresponding numbers in the traps. The condi- 
tion of charge neutrality of the crystal may then be 


as 


7 See, for example, pp. 544-546 of N. Hoogenstraaten, Philips 


Research Repts. 13, 515 (1958). 

A. Halperin ef al., following paper [Phys 
(1960). 

* See, for example, reference 6. 


Rev. 117, 416 
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CONDUCTION BAND 





I IG 1 Energy s¢ heme 
for a_ crystal g containing 
electron-trapping levels 

N;) and hole trapping 
levels (M;) 


Me 





VALENCE BAND 


expressed in the form: 
> => mj. 

On warming up the crystal, trapped carriers may be 
released from trapping states, and recombine with 
trapped carriers of the opposite sign. Whether it is 
electrons or holes that are mainly released will depend 
on the relative values of E; and E;, on the transition 
probabillties, and on the numbers nm; and m; involved. 

The recombination process may be accompanied by 
emission of photons when the crystal will exhibit 
thermoluminescence. 

In our model we shall assume the carriers 
released thermally to be electrons. The full analogy, 
however, assures all calculations to fit also the analog 
case in which holes are released thermally, and re- 
combine with trapped electrons. 

We further assume that in the limited temperature 
range under consideration only one trapping level of 
depth (whose concentration is V per cm*) is effective 
in releasing the electrons, and recombination takes 
place at only one type of luminescence center M. This 
will give rise to an isolated glow peak. We shall allow 
nonradiative transitions. The luminescence yield, how- 
ever, will be assumed to be constant throughout the 
considered glow peak 


(1.1) 


below 


An important point is that though transitions 
involving other trapping levels are neglected, such 
traps exist and may be occupied. This affects the 
neutrality condition, which can no longer be expressed 
as m=m as assumed by other investigators.’ It should 


now be given in the form 


An= Am, (1.2) 


where An=no—n, and Am=mo—m; no, mo being the 

concentrations at the time fo, and n, m at the time 1, 

of the trapped electrons and trapped holes, respectively. 
Two submodels will be discussed : 


I. The trapped electron is raised thermally from the 
ground state of the trap to an excited state below the 
conduction band, from which it may recombine with a 
trapped hole by a tunneling process. 

II. It is raised directly to the conduction band, 
where it is free to move, and may finally recombine 
with a trapped hole. 
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Fic. 2. Energy band 
model, showing the possible 
transitions between a single 
kind of electron traps, their 
excited states, and one kind 
of luminescence centers 





We start with submodel I (Fig. 2). In treating this 
case E will denote the activation energy from the 
electron trap to the excited state, and is assumed to be 
large compared to kT (see above). One of the two 
following transitions are possible for the excited 
electrons: (a) Return to the ground state of the same 
trap—transition 2. (b) Recombination with a trapped 
hole—transition 3. 

The probability of retrapping in neighbouring traps 
of the same type is assumed to be very small, and is 
therefore neglected in the present model. 

The kinetics is formulated in the following equations: 


dm/dt 
—dn/di 


dn,/dt=yn—n.(mA m+S) ; 


mn.A m, 


=yn— SNe, (1.3) 


where Ne is the concentration of electrons in the excited 
state; A,—the probability for recombination; y=s 
Xexp(— £/kT)—the probability for thermal excitation 
(transition 1) with s as a frequency factor. 

It follows from the principle of detailed balance that 
s is also the probability (per second) of transition 2. 

We assume that recombination or return to 
the ground state of the excited electrons is fast enough 


now 


so that in the last of the Eqs. (1.3) it can be assumed 
dn,/di=0, when we obtain: 


dm A»m 
yn ; 
dt Amm+s 


(1.4) 


In developing an expression for evaluating FE we 
shall treat separately the cases in which the ratio of the 
initial concentrations of trapped electrons to trapped 
holes, p=mo/mp, is larger, equal or smaller than unity. 


2) Evaluation of E for the case o>1 


For further simplification of (1.4) we introduce the 
N/no 


following dimensionless expressions : u= m/mpo; x= 
(21) and the notation: 


=Am; B=s/mo. 


From (1.2) we obtain: n=my (u+p—1), so that 
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(1.4) takes the form: 


du Mut p 


Ay. 
Au+B 


thermolumin¢ will be 
—dm/dt 
account also the luminescence yield) it can be written 
I=—dm/dt. In glow experiments carried out with 


constant warming rates, dT 


The 
tional to 


cence intensity 


propor- 


and in suitable units (taking in 


8dt, and we obtain: 


(2.1) 
Bmp» 


After Lushchik,® we introduce the parameter 6= 7, 
; I, being the temperature at half 
intensity on the falloff of the peak, and T, the peak 
temperature. We obtain then 


—T, (see Fig. 3), 


Here the subscript g refers to the parameters at the 
peak of the glow curve, the integration is carried out up 
to the exhaust of the glow under consideration, and 
the area under the glow curve to the right of the peak 
is approximated by a triangle, an approximation 
experimentally found to be accurate to better than 5%. 
It follows now that 


Mg (= ) 
6 dT 
Taking the temperatur 
+} 


equating it to zero at th 
we obtain with the aid of (2.2 


(2.1), 


maximum of the g 


and 


low pe ak, 


derivative of 


where 
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TEMPERATURE 
. 3. An isolated glow peak showing the parameters: 6- 


w=T7,—T,, 


and py, or », =5/w 
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Fic. 4. The ratio of the initial concentrations of trapped 
electrons to trapped holes (p=o/mo) as function of u,—upper 
part of the figure and of »,—lower part of the figure. Curves a, 
b, and c correspond to different types of kinetics (see text). 


In this equation 7, and 6 are readily obtained from 
the glow curve. The same applies to u,=m,/mo, which 
is given by the ratio of the area to the right of the 
peak to the total area under the glow curve (see Fig. 3). 
Approximating the glow peak to be triangular we 
obtain: u4,=6/w, where w is the half-intensity width of 
the peak. Another expression relating the parameters 
p, A, and B to yw, is obtained by integration of (2.1) 
which yields 


ptp—1\ 4-8/¢-) As 
nf ( ~ -) u|-- i (2.4) 
bp B 


where 


T 
J f exp(— E/kd)dd. 


As E/kT is large compared to 1, J is given with good 
approximation” by 


J = (kT?/E) exp(—E/kT)(1—A4); A=2kT/E. 


Using this approximation and (2.3) in (2.2) yields 


by tp—1\ 4-8! 
eS 
Mop 


(Ap +B)*(1 — A) 





(2.5) 


up(Aup+2B)+(p—1)B 


Equations (2.3) and (2.5) will be applied now for the 
following specific cases: 


See, for example, Bonfiglioli, Brovetto, and Cortese, Phys 
Rev. 114, 951, 956 (1959). 


ENERGIES FROM 


GLOW CURVES 4il 
(a) The dominant process is recombination (more 


rigorously we assume 


B/(p—-1)A, and BXAyg,), 


when by nelgecting second order terms of A we get 


E=qokT2/6 with gda=pg/(ugtp—1), (2.3a) 


and 


€ A A 
p i—y (: t ) oo +—), (2.5a) 
e 1 r | e—1 


Substitution of (2.5a) in the expression for gq yields 


Hg e e 
Ga= (e—1) (: ) ga( 1 -— 4). (2.6a) 
1- Mg € 1 e—1 


po and gqo are plotted against yu, in curves a of Figs. 4 
and 5, respectively. Only values corresponding to 
p<e/(e—1) are plotted. For larger values of p, wy, (as 
well as 6 and g) becomes negative, a matter which will 
be discussed below. 

(b) Return to the ground state of the trap is the 
dominant process, or B>A and B>A(p—1), when we 
obtain 


E gokT ,?, 6; go 1+ Mg/ (bg +p— i. 


(“— 1 (p—1)(1—A) 
Hop (2u,+p—1) 


which by substitution of g» gives 


(2.3b) 


(2.5b) 


(1—2/q»)(1—A) =In[u,— (1—,)(1—gs)]. (2.6b) 


These transcendental equations were solved numer- 
ically. po and gso as functions of uw, [the subscript 0 











0.4 05 Mgor Vg 


Fic. 5. The factor g [see Eq. (2.3)] as function of yu, (and »,). 
Curves a, b, and ¢ correspond to different types of kinetics. The 
black dots indicate the points on the curves at which the initial 
— of trapped electrons is equal to that of trapped holes 
(p= 1) 
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indicates the value for A=0], are plotted in Figs. 4 
and 5, respectively, (curves 6). An approximate solution 
is obtained by using the expansion of the logarithmic 
function: 


Inx 


We take only the first term in the series when (2.5b) and 
(2.6b) are transformed into 


2.8b) 


The functions po and go obtained by this approximation 
are given by curves ), in Figs. 4 and 5. It is of interest 
to point out that Eq. (1.4) takes now the form: —dm/ 
di=A,,mn exp(—E/kT), which is just the equation 
obtained by Hill and Schwed,* and by Bonfiglioli et a." 


(3) Evaluation of £ for 9=1 


This case is simple and readily obtained. It is treated 
separately because on integration of (2.1) the case 
2.4). In addition this is 
the case dealt with by other investigators, and it 
seems worthwhile to compare our results to others. 

Equation (2.3) remains valid but is now reduced to 


p=1 turns to be singular (see 


B 


uv 


k7 


3.1) 


with ’ 
DP 


Ap, +b 


Integration of (2.1) yields for p=1: 


(2) results in 


Au, 


We shall now follow the specific cases as before: 
(a) Recombination dominant, when we get 


E=kT,?/6, la) 


oy=e'(1+-A) (3.3a) 
This corresponds to monomolecular type of decay 
investigated by Randall and Wilkins.? Eq. (3.1a) is 
essentially the same as that developed by Urbach," 

uF. Urbach, Preparation and Characteristics of Solid Lumines- 
cent Materials, Cornell Symposium, 1946 (John Wiley and Sons, 
Inc., New York, 1948), p. 126. 
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and was first given in this form by Lushchik,® while 
Eq. (3.3a) has already been developed by Braner.” 

(b) Return to the ground state of the trap is 
dominant, when we have 


2kT,,2/6, (3.1b) 


(3.3b) 


(4) Evaluation of £ for 9<1 


As long as the number of el 
larger or equal to that of the 


ctrons in the traps is 
luminescence 
centers (92> mo, or p21), the luminescence will fall to 
zero with m. It when mo> Mp, 
(o<1). In this case the luminescence will fall to zero 
with , and it is convenient to treat this case separately. 
From (1.3) we have (for dn,/dt=0): dm/dt=dn/dt. 
Using this in (1.4), and introducing the notations: 


empty 


is somewhat different 


This is formally the 
developed in a similar 


2.1) and may be 


from: 
now 


The parameter 6 is (T,/B)6 


and instead of (2.3 


where y 


Specific cases: 
(a) Recombination di 


when we have 


which is valid for all values of ¢> p<). This result 
is different from that a) in paragraph 
2, and will be discussed in the conclusions below. 

(b) Return to the groun ite of the trap is dom- 
inant. We get here the same Its as in paragraph 2, 
but with the parameters », 


The 


tair | nder 


¢ replacing yu, and p, 
plotted in the 
values coincide with 


respectively. p (or 1/¢) values are 
lower part of Fig. 4. The g(», 
the q(u,) values except for curve a (see Fig. 5). 


2A. A. Braner, 
1958 (unpublished 


The Hebrew University, Jerusalem, 


thesis. 
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(5) Submodel II. Excitation into the 
Conduction Band 


Once the electron is excited into the conduction 
band, the trap it left can no longer be distinguished from 
others of the same type. The kinetics will now be given 
by the following equations which replace (1.3) : 

—dm/di=mn_.A m, 
—dn/dt=yn—n.(N—n)An, 
dn./di=yn=nJmAm+(N—n)An], 


(5.1) 


where n, is the concentration of electrons in the conduc- 
tion band, A,—the probability for retrapping, while 
other notations remain unchanged. 
Equation (1.4) now takes the form 
dm A mm 
yn — 
dt A »m+A,(N—n) 


In the present model we have to take in account that 
the effective density of states in the conduction band 


is temperature dependent. This results in the relation” :: 


s/o,=HT*, where o,=A,/u is the cross section for 
retrapping, and #—the mean velocity of an electron 
in the conduction band. H depends on the details of 
the band structure, and includes the effective mass of 
the electron as a factor. 

We shall again treat separately the cases: 


p>i, p=1; p<i. 


(6) Evaluation of E for {>1. 


We introduce the notation 


A*=Am—An; Bt=A,(px—p+1), 
with p and x as defined above (paragraph 1). 
Following exactly the procedure given in paragraph 
2, we obtain now 
kT,? Hy 
E=q—(1-—A); q=- a oe , 
6 Matp—1 pw A*+B* 


B* 


instead of (2.3), while (2.4) is now replaced by 


ptp—1y 4°-8*!(e-) Amo,H 
in| (= ) | = ——____—__ ]* 
up B 


where 


2A). 


T kT* 
y= f F exp(— E/k0)d0~— exp(— E/kT)(1 
T E 


0 


Using this approximation, and following the procedure 


4N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, Oxford, 1948), p. 108. 
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described in paragraph 2, yields 


Myt+p -] A*— B*/(p—) 
{=a 
Mop 


(A*y,+B*)?(1—A) 
— —, (6.3) 
uip(A*u,+2B*)+ (p—1)B* 


Equations (6.1) and (6.3) are formally the same as 
(2.3) and (2.5), respectively, except for the correction 
factor (1—A) in (6.1), which evidently results from 
the 7? dependence of s/c,. We shall use again these 
equations for specific cases: 

(a) Recombination dominant, or A* sufficiently 
large compared to B* (see paragraph 2), when we have 


E=q.(kT,?/8)(1—A), (6.1a) 


with g, exactly the same as given in (2.6a). Similarly 
p is given again by (2.5a). 

(b) Equal probabilities for recombination and retrap- 
ping, or A,n=A, (A*=0). Eqs. (6.1) and (6.3) are 
reduced to (2.3b) [except for the factor 1—A] and 
(2.5b), respectively. 

(c) Retrapping dominant, or A,>A,m, when Eqs. 
(6.1) and (6.3) are transformed into 

kT, 
E=q-—(1—A); 
6 


. Hg l 
with g.=————+t 


~ (6.1c) 
Matp—1 1—p,/(px—-p+1) 


and 


Uygtp—1 xe! (el) 
eey"" 
Hop 


Lxp— (up +e—1) P(1- 


- - (6.3c) 
(xe— p+1)(2u,+p—1)—p,? 

The equations still contain the parameter x. For weak 
excitations when only a small percentage of the traps 
filled we have x=N/no>1, in which case 
Eqs. (6.1c) and (6.3c) take again the form of (2.3b) 
[except for the factor (1—A)] and (2.5b), respectively. 
It can easily be shown that in the case x>>1 the same 
equations will also hold for all values of An2 Am. 

For the other extremity, x= 1, Eqs. (6.1c) and (6.3c) 
were calculated numerically, and the corresponding 
functions po and g.o are plotted against yw, in curves c 
of Figs. 4 and 5, respectively. 

It should be noted that the curves for x= 2 are much 
closer to those for x= © (curves 6) than to those for 
x=1. 


are 
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(7) Evaluation of E for p=1 


This is carried out exactly as in paragraph 3, we 
get now 
B* 
E=q(kT?/5)(1—A 1+ 


A* 


with q 


and 
1— pe 


> 
} 


(A*yu,+ B*)? 
A* \|ny, me 


Mg (A*u,+2B*)u, 


For the specific cases we now have: 
(a) Recombination dominant, when we get 
E= (kT,?/5)(1—A), 
(1+). 
(b) 


A*=0 yields 


E=2(kT,?/6)(1—A), 


y= 0.5(1+A). 


(c) Retrapping dominant. Here for x>1 we get 
the same as in (b). The value of Z has already been 
given for this case in the same form by Lushchik* 
(without the correction f and the symmetry 


factor), 
equation, 0.5, by Braner.'’* For y=1 we obtain 
| Mg : x 


E=q.(kT,?/6)A1—A 1+1/(1—yp,), (7.1c) 


and (for A 


with g 


)) 


Inuy Mg 1) ‘tg (2 "e)}, 


which on calculation (for A 0.432, and 


gd ) 10. 


{ “. 


Q) yields by 


8) Evaluation of E for 9 <1 


We treat this case in a similar way as in paragraph 4. 
For the specific cases we obtain here essentially the 
same results as in paragraph 6 except that for the case 
; 4 


ion is dominant'* we have 


(Ale 


vi 


in which recombinat 


6)(1 A), 


(8.1a) 


v,=e'*(1+A), 


(8.2a) 


which is valid for all values of p< 1. 


9) Conclusions 


The the 
present work resulted in a simple formula for the 
evaluation of the thermal activation energies of trapping 
centers in crystals: 


treatment of glow curves as proposed in 


E= (q/6)kT,?. 


In this formula 7, and 6 are obtained directly from the 


glow curve. The determination of g is somewhat more 


complicated, neverthe less, it has been calculated for a 


“ More rigorously we assume A,, to | 
AnKAm; and A,K<An 


e large enough so that 


AN 


es ee. ee 
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and the excited state (or the conduction band) will 
then be kept at thermodynamical equilibrium up to a 
temperature at which recombination in some other 
centers will become appreciable. 

The expected effect of a shortage of luminescence 
centers on the glow curve is demonstrated in Fig. 6 
for a few typical values of p. Figure 6 (a) corresponds 
to the case in which there are empty centers sufficient 
for all the trapped electrons (p <1), so that there is no 
interruption in the glow. Figure 6(b) corresponds to 
1<p<e/(e—1), in which case the centers are exhausted 
somewhere on the falloff of the virtual glow peak 
determined by the trapped electrons. In this case yy, 
5, and q are still positive. Figure 6(c) shows the case in 
which the glow stops just at the maximum [p= e/(e—1); 
uy, 6, and g just become zero]. Finally, Fig. 6(d) 
corresponds to a still larger value of p so that the glow 
stops before reaching the maximum. In this case yu, 
and 6 should be taken negative. 

In practice the probability for recombination is of 
course finite. Nevertheless, it is enough to have the 
rate of recombination much faster compared to that of 
release from the traps. The above given description 
should not change than, except for some curvature in 
the still steep falloff of the glow peak. Experimentally 
values of u,<e~ are very rare, ‘which impiies that 
monomolecular processes with p>1 occur rarely, if at 
all. The explanation might be that very large probabil- 
ities for recombination are likely only when the traps 
and centers are very closely related. Such a 
relation might be expected in monomolecular reactions 
in the rigorous meaning of the term, when the number 
of traps should be equal to that of centers (p= 1). 

We turn now to processes of bimolecular character 
The formulas (2.3b) and (2.5b) and the corresponding 
curves in Figs. 4 and 5 hold for the specific case (b) 
as well as for (c) when x>>1. Even more, they hold for 
all values of A,<A, when x>>1. All these specifi 
cases make the formulas quite general for the bimolec- 
ular type of process. It should be noted that experi- 
mentally x is mostly larger than unity. Curves c¢ in 
Figs. 4 and 5 represent therefore a limit which is 
practically never reached. In the case that 50% of 
the traps are filled by the excitation (x=2) the 
calculated values of g (u,) are much closer to curve b 
(Fig. 5) than to curve c. Even so, there might be a 
small effect of filling the traps which will cause some 
increase in the g values. 

As already mentioned in this discussion, all values of 
ug between e and 0.5 can be obtained for bimolecular 


close 
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Fic. 6. The theoretical effect of p on the one of the glow peak 
in case of monomolecular kinetics. (a) p <1; (b) 1<p<e/(e—1); 
(c) p=e/(e—1); and (d) p>e/(e—1). 


processes. Values of u,>0.5 can, however, be obtained 
and were already observed experimentally in the glow of 
ZnS: Cu: Cl crystals.'* The reason for it is to be found 
in the correction factor A. Taking this into account we 
get as the limiting value u, = 0.5(1+-A) [see Eq. (3.3b) ]. 

The equation for E remains essentially the same for 
both the submodels treated in the~ present work. 
The main differences are in the correction factor 1—A 
which enters in the equation obtained for submodel IT, 
and in the effect of filling up of the traps which in case 
of model II should be accompanied by an increase in 
the q values as stated above. 

It has already been pointed out that just the same 
equations will fit the case in which trapped holes are 
released and recombine with trapped electrons. The 
identification of the sign of the released carriers might 
be established by complementary experiments; e.g., 
electrical glow curves, thermal bleaching of color 
centers, etc. 
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INTRODUCTION 


N the preceding paper,' a method has been developed 
for the evaluation of thermal activation energies 
from glow peaks. In the present paper, use is being 
made of this method for computing the activation 
energies from the various glow peaks in the glow curves 
of NaCl and KCl. Activation energies were computed 
not only by the new method, but also by the method 
of initial rise? Comparison of the results obtained by 
the two methods served as a check for the new method. 
Much controversy exists as to the thermal activation 
energies in general, and those of NaCl in particular. 
Randall and Wilkins,’ and many other investigators,‘ 
assumed the activation energies of the various peaks 
in a glow curve to be approximately proportional to 
the peak temperatures of the individual peaks. On the 
other hand, Hill and Schwed,® and more recently also 
Sonfiglioli et al.,® claimed that all the glow peaks in 
the glow curve of NaCl have the same activation 
energy. These authors have gone so far, as to build a 
model of the transitions involved in the emission of 
thermoluminescence, based on the assumption of equal 
activation energies for all the peaks in the glow curve. 
It was, therefore, of special interest to concentrate 
in the present work on the evaluation of the activation 
energies of NaCl. KCl crystals were also examined, but 
in less detail. The results, described below, show that 
though peaks appearing at different temperatures may 
have the same activation energy this is not the case in 
general, and activation energies are by no means equal 
for all the glow peaks 


EXPERIMENTAL 


The experimental procedure used to record the glow 
curves was essentially the same as described previously.’ 


1A. Halperin and A 
117, 408 (1960) }. 

2 See, for example, W 
13, 515 (1958 

3 J. T. Randall 
A184, 347 (1945). 

*See, for example, G. F. J. Garlick, Luminescent Materials 
Oxford University Press, Oxford, 1949); also reference 2. 

5 J. J. Hill and P. Schwed, J. Chem. Phys. 23, 652 (1955). 

* Bonfiglioli, Brovetto, and Cortese, Phys. Rev. Letters 1, 94 
(1958); Phys. Rev. 114, 951, 956 (1959) 

? Halperin, Braner, and Alexander, Phys. Rev. 108, 928 (1957); 
A. A. Braner and A. Halperin, Phys. Rev. 108, 932 (1957). 


\. Braner, preceding paper [Phys. Rev 
Hoogenstraaten, Philips Research Repts. 


and M. H. F. Wilkins, Proc. Roy. Soc. (London) 
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method developed in the preceding paper has been used successfully in these 
obtained with the results calculated from the initial rise of the glow peaks. Activation 
varied from 0.3 to 1.5 ev for various peaks in the glow curve of NaCl betw 


en 150 and 


500°K 


were obtained for KCI crystals. The kinetics of the processes was found to be nearly of 


In brief, the crystal was mounted in a vacuum cryostat, 
which with the aid of a heating element could be 
heated up from liquid-air temperature to above 600°K. 
The light emitted by the crystal reached the detector 
(RCA IP28 photomultiplier) through a quartz window 
in the cryostat. The output from the amplifier? was 
fed to a 50-mv Brown recorder, on which the glow 
curves measured 
with a calibrated copper-constantan thermocouple with 
one junction fixed near the 
ice bath. High speed of 

inches per min) ensured high a 


were recorded. Te mperatures were 
and the other in an 
(about 2 

curacy in the deter- 

mination of temperatures at various points in the glow 
kept within 10-20 deg/min, 
and with the mentioned speed of the 
temperature differences withi 


crystal, 
recorder chart 


curve. Heating rates wer 
recorder chart, 

1 glow peak could be 
it 0.2 deg 

High sensitivity of the amplification system was 
used in the This enabled 
high accuracy in the determination of relative intensities 
of the thermoluminescence at points on the 
curves. In fact, for intense glow peaks, less than 1% 
of the total light sum of the peak was often enough to 


fixed with an accuracy of abot 


initial-rise measurements. 


various 


give an initial-rise curve with inten 
to 100 scale divisions on the chart. 

To examine the different 
portions of the glow peaks, the crystal was allowed to 
cool back to some lower temperature, just wl 
first initial-rise curve reacl end of the 
(100 scale divisions). The stal was then warmed up 
again till a second “‘initial-rise’’ curve was obtained 
from the next portion of the glow peak. Repetition of 
such cycles resulted in a whole 
curves. 

The glow peaks of NaCl and KC! 
shown °° to appear as complex peaks with components 
differing from each other in spectral distribution. To 
reduce the disturbance due to this 
curves were recorded with which 
separated the components. Perfect separation, however, 
could not be obtained because the spectral bands were 


ties from zero up 
activation en at 


en the 
chart 


} 


series of initial-rise 


| 
ave already been 


complexity, glow 


opti al filters, 
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partly overlapping. In addition, for some of the peaks, 
there are different components having the same spectral 
distribution." 

To get a single peak, the lower temperature com- 
ponents had, therefore, to be cleaned away. This was 
effected by warming up the crystal to a temperature 
near the maximum of the peak to be measured, when 
only the higher temperature component remained on 
cooling back the crystal. The series of initial-rise curves 
mentioned above was usually obtained as a “by- 
product” of the cleaning procedure. Some of the 
crystals were treated thermally, by keeping them for a 
given period at 500-600°C before they were taken for 
the measurements. This treatment enhanced most of 
the peaks."°- without changing the activation energies. 
Only long heating periods caused minor changes in the 
activation energies, which resulted from changes in the 
relative intensities of the different components within 
one complex peak. The advantage in using the heat 
treated crystals was that a very large number of 
initial-rise curves could be obtained from one peak 
without using too high amplification. 

The crystals used were synthetic KCl and NaCl 
crystals grown by the Harshaw Chemical Company. 
They were cleaved into small plates (about 6X7X1 
mm). X-irradiation, etc., was as described previously.’ 


THEORETICAL 


The theory outlined in the preceding paper' provided 
simple formulas for the evaluation of the activation 
energy E from the glow peaks. For submodel II treated 
in that paper, namely for the case of excitation from 
the trap into the conduction band, the general shape 
of the formula was 


E=(q/6)kT(1—A), (1) 


where k is Boltzmann’s constant, 7,—the temperature 
of the maximum of the peak in °K, 6—the half-width 
towards the falloff of the peak (see Fig. 3, reference 1), 
A=2kT,/E is a correction factor (A1), and g depends 
on the shape of the glow peak and on the kinetics of 
the process. This factor was calculated for a variety of 
specific cases. For a first-order process g is expressed by 


gi=[1.72p9/(1—m,) (1 — 1.584), (2) 


and for most cases of second-order processes it is given 
with good approximation by 


q2=[2p4/(1—g) (1—2A). (3) 


Here u,=5/w, where w is the half-intensity width of 
the peak (Fig. 3, reference 1). The symmetry factor 
uty is characteristic of the type of the kinetics involved 
in the process. Values of u, equal to or smaller than 
e~'(1+A) should be obtained for first-order processes, 
while values larger than e'(14+A) (and usually of 


See in the results below; also in reference 10. 
#2 A. Halperin and M. Schlesinger, Phys. Rev. 113, 762 (1959). 
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about 0.5) correspond to second-order processes. It 
should, however, be noted that weak shoulders at the 
high-temperature side of the peak will result in an 
apparent increase in the wu, values, and care should be 
taken not to misinterpret such high ws, values as 
indicating a second-order process. Nevertheless, the yu, 
values give valuable information regarding the nature 
of the kinetics. 

Formulas (2) and (3) can be further simplified by 
introducing the half-width at the low-temperature side 
of the peak: r=w—46. Substitution of r and p,=5/w in 
the formulas will then result in the following working 
formulas: 

Ey = (1.72/r)kT2(1—2.58A), (4) 


for first-order processes, and 
E.= (2/r)kTZ(1—34A), (5) 


for second-order Expressions containing 
higher powers of A have been neglected. 

Only the values of + and 7, are needed for the 
evaluation of the activation energies by Eqs. (4) and 
(5), and these are readily obtained from the recorded 
glow peaks. An advantage of this"method is that the 
first half of the peak is sufficient for the evaluation of 
E, so that shoulders due to satellites towards higher 
temperatures do not influence the calculated Z values, 
provided that the disturbing peaks are not as strong 
as to change the peak temperature. 

The method of initial rise, which was used for 
comparison of the results, is based on the fact that for all 
types of kinetics, the intensity of thermoluminescence 
can be expressed in the form of 


1 =F exp(—E/kT), (6) 


processes. 


where F is a function of the number of full traps and 
that of empty centers, and contains also the prob- 
abilities of the transitions involved.” F can be taken 
as constant for the initial part of the glow peak, when 
the change in the numbers of trapped carriers and 
empty centers may be neglected. We obtain then 


In] = — E/kT-+-constant, (7) 


and plotting In/ versus 1/T should give a straight line, 
from the slope of which £ is readily calculated. 


RESULTS 
(i) NaCl 


The glow curves of the NaCl crystals examined in 
the present work have already been described.” The 
main peaks were found to appear at 170, 235, 335, and 
at about 500°K. 

We start with the peak at about 170°K. The wave- 
length of the main spectral band emitted in this region 
is about 0.36 yw (see reference 10) in crystals not treated 


4 For the form of F see, for example, Eqs. (1.4) and (5.2), 
reference 1. 
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Fic. 1. (a) A series of initial rise curves and glow peak for NaCl at 170°K. (b) The 


thermally. After long periods of heat treatment a band 
above 0.40 » with a glow maximum at about 155°K 
becomes the dominating one. An‘ultraviolet transmit- 
ting filter (Chance 0X1) was inserted in front of the 
photomultiplier in order to eliminate the visible 
components of the glow. 

A set of measurements with this arrangement is 
Fig. 
curves is given, including the final cleaned glow peak. 
The corresponding In/ versus 1/T plots are given, in 
the same order, in Fig. 1(b). All but the last curve 
form straight lines while the last one starts to curve on 
nearing the peak when the assumption F=constant in 
Eq. (6) does not hold anymore. 

Activation energies computed from the slopes of the 
curves were: 0.35, 0.51, 0.46, 0.41, 0.46, and 0.42 for 
curves 1 to 6 in Fig. 1(b), respectively. The value is 
considerably smaller on the beginning (0.35 ev), and 
fluctuates afterwards (probably due to experimental 
error) about the value 0.45 ev. The existence of a 


shown in l(a), in which a series of initial-rise 


In] ver 


component with a lower activation energy was indicated 
more clearly in some cases, when the In/J plots showed 
distinct deviations in slope on passing from the lower 
activation-energy components to the rest of the glow. 
An example is shown in Fig. 2. Here plots 1 to 4 belong 
out of a series of 13. 
in slope from an 


to the first four initial rise curve 
In curve (1) there is a 
activation energy of 0.30 ev to a higher one of 0.38 ev. 
The points on the next 3 curves of Fig. 2 fit well the 
straight lines activation energies of 0.44, 0.42, 
and 0.42 ev. All the other members of this series (fifth 
to thirteenth) gave the 
limits 0.42-0.48 ev 
Measurements wert 
of filters transmitting in violet only 
34A+2B). Thermally untreat crystals gave 
tically the same results with the uv transmitting filter, 
and it seems that in crystals only the tail of the 
0.36 » band was measured. The results, however, 
differed for crystals submitted to prolonged heating 


transition 


erith 


uctivation energies within 

th a combination 
(Wratten 
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also taken 
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Taste I. Results of initial-rise and glow-curve experiments for the 170°K peak in NaCl. Columns 2-5 give the experimental parameters 
obtained from the glow peaks. Fi, E:, E, and Eo stand for the thermal activation energies as obtained using formula (4), formula (5), 
the initial-rise method, and the Urbach-Lushchik formula, respectively. 





T,°K 4 
175 0.06 
179 0.06 
180 0.06 
180 0.06 
174 0.06 

0.06 


°K 


Average 
(20 measurements) 





* Standard deviation based on 20 measurements. 


periods. The first out of a series of initial-rise curves 
gave now a considerably higher activation energy, and 
the value dropped for the later curves in“the series. 
This is shown in Fig. 3, in which activation energies 
are given as function of the fraction of the total light 
sum of the glow already emitted before the given 
measurement. Curve a (Fig. 3) was obtained with the 
uv transmitting filter, and curve } with the violet 
transmitting one. The crystal was in this case pre- 
treated for 66 hours at 600°C. The two curves differ on 
the beginning but approach each other at the later 
part of the glow. It seems that the higher activation 
energy belongs to the violet peak at 155°K, which is 
exhausted first. The remaining part of the glow seems 
to belong to the 0.36 u component, whose tail towards 
longer wavelengths is to some extent transmitted by 
the violet filter (W34A+2B). 

We turn now to the activation energies computed 
from the formulas (4) and (5). The glow peaks obtained 


at the end of each series of initial-rise curves were - 


usually used for these computations. Results for the 
peak at 170°K are summarized in Table I. Five typical 
examples are given in lines 1-5, after which the average 
obtained from 20 independent measurements is given. 
Activation energies obtained by the method of initial 
rise are given for comparison under F, and values 
obtained by the previously developed formula for first 
order kinetics’ (Ey>=k7T,/5) are given in the last 
column. 

The Zo values are the lowest and give the largest 
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;. 2. The first 4 initial rise curves out of a series of 13 for NaC! 
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at 170°K. Curve (1) exhibits a transition in slope 
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k at 170°K 
measurement 
a) dashed curve with an uv trans- 
) full curve with a violet transmitting filter. 


Fic. 3. The activation energy of a NaCl glow 
as a function of the light sum emitted prior to eac 
in a series of initial rise curves 
mitting filter, (b 


scattering (see also Table III). The average values for 
the activation energy were found to be: 0.44 ev by the 
method of initial rise, 0.46 ev assuming first-order 
kinetics, and 0.52 ev on assuming second-order kinetics, 
each with a standard deviation of +0.02 ev. This 
indicates that the process is of first order, an assumption 
which is further supported by the comparatively low 
My values. 

The average value was found to be below 0.43. 
Assuming p=1 (see preceding paper), a u, value of 
about 0.40 corresponds to first-order kinetics, and 
u,=0.53 to second-order kinetics. Taking in account 
that the measured y, values are affected by shoulders 
towards higher temperatures (e.g., example 3, Table I), 
so that the true yu, values are still lower, we conclude 
that the kinctics is nearly of first order. 

More evidence for this view is obtained from the 
initial-rise curves. As stated above, the InJ versus 1/T 
curves should deviate from the straight line on nearing 
the peak, when F can no more be considered as constant. 
For first order kinetics, however, F)= F/n should then 
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TasLe II. The variation of activation energy in a series of 
initial-rise experiments in NaCl. Column I the activation energy 
of the first member, II and III—middle members I[V—last 
members of the series. 
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I 4. A glow peak of NaCl at 235°K exhibiting a shoulder 
to the high-temperature side, which resulted in an apparent yp, 
value of 0.49. 


be constant. This was indeed found to be the case as 
1(b) 6. Here the dashed line 
describes In(//n) as function of 1/7, and the resulting 
straight line is characteristic of first-order kinetics. 
The*glow burst at 235°K emits an almost pure uv 
band (~0.36 uw). No filters other than the uv transmit- 
ting one (OX1) were therefore used for this glow peak. 


shown in curve 


Fig 
ig. 


VI, AND KRISTIANPOLLER 
Using the initial-rise method as before revealed again 
a spread in activation energies within the glow peak. 
The £E value obtained from the first initial-rise curve 
in a series was usually smaller compared to those 
obtained in the middle of the In 
there was a decrease towards the end of the series. 
Examples are shown in Table II. Only four typical 
values of each series are given in table. These 
include the first (under I), two values picked out from 
the middle of the series (under II and III), and the 
value obtained from the last curve in the series (under 
IV). The E values were above 0.5 ev for the first curve 
in a series, about 0.70 ev in the middle (the value 0.81 ev 
in example 3, Table II was a rare extreme case), and 
somewhat lower towards tl 
The completed glow peaks at end of each series 
were used, in addition, for evaluation of the activation 
energies from formulas A few examples 
are given in Table III, and average values obtained 
from 24 measurements are given in the bottom of the 
table. Arguments similar to those given above on 
discussing the peak at 170°K, lead again to the con- 
clusion that the process is nearly of first order. The 
average of the yu, values was now nearly 0.45 compared 
to about 0.43 for the peak at 170°K. This, however, 
seems to have been caused by a more pronounced 
shoulder on the high-temperature side of the peak, and 
so does not indicate that the is nearer to a 
second-order one. Figure 4 shows an example of the 
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pr CESS 


peak with a shoulder which caused a measured value 
of u,=0.49 (see example 5, Table III). 

The peaks at and above room temperature were 
mostly too weak to be separated into components by 
using filters. The of initi in a 
series was therefore small, and a few hours of x-raying 
(at 45 kvp, 14 ma, Cu target) were needed to get more 
than two or three in rise curves in a series. 

Results are summarized in Table IV. Average values 
are given for the peaks at 300, 335, and 490°K, and 
values for the peaks at | 


number initial-ris 
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10.2 

9.8 
10.6 
11.7 
12.4 
10.3 
10.8 


T,°K 
242 
243 
245 
235 
240 
237 


241 
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0.06 
0.06 
0.06 
0.06 
0.07 
0.06 
~0.065 


¢ 
Average 
(24 measurements 
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*® Standard deviation based on 24 measurements. 
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0.71 
0.76 
0.71 
0.59 
0.61 
0.68 
0.67+0.02* 
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67 
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0.75+0.02" 





ACTIVATION ENERGIES 


TABLE IV. Summary of the results for the various glow 
the extreme values obtained in the different measurements. 


IN 


NaCl AND KCI CRYSTALS 


peaks obtained with NaCl. The figures in brackets are 





4 E.ev 


0.46+0.02 
(0.32 —0.54) 
0.67+0.02 
(0.53 —0.76) 
0.89+0.02 
(0.84—0.95) 
1.12+.0.03 
(0.86 — 1.28) 
1.33+0.03 
(1.18— 1.49) 


0.06 
0.06 
0.06 





value and the standard deviation, to enable comparison 
to the values obtained from formulas (4) and (5), 
which of course were obtained from the completed glow 
peak at the end of each series. Standard deviations are 
not given for 7, and +, for both depend to some extent 
on the rate of heating and on the dose of x-rays to 
which the crystal has been subjected. 

The behavior of the peaks above room temperature 
is generally the same as for the low-temperature ones, 
except for the peak at 490°K which exhibits a higher 
u, value. This is again partly due to high-temperature 
shoulders, but seems to indicate also a partly second- 
order process. This is shown also in Fig. 5, in which In/, 
In(J/n), and In(I/n*) are plotted versus 1/7. Deviations 
from the straight line indicate a process of an order 
higher than one though still lower than two. Some 
mixture of a second-order process could be noticed also 
for the peaks at lower temperature (e.g., at 350°K) 
but it was less pronounced. 


(ii) KCl 


KCl crystals were investigated in less detail than 
NaCl. The glow curves of the KCI crystals examined 
in the present work are described elsewhere.’ Their 
behavior, as far as it concerns the activation energies, 
is similar to that of NaCl as described in section (i) of 
the present work. In some cases, the spread in activation 
energies at a given temperature region was still larger 
than with NaCl. For the glow burst at about 250°K 
(which is in fact composed of at least three peaks 
emitting different wavelengths, see reference 9), 
activation energies in one series of 5 initial-rise curves 
were: 0.38, 0.52, 0.59, 0.63, and 0.80 ev. In general, 
however, the spread was considerably smaller than in 
this extreme example. 

A summary of the results on KCl is presented in 
Table V. Data are given for the peaks at about 125 
140, 260, 360, and 390°K. The number of measurements 
was for some of the peaks too small to give standard 
deviations. The figures in the table give therefore in 
these cases only a rough indication of the error. As 
with NaCl, the uw, values were slightly affected by 
shoulders at the high-temperature side of the peak. 
All the arguments mentioned in the case of NaCl lead 





Number of 
measurements 


20 
24 


Eev 


0.44+0.02 
(0.29—0.57) 
0.674-0.02 
(0.43 —0.86) 
0.93+0.05 
(0.80— 1.23) 
1.12+0.05 
(0.78 — 1.47) 
1.45+0.06 
(1.21—1.72) 


Exev 


0.52+-0.02 
(0.36—0.61) 
0.75+0.02 
(0.60 —0.86) 
1.00+0.03 
(0.94— 1.07) 
1.26+0.04 
(0.96 — 1.46) 
1.51+0.04 
(1.33 — 1.68) 


6 


again to the conclusion that the process is nearly a 
first-order one. 


DISCUSSION 


The experimental results described in the present 
paper show good agreement between the activation 
energies determined by the method developed in the 
preceding paper and between those obtained by the 
method of initial rise. The new method gives no 
information about the spread of energies within a 
given glow burst as the method of initial rise does. 
Activation energies are, however, more readily obtained 
by the new method, and with better accuracy (see 
Tables IV and V). In addition, the type of the kinetics 
of the process is indicated by the symmetry of the 
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Fic. 5. A glow peak of NaCl at 490°K plotied versus 1/T with: 
(a) log/, (b) log(//n), and (c) log(//n*) in the ordinate. 





HALPERIN, BRANER; 


TABLE V. Summary of the results for the various glow peaks obtained with KCI. The figures in | 
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the extreme values obtained in the different measurements. 
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0.09 0.26+0.01 


(0.22—0.27) 


0.07 0.40+0.01 


(0.38—0.42) 


0.06 0.77+0.05 


(0.68—0.85) 


0.05 1.180.096 


(1.02— 1.38) 


0.06 10 +0.1 


(0.85—1.17) 


peaks as given by the yw, value. However, effects of 
shoulders on the falloff of the glow peak should be 
eliminated when measuring the yw, value. The method 
has already been applied successfully for the glow 
curves of ZnS crystals, in which case a typical second- 
order process was indicated. For NaCl and KCl, on 
the other hand, from the results of the present work, 
it appears that the process is nearly a first-order one, 
apparently with some tendency towards a second-order 
process for the peaks at higher temperatures. These 
results seem to be in agreement with Lushchik’s'® who 
concluded that for all the alkali halides examined by 
him the probability for recombination was found to 
be large compared to that of retrapping, which is 
equivalent to a first-order process. It is, however, in 
contradiction to Bonfiglioli ef al. who assumed a 
second-order for the thermoluminescence of 
NaCl. 

Other implications of the model given by Bonfiglioli 
et al. seem also not to be in agreement with our results. 
It has already been shown" that different peaks in the 
glow curve often emit the same wavelength, while 
according to Bonfiglioli each peak must have its own 
wavelength. Our results in the present work do not 
verify another implication of that theory, namely that 
of a unique & value for all the peaks. It is difficult to 
explain why our experimental results differ from those 
obtained experimentally by Bonfiglioli as well as by 
Hill and Schwed,* who obtained the same activation 
energy for all the peaks. It should first be noted that 
the value 1.28 ev obtained by Hill and Schwed differs 
considerably from the 0.72 ev obtained by Bonfiglioli. 
Both the mentioned investigators restricted their 
measurements to above room temperature. The range 
of activation energies, from about 0.3 to about 1.5 ev 


process 


“ H. Arbell and A. Halperin, Phys. Rev. 117, 45 (1960). 
1% C, B. Lushchik, Doklady Akad. Nauk S.S.S.R. 101, 641 
(1955). 


Number of 
Es: ev Ee measurements 
0.28+0.01 
(0.25—0.30 
0.44+0.01 
(0.42—0.46) 
0.872+0.05 
(0.76—0.94) 
1.32+0.07 
(1.06—1.57 

1.15+0.1 
(0.95 — 1.32 


0.24+-0.01 6 
0.20—0.26) 

0.38+0.03 

0.33 —0.42 

0.72+0.03 

0.38—0.80) 

1.20+0.07 

0.98 1.56 

0.9 +0.1 

0.81—1.03) 


in our measurements, was therefore reduced to 1.25-1.5 
ev, which in light of the large spread of energies within 
each peak might explain the results obtained by Hill 
and Schwed. In fact, it happened often in our measure- 
ments that the activation energy on the beginning of a 
peak at some higher temperature was within the range 
of values obtained at some lower temperature (see 
Tables). The discrepancy between the value obtained 
by Hill and Schwed and that obtained by Bonfiglioli 
might, therefore, be explained on assuming that the 
latter measured the very initia] rise of the glow peaks 
only, while the former did take points nearer to the 
maximum of the peak for the initial-rise curves. 

It is an advantage of our method that the peaks 
should not necessarily be well isolated. An example 
was shown in Fig. 4, where good results were obtained 
in spite of the satellite towards higher temperatures. 
Also weak satellites to the lower temperature side do 
not interfere as long as they do not affect the half 
intensity point on this side of the peak. This is not the 
case with the initial-rise method, 
ference may lead to erroneous results. } 

Grossweiner'* has given a formula for the calculation 
of trap depths in first-order glow curves, which is 
similar to our formula (4). Our formulas are, however, 
more general as they cover various types of kinetics, 
and they seem to be more accurate as they include also 
the correction factor A. In addition, it should be borne 
in mind that the formulas used in the present work are 
only specific cases Land in case of formula (5) only an 
approximation | of the more general equations developed 
in the preceding paper. 


sucn inter- 


, 
where 
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We discuss the response of a perfect insulator to weak external electromagnetic fields of long wavelength 
from a many-particle point of view. Our method is to treat the Coulomb interaction between all electrons to 
all orders of perturbation theory and analyze the structure of the corresponding Feynman graphs. As a 
result of this graphical analysis we are able to show that the response of the many-particle system to long- 
wavelength external fields of arbitrary polarization is completely described by a single frequency-dependent 
dielectric constant. In the limit of long wavelengths as well as low frequencies, we also include, in terms of a 
magnetic permeability, the magnetic effects of an external field on our system. 


1. INTRODUCTION 


T has been customary for a long time to describe 
the response of an insulator to a weak electro- 

magnetic field by means of a complex dielectric 
constant x and permeability u. However, the only 
models for which such a description has been rigorously 
justified treat the charge carriers either as localized! 
or as distributed throughout the insulator but not 
interacting with each other. 

In the present paper we verify the correctness of 
this conventional description for a more realistic model 
of an insulator.’ * We take the insulator to be a perfectly 
periodic cubic crystal with fixed nuclei and electrons 
which interact with these nuclei as well as with each 
other. Magnetic effects are very small in such a 
system, as evidenced by the small magnitude of the 
diamagnetic susceptibility (x+10~*); they will be 
neglected in the main body of this paper. What will 
be done is to derive explicitly and rigorously the 
usual constitutive equations of Maxwell’s theory in 
terms of the frequency dependent dielectric constant 
x(w), with the single restriction that the wavelengths 
of the electromagnetic field be long compared to a 
lattice parameter. Similar results have been recently 
obtained by Noziéres and Pines’ who however treat the 
electron-electron interaction in the “random phase 
approximation.” 

The parameter x(w) can be defined either by means 
of a formal expression involving the exact wave 
functions of the insulator, or by a perturbation series 
in the Coulomb interaction between the electrons. The 


*A preliminary report of this work was made at the 1959 
Spring meeting of the American Physical Society in Washingtor 
D. C. [V. Ambegaokar and W. Kohn, Bull. Am. Phys. Soc. 4, 
276 (1959) ]. It is based on a thesis submitted by one of us (V.A 
to the Carnegie Institute of Technology in partial fulfillment of 
the requirements for the Ph.D., and was supported in part 
the Office of Naval Research. 

1H. A. Lorentz, Theory of Electrons (B. 
Leipzig, 1909), Chap. IV 

2A. H. Wilson, 7 he f Metals (Cambridge University Press, 
Cambridge, 1936), first edition, Chap. IV. 

* Some aspects of this model have been discussed in W. Kohn, 
Phys. Rev. 105, 509 (1957); V. Ambegaokar and W. Kohn, Phys 
Rev. Letters 2, 385 (1959), and in reference 4 

‘W. Kohn, Phys. Rev. 110, 857 (1958). 

* P. Noziéres and D. Pines, Phys. Rev. 113, 1254 (1959). This 
article gives references to earlier work by these authors 


Teubner and Sons, 


terms of this series can be represented by Feynman 
graphs.® To establish our results, it is not necessary 
to evaluate quantitatively the contribution of any of 
these graphs, but only to recognize some general 
characteristics. One crucial point is this. In describing 
the response of the electrons to a longitudinal electric 
field (i.e., to a time-dependent embedded charge 
distribution) one encounters so-called “improper” 
polarization graphs (see Fig. 1), while the response 
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q 


-- 


q 


Fic. i, An improper polarization graph that occurs in the 


response to a longitudinal field. 


to a transverse electric field involves only “proper” 
polarization graphs (see Fig. 2). These graphs, which 
were introduced by Hubbard’ in a somewhat different 
connection, will be more fully discussed in subsequent 
sections. At this point the following qualitative remarks 
may suffice. In Fig. 1 the dotted line originating at A 
describes the direct interaction of the longitudinal 
electric field due to the embedded charge with the 
system of electrons, while the line terminating at B 
represents the current set up by the response of the 
electrons. Each circle stands for a proper polarization 
part, i.e., an arbitrary graph of interacting electrons 
with the restriction that it cannot be split by cutting 
a single interaction line carrying momentum q. On the 
other hand in Fig. 2 the line originating at A represents 
the interaction of the folal transverse electric field 
with the electrons. The circle and the line terminating 
at B have the same significance as in Fig. 1. In spite 
of the different structure of the graphs of Figs. 1 and 2, 
one finds the same connection between the induced 


Fic. 2. A proper polarization 
graph that occurs for both trans 
verse and longitudinal fields 
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polarization current and the total electric field 


 «(w)—1_ 
lw poet Erot(w), 


4dr 


(1.1) 


in both the transverse and longitudinal cases. 

Since the interactions are taken 
into account completely in this theory, all internal 
field effects are included in the spectrum of energy 
levels of the insulator, and, thus, the dielectric constant 
defined here includes the Lorentz-Lorenz correction. 


electron-electron 


In the limit of long wavelengths and low frequencies 
(compared with a characteristic electronic frequency) 
it is possible also to include simply the magnetic effects 
on our system in terms of a magnetic permeability yu. 
This is done in Sec. 5, where both the electric and 
magnetic constitutive equations of Maxwell’s theory 
are derived. 

In this paper, then, we derive no new physical 
results but merely elucidate the graphical representation 
of an electromagnetic field interacting with an insulating 
crystal. This analysis will also serve as a preparation 
for the discussion in a following paper of the interaction 
of an electromagnetic field with charge carriers in an 
insulator. 


2. RESPONSE TO A LONGITUDINAL FIELD 


In this section, we shall calculate the polarization 
induced in the insulator by an external longitudinal 
electric field of long wavelength. We shall see that the 
magnitude of the induced polarization is critically 
dependent on the long range nature of the Coulomb 
interaction between electrons. To bring out this point, 
we shall compare the insulator with a hypothetical 
medium in which the extreme tail of the Coulomb 
interaction has been cut off. We shall exhibit a simple 
relation between the responses of these two media 
which will prove useful for our later discussion of the 
response of the transverse field 


long range Coulomb effects play 


real insulator to a 
since, in that case, 
no role. 

At first, we shall the Coulomb interaction 
between the electrons as a perturbation, to all orders 
of perturbation theory, and examine the structure of 


the corresponding graphs. The results obtained by 


treat 


this formal device will then be directly expressed in 
terms of the many-particle wave functions of the 
insulator. 

The Hamiltonian 
be written as 


hich describes the insulator may 
H=Ho+Het+H1. (2.1) 
Here 

V;), (2.2) 


where 7; is the kinetic energy of the ith electron and 
V,; its interaction with the lattice of nuclei; He de- 
scribes the Coulomb interaction between the electrons 
and Hy, the electrostatic energy of the lattice of nuclei. 
When account is taken of the over-all charge-neutrality 
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of the system, /7¢ 
Hy 


where the prime on the sum over k indicates that the 
term with k=0 is to be 
the normalization box 


Into the system de 


2 is the volume of 
cribed by (2.1) we introduce a 
time-dependent distribution of chi density, pext(Xx,2), 
which we Fourier analyze as f 


The reality of Pext(X,/ 
Pext™ (q,w - ,—w). (2.5) 


We restrict ourselves to charge distributions whose 
characteristic wavelengths are long compared to a 
lattice spacing. Further, we assume that w qg<Ke"/v, 
(where c is the velocity of light and 


tronic velocity), so that 


v, a typical elec- 
we can neglect the magnetic 
effects of the charge density 2.4) 

l. 


Let us describe its 
Then the Hamilton- 
ian which describes its interaction with the system is, 
apart from an irrelevant 


electric field by a scalar potentia 


interaction with the nuclei, 


n dre 
| f q,~)p(q)e iqd 
. 


where the operator p(q) is defined 


2.7) 
tions (2.3) and 


have been turned on 


We imagine that the nterac 
the external perturbation 
gradually in the past witl ponential time factors. 


The total perturbation to th ne 
Hy may th 


particle Hamiltonian 


n be written 
H’ Hee 
where n and s are sma tit vhich will 
allowed to approach zer 
Let ®o be the time pendent wavs 
responding to the groun 


lunction cor- 
In our case of an 
insulator this is a stat mber of Brillouin 


zones are completely | he_time development 


operator, which operating on po in the infinite past 
transforms it into t! { 


real insulator, is 


function of the 


where 


(Here and in all that fe 
h=1.) 


‘he Schrédinger representation wave function 





ELECTROMAGNETIC 
generated by (2.9) is 


Vv (i) = ¢~iHot[) (f, — 2 )bo. (2.10) 


The electron charge density induced in the insulator 


is given by the expectation value of the charge density 
operator in the state ¥(¢). In calculating this quantity 
we work to first order in pext(q,) and, furthermore, 
neglect the charge fluctuations with wave vector q+K, 
which are excited by the external perturbation. (K, is 
a nonvanishing vector of the reciprocal lattice.) These 
induced short wavelength charge fluctuations, while 
themselves comparable to those of wave vector q, 
make a negligible contribution to the total field within 
the insulator in our long wavelength limit (¢A,). 
The charge density operator is 


e 
p(x) =e >. 6(x—x,)=—- ¥ p(—k)e*®*, (2.11) 
i Q « 


and the induced charge density, pina(X,/), is 
Pina (X,t) = ( (#),p(x)¥(1))’. (2.12) 


The prime on the right of (2.12) indicates the restric- 
tions discussed in the previous paragraph. Let us 
Fourier analyze pina(x,f) as in Eq. (2.4).* We then 
obtain a linear relation between the Fourier coefficients 
of the induced and external charge densities of the form 

Pind (G,w) = a(G,e) Pext(4,~), (2.13) 
where, when the time integrations indicated in Eq. (2.9) 
are carried out, a(q,w) becomes 


a(q,w) 
4ré? 1 I 
=~ > (« Mh ——_——_ vee 
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*The quantity pina(x,/) contains time factors of the form 


e(»"t*)! where m is an integer. Before making the Fourier analysis 
we take the limit »,s — 0 in these factors. 
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PROPERTIES OF 


INSULATORS 





Fic. 3. A simple polarization graph. The directed solid lines 
running upward represent electrons in normally unoccupied Bloch 
states; the solid lines running downward represent holes in 
normally occupied states. The dashed horizontal internal lines 
represent Coulomb interactions. 


Here Fy is the energy of the independent particle state 
$o, lm,n are integers, and the dots indicate the 
successive occurrence of the Coulomb interaction 
Hamiltonian, Hc, and the appropriate energy de- 
nominators. In Eq. (2.14) the operator p(q) comes 
from the interaction with the external perturbation 
(2.6), and the operator p(—q) from the expectation 
value of the charge density operator.® In writing (2.14) 
we have made use of the reality condition (2.5). 

The terms of the perturbation expansion (2.14) may, 
following Goldstone,* be represented by Feynman 
graphs. The graphs that occur here are almost exactly 
the D graphs of reference 4 which described the inter- 
action of two fixed charges in the perfect insulator. A 
simple but typical graph which occurs in (2.14) is 
Fig. 3. The two p operators act at the external inter- 
action lines starting or ending at crosses. In the typical 
polarization graph Fig. 3, no unlinked or vacuum part 
has been shown because, although the linked cluster 
theorem as proved by Goldstone does not apply to our 
problem of a time-dependent perturbation, vacuum 
parts may be omitted for the following well-known 
reason." In (2.14) all possible vacuum graphs occur 
with each polarization graph of the form of Fig. 3. 
The contribution of the sum of all vacuum graphs may 
be separated as a multiplicative factor. However, this 
factor may be omitted since it is the normalization 
sum for the clothed ground state wave function of the 
insulator and thus equal to one. 

When the vacuum parts have been eliminated, the 
limit » — 0 can be taken without any formal difficulties. 
Finally we let g approach zero and define the long 
wavelength complex polarizability a(w) by 


a(w)=lim a(q,w). 
ed 


(2.15) 


*It is clear from the conservation of crystal momentum that 
the only Fourier coefficients of the charge density operator that 
can contribute are p(—q+K,). As pointed out earlier, we only 
retain the long wavelength response. 

© J. M. Jauch and F. Rohrlich, Theory of Photons and Electrons 
(Addison-Wesley Publishing Company, Inc., Reading, Massachu 
setts, 1955), p. 176 ff. 
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Then (2.14) results in 


4ré 1 
- : ( ®t — eee 
Eo— Ho 


a\w) =lj 


1 
He: oie 


Eo— Ho + Ww + is 


(2.16) 


Here >-; means the sum over all linked graphs 

Let us now examine the graphs corresponding to the 
expansion (2.16) of a(w) in greater detail. Such graphs 
fall into two classes.’ Graphs of the first class cannot 
be separated into two disconnected parts by cutting 
one Coulomb interaction line carrying momentum q. 
We shall call such graphs proper polarization graphs. 
Graphs of the second class, which we call improper 
polarization graphs, can be so separated. Note that we 
include among the proper graphs those in which two 
otherwise disconnected parts are connected by a 
Coulomb interaction line carrying momentum q+K,. 

To clarify the physical meaning of the distinction 
between proper and improper graphs, let us for the 
moment consider a model of an insulator in which the 
interactions between charged particles are described by 
a cutoff Coulomb potential. Then, the part of the 
Hamiltonian describing the electron-electron inter- 
actions will be 
» ik. 


Lire é 
H-' > z 


— 


8 i<j 


where 6 is a small limiting wave number. The response 
of this system to a longitudinal electric field of long 
wavelength may also be described by polarization 
graphs. However, if g<é6 (q being as usual, the wave 
vector of the external field) the Hamiltonian (2.17) 
contains no Fourier coefficient of the form g~*. In the 
language of graphs, there are no electron-electron 
interaction lines carrying momentum q and, in 
particular, no improper polarization graphs. The long 
range effects of the Coulomb interactions are, thus, 
contained in the improper graphs. 

We turn now to the connection between the sum of 
all polarization graphs, a(w), and that of the proper 
graphs alone which we call ap(w). The connection 
arises from the fact that an arbitrary improper polariza- 
tion graph (see Fig. 1) can be factored into the product 
of the two graphs obtained from it by removing a 
Coulomb interaction line carrying momentum q and 
in its place attaching two external interaction lines that 
preserve the sense of the momentum transfer. It follows 
from this theorem, which is discussed in Appendix A, 
that the sum of all improper graphs is ap(w)a(w), the 
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ap(w) coming from the proper parts which can be 
factored out of the improper graphs and the a(w) from 
the remaining parts, these parts themselves being 
either proper or improper. Thus one has the relation 


a(w) =ap(w)+a(w)ap(w) (2.18) 


(cf. reference 7). We shall show later that Eq. (2.18) 
implies that the dielectri which describe 
of the longitudinal 
transverse fields are exa 
We end this section by writing a(« 
terms of the many-particle oscillator strengths of the 
insulator.5 The sum rule these oscillator strengths 
satisfy arises from the following operator identities: 


[H,p(q) | 
-q)] 


constants 
insulator to and 
+1 


the response 
y equal. 
and ap\w) in 


q°3(q), (2.19) 


[| 7,0(q) }, p Vq?/m, 2.20) 
where 
3(q)= (1/2m) 3; (pye't**+e'**p,), (2.21) 


N is the total number of electrons in the insulator, and 


p; the momentum operator for the ith electron. The 


} 


longitudinal oscillator strength fo,(q) is defined as 
] 


2m 
fon(q o(q 
¢ 
the ground state of the 
s the difference 
is the matrix 
ng the expectation 


Here the subscript 0 indicat: 
insulator and m some excited st 
of energy between these state 
element of p(q) between t 
value of both sides of I ground state of 


the insulator, one ha 


bn Lfon(q) +fon' nfon(q)=N_ (2.23) 


| reason for tl} 


where the most genera 
the first 
invariance ,under time 
Hamiltonian (2.1 

The complex polarizabi 
(2.15) ] 


equality between 
2.23 is the 


and second expressions in 


reversal 


and may be written directly in terms 


many-particle wave fun 


frre” p(—q)onp(q), 
y > 
a “se ee 


insulator as 


tions of th 


p(q 


We now 
discontinuously at 


to (2.24) holds for ay 
of the direction of q, 


show tl the quantit fon(q) behave 
lation very similar 
is independent 
7 where n is an 
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arbitrary unit vector. Then we have from Eq. 
that 
2m 
fon(Q) =fon(mg) =——| m-j(mg) on |? 
Won 


When (2.25) is substituted into (2.24) the resulting 
expression may be written as a sum of graphs. The 
details of this expansion will be made clear in the next 
section. [See Eqs. (3.10), (3.9), and the discussion 
following Eq. (3.11).] The only point that is relevant 
here is that for g small but finite one has in the graphical 
expansion both proper and improper graphs, whereas 
if one replaces fon(q) in (2.24) by 


2m 
fon(0)=— n-3(O)on!*, (2.26 
Won 


the charge neutrality of the system ensures no improper 
graphs. Thus the limit as g—>0 and g=0 give quite 
different results. Now ap(w) differs from a(w) only in 
that all improper graphs are omitted from the former. 
Thus, by comparison with (2.24) one has 


—— ~~ 


Won twtis 


We shall show in the next section that ap(w) describes 
the response of the insulator to a éransverse electric 
field of long wavelength. We shall thus be able to 
interpret fo,(0) as the transverse oscillator strengths. 


3. RESPONSE TO A GENERAL FIELD 


Let us now discuss the response of the insulator to 
a long wavelength field of arbitrary polarization. We 
shall describe this field by a vector potential 


‘ 
Ax) = f Aqu)e-Pdgde, (3.1 


and calculate the induced current to first order in A. 
The linear relation between the Fourier coefficient, 
j(qw), of the induced current and A(qw) may be 
written as 

(3.2 


Ju(Q,w) = Ty (q,w) A ,(q,w), 


where the subscripts u,v indicate Cartesian components 
We shall examine the structure of the kernel 7,, in the 
limit of small q and show that it has the form 


> 


lim T,,»(q,0) =—[x(w) —1] 
” 4c 
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Here x(w) is the complex dielectric constant which is 
defined in terms of the quantity a(w) of the last section 
as 


1/x(w) = 1+a(w), (3.4) 


or equivalently [see Eq. (2.18) ] in terms of ap(w) as"! 


(3.5) 


x(w)=1 ~ap(w). 


Equation (3.3) is the constitutive equation which 
determines the response of the insulator to long wave- 
length fields of arbitrary polarization. 

We now derive Eq. (3.3). The Hamiltonian describing 
the interaction of the external vector potential (3.1) 
and the system is, to first-order in A, 


e 
(x p, A(x,,+ N(x): ps em 
2m 
fa q,w j qe “te"'dadw. 


Eq. (2.21). In 


Eq. (3.6) we imagine, as in the last section that the 


Hit 


(3.6) 


The operator j(q) was defined by 


perturbation is turned on with a time factor e*'. The 
current induced in the insulator is given by the expecta- 
tion value of the current density operator in the wave 
function produced from the ground state of the insulator 
by the perturbation (3.6). The current density operator 


€ € 
E(p A(x,,! ors x,) 
m 4 r 


e A(x.) 


1s 


j(x,f 


e 
->¥ ex " — k) * ek *5(—k), (3.7) 
k 


mi 2 


The tensor T,, of Eq. (3.2) is then easily seen to be 


-Q)onJ»(Q) no a) 


‘i 
T 4»(q,w) x ( 


cls on — W— 1S 


Won tw+is 


én 
Sa (68) 


mc Q 


The quantity g,7,,.q,/q’ may be directly related to 
the oscillator strengths of the last section. Using the 
definition (2.22) of fon(q) and the sum rule (2.23), one 


11 


| Equations (3.4) and (3.5) define the longitudinal and trans- 
verse dielectric respectively. In reference 5, Nozitres 
and Pines assert that the equality between these two dielectric 
constants only holds in the random phase approximation. In 
fact this equality is exact, provided only that the external fields 
are of sufficiently long wavelength (q<K,). This condition is 
satisfied both for optical absorption and the forward inelastic 
scattering of kilovolt electrons. The arguments that establish 
Eqs. (2.18) and (3.3) apply equally well to metals. 


constants, 
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has from Eq. (3.8) 


ea fe LIVU—- Dm 
Gul wry, gq pot ee 


Won wW—15 
! sim). {2 
19°3\@)on 


Won +w + 1s 


1 
| ' q } 9) 
Win TW 1s 


Comparing the last equality with the expression (2.24) 
for a(w), one sees that 


lim Suk pills g 4a a\wW). 10 


q0 


(The infinitesimal quantity s has only been retained in 
the energy denominators.) Equation (3.10) expresses 
the gauge invariance of the induced polarization current. 
It simply states that the same longitudinal electric 
field described either by a vector potential or a scalar 
potential gives rise to the same current. However it is 
possible, as we how show, to deduce the ¢ omplete form 
of T,, to lowest order in q from Eq. (3.10). 

Because of the 
lattice 


assumed cubic 
, Ty» must have the form 


symmetry of the 


3.11) 


Ww Gus Gs 


lim 7°,,=a(w)b,, +6 


“) 


A further insight into lim,.o 
a graphical expansion. The 


T,» may be obtained by 
first two terms of T7,,, 
Eq. (3.8), can be calculated as an expansion in powers 
of the Coulomb interaction in a manner quite analogous 
to the calculation of a(w) in Sec. 2: one expands the 
wave function to all orders in the Coulomb interaction 
and to first-order in the interaction (3.6) with the 
external field, and then takes the expectation value 
of the first part of the current operator, Eq. (3.7), in 
this wave function. The resulting perturbation expan- 
sion can also be described by graphs. These graphs 
have the same structure as those that occurred in the 
expansion (2.16) of a(w), except that here matrix 
elements of j, and j, occur at the external interaction 
lines. Among them are both proper and improper ones. 
It is shown in Appendix B that the proper graphs give 
a contribution of the form of the first term on the right 
of Eq. (3.11) while the improper graphs give a con- 
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tribution of the form of the second term. The third 
term of 7,,, Eq. (3.8), arises directly on taking the 
expectation value of the second part of the current 
operator, Eq. (3.7). 

Now consider the response to the vector potential 
(3.1) of the hypothetical introduced in the 
last section in which the interactions between charged 
particles are described by a cutoff Coulomb potential. 


medium 


Let the response of this medium be characterized by 
T,,»' which, from our previous discussion, differs from 
T,» only in the omission of improper graphs. As the 
latter contributed the second term of Eq. (3.11), one 
has 


Further, in analogy with Eq. (3.10 


| , we now find 


lim Gul us > ] dorcia 


q+) 


(3.13) 


since the longitudinal polarizability of this hypothetical 


medium is ap. From these two equations we see that 
a(w ap(u 3.14 
Now, Eq. (3.10) as it 


a\W)-T b 


(3.15) 


Remembering the relat between a(w) and 


ap(w), we thus have for t al insulator 


lim 7,, 3.16) 


’ 


v) and a(w) in terms of 
ind (3.5) one gets the result (3.3). 
bracket in Eq. (3.16) 
a longitudinal field and 
contains the long range effects of the Coulomb inter- 
actions. It has the effect of reducing the amplitude of an 
external longitudinal electric field, E(w)=i(w/c)A (@). 
by a factor of x(w). In both the longitudinal and trans- 


When one now expresses ap' 
x(w) from Eqs. (3.4 
The second term in the square 

} of 


plays a role only in the case 


verse cases, however, one gets the same local relation 
(1.1) between the induced « 


field 


urrent and the total electric 


4. OPTICAL PROPERTIES AND SUM RULES 


In this section we hall all the 
dielectric 
properties. 

To discuss the of light through our 
system, we may use Maxwell’s equations in the trans- 
verse gauge, V-A=0, 


relation of the 
constant k te I ysically »bservable 


propagation 


namely 


where 1, is the solenoidal 
where j, 1S the solenoida 
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We see from the discussion of the last section that a 
transverse vector potential excites only a transverse 
current and thus we can find transverse wave solutions 
for the electromagnetic field in the insulator: 


A= Agetla(o)- 2-08), 


(4.2) 


Substituting (4.2) into (4.1) and using the constitutive 
equation of the last section [see Eqs. (3.2), (3.3) ] we 
have 


y=0. 


Ao(—¢?+*/c*) 


= | 4x ‘c){ (w?/4arc)[x(w) —1 }} Ao. (4.3) 


The usual dispersion relation q(w) in the medium 
results from (4.3), namely 


g= (w*/c*)x(w). (4.4) 
The complex dielectric constant x(w) may as usual 
be written 
x(w) = €(w) + (49i/w)o (w), (4.5) 
where e(w) is the real dielectric constant and o(w) the 
real conductivity. From Eqs. (3.5) and (2.27) we see 
that 
Ww re 
Imap(w 
dor 


- > foa(O 6 Gd) 


2mw 


4.6) 


where a term containing 5(w+wo,) has been omitted 
for obvious reasons. Integrating over w and using the 
sum rule (2.23) (for g=0) gives 


x 


} o(w)dw= re V/ 2m. 4.7) 
‘ 


The alternative definition (3.4) of «(w), namely 
x(w)=[1+a(w)}', is the natural definition for the 
discussion of the response to longitudinal fields. In the 
limit of zero frequency x(w) becomes the static di- 
electric constant which is real and finite for the perfect 
insulator.“ We see from the definitions (2.13) and 
(2.15) of a(w) that «(0) describes, in the usual way, the 
partial neutralization of a static external 
embedded in the insulator.” 

Another sum rule follows from Eqs. 
and (2.23), 


charge 


(3.4), (2.24 


, 


sa] ) > r 
Ww We 
im f . hee f dw lim ai n\Q 6(w— Won 
K(w) n 


mi. ew 


2r°eN 


- (4.8 
mQ 


This relation has been used to discuss the energy loss 


2 This is seen from Eq. (2.24) using the fact that there is an 
energy gap between the ground state and the first excited 
of the perfect insulator 

3 «(Q) is the static dielectric constant introduced in reference 4 
in terms of the energy of interaction of two distant point changes 
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{proportional to Im[w/«(w) |} of fast particles travers- 
ing a solid.'*. 

It may be worth noting that [using Eq. (4.5) ] this 
longitudinal sum rule can also be written in the form 


vr 


f a(w) reN 
. [ 4are w)/w f+ €(w) Q 


WwW . 


(4.9) 


where it refers explicitly to the optical properties of 
the medium. 


5. STATIC MAGNETIC PERMEABILITY 


In the preceding sections the only restriction that 
has been made is to long wavelengths. The constitutive 
equation (3.3) is the first term in an expansion of the 
kernel 7,, in powers of g. We wish to remark here that 
if the further restriction to low frequencies is made, 
one can deduce the form of the next term in the expan- 
sion of 7,,. This term contains the static magnetic 
permeability of the medium. 

Let us make a schematic order of magnitude expan- 
sion of the explic it relation (3.8) for lent 


e&\ w 
O 
mol We 


2 q.w } 


)o(*) 


ie 


of 
weg? 


Jt} on 


Here w, is a typical electronic frequency (of the order of 
volts) and g, a typical electronic wave number (of the 
order of reciprocal angstroms). The first term in the 
square bracket in (5.1) has been dealt with in detail in 
the preceding sections. It is clear from symmetry that 
there can be no term linear in g. The second and third 
terms in (5.1) are quadratic in g and are negligible 
compared to the first term in the long wavelength 
limit (¢/g<<1). The second term does not involve the 
frequency w and may thus be clearly identified as 
describing a current induced by the magnetic field, 
B=v¥ A, associated with the external vector potential 
(3.1). Since there is no magnetic field associated with 
a longitudinal field, the complete tensor form of this 
term must be'® 


C (qb ye— Wud) (5.2) 


The current described by (5.2) may be related to the 
usual magnetization current of macroscopic electro- 
dynamics by writing 
; ; pu(0)—1 
Cc - (5.3) 
for (O 


where yu(0) is the static magnetic permeability. The 
third term of (5.1) becomes comparable to the second 
4 J. Hubbard, Proc. Phys. Soc. (London) A68, 976 (1955). 
See also E. Fermi, Phys. Kev. 57, 485 (1940); and H. Frdéhlich 
and H. Pelzer, Proc. Phys. Soc. (London) A68, 525 (1955). 

16 M. R. Schafroth, Helv. Phys. Acta 24, 645 (1951). 
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Fic. 4. An improper polarization graph used in the discussion 
of the factorization of these graphs. 


term when the external frequency becomes comparable 
to an electronic frequency. It is not possible to deduce 
the structure of this term from simple arguments. 
However, if we restrict ourselves to low frequencies 
(w<w,) the dominant terms of the expansion of 7,, are, 
using (5.2), (5.3) and (3.3), 


wr si [ Gude 
LK(O 1 | t 
dor ¢ 


u(O)—1 


lim Ty»(q,w 
q-0 


1 
-1)] 
x(Q) 


a0 


\g°o 


+ 


dicen 
4ru(0) 


When the constitutive equation (5.4) is used with 
Maxwell’s equations, as in Sec. 4, the induced currents 
may be interpreted, in the usual manner of macroscopic 
electrodynamics, as the sum of induced polarization 
and magnetization currents; and the dispérsion relation 
for low-frequency light can easily be seen to be 


g?= (w*/c*)x(O)u (0). (5.5) 

This completes our derivation of the macroscopic 

electromagnetic properties of an insulator from the 

Schrédinger equation, including the 
electron-electron interaction. 


microscopic 


APPENDIX A 


We wish here to consider the following theorem. 
Consider any improper polarization graph which occurs 
in the expansion (2.16) of a(w). Call it D. It will 
consist of a number of proper graphs connected by 
Coulomb interaction lines carrying momentum q. 
Focus attention on any one of these lines. Call it L. 
Let Dz, be the part of the graph on the left of L and 
Dp the part on the right. Consider all graphs D’,D”, 
etc., obtained from D by keeping L fixed and D; and 
r unchanged, but arranging those interaction lines of 
x that are above L in all possible positions relative 
to the interaction lines of Dz above L, and similarly 
arranging the interaction lines of D, and Dz below L. 
Now consider the separate graphs Dz, and Dz obtained 

D by removing L and in its place attaching to 


from & 
the two parts of D external interaction lines that 


co. 
5 
~ 

ra 
2 
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preserve the sense of the momentum transfer. Then 
the sum of the contributions to a(w) of D,D’,D” etc. 
is equal to the product of the contributions of Dz 
and Dp. 

We shall illustrate this theorem by a simple example 
which exhibits its complete generality. In Fig. 4 the 
quantities m,,m2,m;,m, represent the matrix elements 
(between Bloch states */q which occur at the 
verticies adjacent to these Note that the 
matrix element of the Coulomb interaction (2.3) which 


of 4 : 


1 
S) mbols 


occurs at the interaction line connecting the two parts 
of the diagram has been split up 
elements of me and m3, 
respectively. At the two other Coulomb interaction 
lines the matrix elements are indi 
generality for our purposes, as M 
are differences between hole and 
P, refers to the electron and hole in the left-hand 
portion of the diagram; P2,P; et 1e particles 
and holes in the appropriate sections of the right-hand 
part. The contribution of Fig. 4 to a(w) is 


nto separate matrix 


x z 


oc q and e** q Ca led 
ated, with sufficient 
and M>. P;,P2 etc., 


electron ¢ nergies. 


, refer to tl 


1 


In (A.1) the sign can be obtained from the rule* (—1)**! 


where / is the number of hole lines and / the number of 
closed loops; one of the factors 47re* 
definition 


(42re?/Q)mymz is the Coulomb matrix element. 


Q comes from the 


(2.16) of a(w), the other occurs because 


Consider now the graph Fig. 5. Its contribution is 


4re’\? 1 1 
_ (~) M ms 
Q Py Pt 


Using the identity" 


the sum of the expressions 


bre 1 1 
( )u me 
2 Py Pstw+is 


“46 N. M. Hugenholtz, PI 
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The first square bracket in (A.4) is the contribution of 
the graph on the right of Fig. 6, the second that of the 
graph on the left. 

By applying a succession of identities of the form 
(A.3), and following the prescription given in the first 
paragraph of this appendix, the most general improper 
diagram can be factored as in the above example. 


APPENDIX B 


In this appendix we consider the graphical expansion 
of the tensor 7,, [see the explicit expression (3.8) | 
and discuss the tensor form of the graphs which 
describe the first two terms of limyo T,,, namely 


1e Q)onjr(Q)no  jr(Q)onju(—@)n 


On e is Win Twtis 
(2.24) 
for a(w), it is clear that the graphs which occur here 
have the same form as those that describe the expansion 
(2.16) of a(w) except that here the operators j, and j, 
occur at the external interaction lines. 

The one particle matrix element of j,(q) is 


Comparing these terms with the expression 


1 
(Vv, k+q, € q *( Du + Ju 2m w). 


m 


where Wa,xiqg, ANd Ym,x are Bloch functions. This matrix: 


element approaches a finite limit as g approaches zero. 
As a result, in the calculation of the contribution of a 
proper graph to (B.1) one finds to lowest order in gq a 
second rank tensor independent of q. It follows from 
the assumed cubic symmetry of our system that this 
tensor must be diagonal. Thus the contribution of all 
proper graphs has the tensor form dyy. 

Consider, now, an arbitrary improper graph that 








M, 


Fic. 5. A graph closely related to that of Fig. 4 
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Fic. 6. Two graphs the product of whose contributions equals 
the sum of the contributions of Figs. 4 and 5. 


occurs in the expansion of (B.1). (See the schematic 
graph of Fig. 1.) It can be factored as in Appendix A 
into the product of proper parts. The inner proper parts, 
namely those which have one-particle matrix elements 
of g"'p(+q) at both their external lines make a con- 
tribution which in the limit of small g is a scalar 
function of frequency. The two ouler proper graphs, 
each of which has a j operator at one external line and 
a p operator at the other, make contributions which 
transform like vectors under rotations. 

Consider any outer proper graph in which the 
matrix element of g~'p(q) occurs at one external line. 
This matrix element has, in the limit of small g, the form 


Vn k+q07 le q Win k/ 


0 
q 15 amt ] a(- Uy, utter), (B.3 
ok 


where u,, is the modulating function of the Bloc h 
wave. If an interband transition takes place at the 
vertex where the above matrix element occurs, the 
dam gives zero. Then one finds, to lowest order in q, a 
contribution from the graph of the form g™g,U ,(w) 
where U’,,(w) is a tensor with no q dependence and v 
indicates the Cartesian component of the j operator 
which acts at the other external interaction line. From 
cubic symmetry U,(w) must be diagonal, and, thus, 
the vector dependence of this outer graph has the form 
g'q,. That the same vector dependence occurs for an 
outer proper part in intraband transition 
takes place at the external p vertex follows from 
arguments given in reference 4, Sec. 2. 

Similarly, the vector form of the other outer proper 
graph which multiplies the contribution of the part 
discussed in the last paragraph is g,/g. Thus the tensor 
form of the sum of all improper graphs is q,q,/q’. 


which an 
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Following up an earlier communication, wave functions aré 


constructed which satisfy the Schrédinger equation for a potential 
which is a sum of a periodic and a uniform field term. The wave 
functions are Houston modifications of Bloch type functions; the 
Bloch functions form an orthogonal set whose members are fully 
determined except for phase. The theory exhibits them in the form 
of power series in the field strength; the unmodified Bloch band 
functions form the zero order term of that series. The solutions 
themselves do not allow for a Zener effect, but the fact that they 
are only given as power series in E may imply that there is a 
remainder term causing interband transitions; it would have to 
be asymptotically smaller than any power of E. Instead of con 
structing time dependent solutions of the Schrédinger equation 


1. INTRODUCTION 


N a recent paper, Kohn! has studied the motion of 

an electron moving under the simultaneous influence 
of a periodic potential and a uniform magnetic field. 
He showed that the nondegenerate bands originating 
from the periodic field can be modified in such a way 
that an electron moves only within one band under the 
influence of the applied field. The motion is describable 
by an effective Hamiltonian typical for that band. The 
Hamiltonian is obtained as a power series in the mag- 
netic field #7; it is perhaps only semiconvergent in that 
variable. 

The result of Kohn is very probably due to the fact 
that a uniform magnetic field preserves the periodicity 
of the medium. It would then appear @ priori probable 
that a uniform electric field has the same properties. 
It is the purpose of this paper to prove the correctness 
of this view and to derive this Hamiltonian. It will be 
seen that the derivation can be given quite a short and 
transparent form. It is hoped that this feature will 
throw some light on the magnetic case and open the way 
for a simpler derivation of Kohn’s results. 

The philosophy of constructing an effective Hamil- 
tonian is to abandon temporarily the usual preoccupa- 
tion with the eigenfunctions of the Hamiltonian. The 
result sought is still to contain side by side noncommut- 
ing variables; however, these variables must be such as 
to commute with the band index. To achieve this, one 
must primarily look for a base in which interband ele- 
ments can be absorbed easily into the intraband part of 
the Hamiltonian. As this absorption is carried out the 
effective Hamiltonian gradually reveals itself as a 
power series in E. 

The Hamiltonian to be studied has the form, 

KH=$p?+V(x)— Ex. (1) 
Here V (x) is a potential periodic in x with periods 
115, 1460 


1959). 
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one can take the t independent functions to construct an 
effective Hamiltonian for electrons in one band; it has the form 
(16). » this form of repre- 
sentation; it is shown, however, that final physical answers are 
unique. The study fur | proof that k-space is a 
finite space consisting it 
the first Brillouin zone 
bands; such bands have 
of a field. The working with a set 
which is not yet d ngularities; 
mediate functions can be continued as power series in / 


Certain indeterminacies are attached t 


it is customarily called 
the case of degenerate 

e even in the absence 
lifficulty is circumvent: y 
l f these inter 
in the 
same 


way as nonacegen 


a, b, c. Units have been chosen here in which h=>m=1 
and in which e is absorbed in the electric field. The last 
term of (1) is th pling bands. It will be 
shown that the decoupling of the bands is achieved by 


one coupling the 


the equation 


ie 


[$p°+ V (x) — E(x+10/dk,) |B(x; k) 


W (k B(x; k), (2) 


which was proposed by me in 1955.? The properties of 

be studied in 
great detail in Part 2 since statements challenging its 
validity are actually in the literature.’ In Part 3 the 
decoupled band functions are used as a base to derive 
equations of motion. For a nondegenerate band these 
equations have Hamiltonian form. The limitations of 
this formalism will be discussed. In Part 4 the states of 
constant energy of the Hamiltonian (1) will be studied 
and their connection wi ed 


this equation and of its solutions will 


with (2) analy 
2. THE WAVE FUNCTIONS 

It should be said at the outset that Eq. (2) can only 

erate bands. ( 


apply as it stands to nondege yeneraliza- 


tions of it must be written down if a number of bands 


share degenerate points. Since ions are 
not representable by a quasi- 

malism of the type proposed here, they will be dis- 
impti 


In the main text the ass 


generalizat 
cal Hamiltonian for- 


cussed in an appendix 


| m 


of nondegeneracy 
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of tl 
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tions, and assumed the operator to be given by its 
transform in Hilbert space for other functions. With 
this interpretation decoupling is indeed only achieved 
to second order in £, as he points out. Once this point is 
clear it would appear that the definition is circular 
because unless the Eq. (2) has Bloch type solutions, the 
operation 0/dk, is entirely meaningless. A second ques- 
tion that needs an answer is the nature of the quantity 
W (k). Its status as an eigenvalue is questionable be- 
cause it is sensitive to the phase of B; when B is multi- 
plied by a phase factor e“*), W(k) acquires an additive 
term Hdb/dk,. 

To answer these questions we convert Eq. (2) into 
a recursion relation proceeding in powers of F. This is 
the essentially new step over the previous publication 
on this subject.? Let us define 


B,(x;k)=>E }, (x; DE’, 
=O 


W (k)~¥ wy (kK) E’. 


Here 5, and w, are the gth band eigenfunctions and 
eigenvalues of the problem 


{4p’+ V (x)}d,(x; k) =w,(k)b,(x; k). 


(5) 


We shall usually omit the upper index 0 for these 
quantities. Through the choice of the starting function 
b, the quantities B and W become also indirectly func- 
tions of qg and are so designated in (3) and (4). If we 
substitute (3) and (4) into (2) and annul powers of F 
we get 


c+id/dk,)by 
n 

+E we"), (6) 
r=) 


It is seen that Eq. (6) removes the circular character 
from the Eq. (2). The operator (x+70/dk,) operates 
now on a function already known from the preceding 
recursion step. If we assume 6,‘"~" to have Bloch char- 
acter with wave vector k, then operation on it with 
(x+i0/dk,) retains that character;*hence the entire 
right-hand side has that character also. We can there- 
fore state: 
Theorem 1 

The Eqs. (6) define at every stage a feasible recursion 

system, that is, a quasi-periodic function b,\”(x;k) of 


wave vector k and a number w,‘")(k) can be found satisfy- 
ing the nth recursion relation (6). 


Proof 


Since the eigenfunctions of (5) form a complete set, 
other functions can be expressed in terms of them. In 


AN ELECTRIC FIELD 433 
particular a function of the type assumed in Theorem 1 


will have an expansion 


by (x; k)= 3, b.(x; k) 8." (k), (7) 


involving the same wave vector k only. Substitution of 
this into (6) yields 


(w.—We)Bag’™ = foecerio Ok,)b "dr 


+ yo we" Bag”. (8) 
vl 


Each equation contains only one unknown of order n. 
If s#q the term on the right containing w,‘* vanishes 
because 6,,‘° =6,¢. On the other hand, the coefficient 
on the left for 8,,‘" is different from zero in that case, 
thanks to the assumption of nondegeneracy made for 
the band q. Hence solution with respect to it is always 
possible. For s=q Eq. (8) takes the form 


0 for v+id/dk.)b,"-"'dr+w,™ 


1 


an (ys (n~v) 
w B 
q a e 


(9) 


This equation is clearly soluble with respect to its only 
unknown w,'" 

In order to carry out the same reasoning for de- 
generate bands the Eqs. (6) must first be generalized. 
This generalization, together with the feasibility proof, 
is found in Appendix I. We now continue with 


Theorem 2 


There is enough freedom in the recursion system (6) lo 
allow maintenance of normalization to every power in E. 


Proof 


It is seen from (8) and (9) that there is no deter- 
mining equation for the coefficients 8,,“. This is to be 
expected in a perturbation calculation. Now the mth 
normalization condition reads 


f b,*b, . 


It is of the form 


2)* 
¥ b, 


b,'"*b,)\dr=0. (10a) 


Bag’ +8q'"* + (a known real expression)=0, (10b) 


and thus determines the real part of 8,,"". 

This normalization procedure is more important here 
than in related problems. For we have introduced in 
(2) the operator id/dk. Its conjugate complex —id/dk 
will be its adjoint only within an orthonormal set. 
Thus by imposing normalization on B, we make its 
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defining operator Hermitian for this particular B,. This 
in turn will make W,(k) real. This reality is not directly 
evident from Eq. (9) which determines successive co- 
efficients of the series (4). 

We now come to the central theorem of Part 2: 


Theorem 3 


The wave function B,(x;k) is unique, except for a 
phase factor which can be a function of k and EF. 


Proof 


It follows from the Eqs. (8) and (10) that the only 
indeterminacy left in the mth approximation is the 
imaginary part of 8,,‘”. It will lead to a term of the 
form 

iy." E*b,, 


added to the wave function. Instead of adding this 
term at the mth stage we may multiply instead the 


zero-order wave function with a factor 
exp[ ty,‘ E" ], 


and keep 8,,‘"’ real. The result will be a phase factor 
multiplying the entire wave function whose exponent 
is a power series in /, and a determinate set of co- 
efficients 8,,"".. To make the proof complete we must 
show in addition that the quantities ),°" which are 
unique functions of 6, are only multiplied by a phase 
factor if 6, is so multiplied. Indeed, if 6, is altered 
by a factor e**“*, w, from (9) increases by the addi- 
tive constant 6@/dk,. The invariance of the bs is then 
seen from (6) and (9): the other w,‘”’s remain the same 
and the extra term in 0b,‘"~"/dk, cancels at each stage 
with the extra contribution from w,". This proves the 
theorem. 

From what has been said earlier the idea of eigen- 
states forming a complete set is not obviously associated 
with Eq. (2) because W, appears as a redundant vari- 
able capable of being transformed away. Yet some sort 
of completeness is needed if we want (2) to given an 
exhaustive description of electronic behavior in the 
presence of a field. The conversion of (2) to the recur- 
sion form (5) produces here a radical change which may 
be expressed in 

Theorem 4 
Iwo solutions B, and B, of (3) and (6) which are 
associated with different band solutions of (5) 
thogonal to each other in all powers of F. 


are or- 


Proof 


We form Green’s identity between a solution B, of 
(2) and a solution B,* of the conjugate complex equa- 


tion. We get 
0 

iE— foce W.-W face 
Ok, 


11 


. 
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The term on the left arises from the nonhermitian char- 
acter of the operator 10/0, and is sufficient to invali- 
date orthogonality for arbitrary solutions of (2). How- 
ever, the situation is quite different for our special 
solutions arising from the recursion system (6). To see 
this we replace B,*, B,, W,, W, by their power series 
expansions in £, and annul separately each power of E 
in (11). Let us denote by O,,‘"£" the terms in the 
orthogonality integral containing the mth power of E, 
that is explicitly 


Ow fo. n *b, Lf (nl *b, 


Then Eg. (11) takes the form 


—100,_'°"" /Ok; 


with 
order term 


(0 


This is a recursion system in the quantities O,,“ 
a nonvanishing coefficient for the 
at every stage. Hence, having started with an O,, 


11 ° 


equal to zero we find all quantities O,,‘" equal to zero. 


highe st 


The proof given here must be generalized to cover 
degenerate bands. In Appendix II the proof will be 
found for the proposition that a solution of (3) and (6) 
is orthogonal to all degenerate Bloch-like functions 
evolved from a partially degenerate base by the pro- 
cedure of Appendix I. One can also show that separate 
degenerate band systems are 
Within a sharing degeneracy 
orthogonality is of course not entirely automatic. 

It follows from the preceding theorems that we are 
in possession of a complete set of Bloch like functions, 
insofar as their orthogonality and 


orthogonal to each other. 
band 


system 


points 


continuity with the 
complete set 6, guarantees this property. These Bloch 
functions obey Eq. (2). It is possible to terminate this 
development very straightforwardly by constructing 
Houston type* wave functions from them. They are 


V(x,/)= B,(x; kot Et, Ry, b, 


<exn| - if W. ko Et, ky, Rs di |. (14) 


These functions obey 


Theorem 5 


The expressions V(x,l) defined in Eq. (14) obey the 
time dependent Schridinger equation associated with the 
Hamiltonian (1) to all powers of E; the two positions at 
which E occurs multiplied with 
this expansion. 


t are noi to be included in 


ow. Vv 
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Proof 
We get from (1) and (14) 


t 
(se ia/a)W exp} -if W , (Rot Et, ky, koa 


<x iip+ V— Ex—W,,(ko+ Et, ky, ks) —10/0k, | 
XB,(x; ko+Et, ky, k; 


The square bracket is the operator in (2); hence the 
expression equals zero to all powers in E. The distinc- 
tion between £E occurring alone (or more precisely 
divided by an energy denominator) and £ occurring 
multiplied with ¢ is familiar from Kokn’s work’; in his 
case H was treated as small unless it occurred multiplied 
with x. 
3. THE HAMILTONIAN 


In order to develop an effective Hamiltonian for elec- 
trons located in the nondegenerate band g we refrain 
from the last step of Part 2. We do not integrate the 
Schrédinger equation with respect to time but use 
instead the wave functions B, as a base in which to 
express the equations of motion for the dynamical 
variables. 

In order to do this we must take a fundamental step 
Up to now —10/dk, was defined as a straight derivative. 
It is not in general a Hermitian operator. However with 
respect to the basic functions B, it has as its adjoint 
operator +i0/dk,. Hence we can now introduce the 
lattice vector operator for this set by the definition 


1B, (x; k) = —i(0/dk)B,(x; k). (15) 


The adjoint form is +1i0/dk. Outside the basic set of 
the B,’s r is to be considered defined by the normal 
transformation properties of Hermitian operators. The 
operator r is particularized among all possible operators 
conjugate to the wave vector k in that it must also 
commute with the band index g in the set on which it 
is defined.*® Its eigenvalue spectrum is the totality of all 
possible lattice vectors of the crystal; these eigenvalues 
are realized through the so-called Wannier functions.® 
In our present study the operator E-r forms the dif- 
ference between the true Hamiltonian occurring in Eq. 
(1) and the defining operator for the wave functions in 
Eq. (2). This latter operator is simply W,,(k) in the set 
of wave functions B, and has no interband elements to 
finite powers of E. Since r has no interband elements 
either the entire Hamiltonian is free of interband terms 
[except for degeneracies already present in (5) ]. In 
particular, the projection (g|3C|q) of K into the band g 

5G. H. Wannier, Elements of Solid State Theory (Cambridge 
University Press, New York, 1959), pp. 173-177. 

* G. H. Wannier, Phys. Rev. 52, 191 (1937); J. C. Slater, Phys 
Rev. 76, 1592 (1949). 
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takes the form 


(q|X\q)=W,(k)—E-r, (16) 


where W ,(k) is given by (2) and r by (15). 

Since the expression (16) explicitly contains the con- 
jugate variables k and r equations of motion are im- 
mediately written down: 


dk/dt= (1/1) (Kk—kxX) = E, 
dr/dt= (1/i)(r—1r) =dW,,/dk. 


(17) 
(18) 


These equations are of Hamiltonian form with W,(k). 
playing the role of an effective kinetic energy. 

In principle, the subject could be dropped at this 
point. However, the Eqs. (15)—(18) have certain un- 
satisfactory features which must be taken up to get 
physical understanding. ‘The wave functions are unique, 
but the function W,(k) is not. It was pointed out al- 
ready that multiplication of B,(k) by a factor e®‘* 
modifies W, by an additive term Hé@/dk,. This in- 
determinacy arises from an intrinsic indeterminacy in 
the definition of the lattice vector operator r.’ The 
present instance is an example of this; while (17) 
is a well known universal relation (18) refers to an 
imperfectly defined operator ; the identification of dr/dt 
with the expectation value of the velocity is therefore 
debatable. 

A simple way to shed light on this question is to 
calculate the intraband matrix elements of the true 
velocity. In other words we write 


(g|dx/dt|q)= (1/i)(q|Hx— x | g) 
(1/4) {3 4(q| x| g)— (q| x] g)5C,}. 


Here (q! x|¢) and (g|dx/dt|q) are the projections of these 
operators into the subspace g. We now employ for x the 
decomposition*®” 


x=r+X. (19) 


This yields for X, from (15) 


XB,(x; k) = (x+70/dk)B,(x; k). (20) 
X is a periodic operator which conserves k. We can say 
a posteriori that it enters into the defining Eq. (2) of 
B,. It arises because the center of gravity of a Bloch 
function does not always coincide with a lattice point 
but has a definite shift for each g and k which equals 


(g,k| X|q,k) =X (k). (21) 


In the presence of a field this shift in position produces 
an energy shift with respect to which the functions B, 


7As an illustration of this indeterminacy we may modify 
b(x; k) by multiplication with e**, where a is some vector of 
the Bravais lattice. It is then seen that all Wannier functions are 
shifted by this vector a from their fiducial positions. The lattice 
vector operator r thus can convey a certain amount of misin 
formation which is not present in the basic wave functions. 

* E. N. Adams, J. Chem. Phys. 21, 2013 (1953); R. Karplus and 
J. N. Luttinger, Phys. Rev. 95, 1154 (1954). 
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are defined self-consistently. This same interpretation 
will be helpful in the discussion below. 

We see that with (16) and (19) both %, and (q|x|q) 
are decomposed into two terms, one a function of k, the 
other of r. As corresponding terms commute the com- 
mutator of x and 3C, takes the form 


(1/1){W ,r—rW,} 
(E/i){r.X,—X,r;}. 


(q|dx/dt|q) 


The result is 


Ow, k 
ak 


ax, | k) 
FE 


Ox,k ’ 


g,k| dx/dt| q,k’ 
Ok, 


or in components, using (2) 


dx, k) 0 
(24) 


OX 4! k) 
Ok, ) 
25) 


—(q, k|}p’+V{q, k), 
dt Ok, 


dy,| k) 0 
Ak. 


4 


OY, k) 
Ok, 


(g, kl }p?-+V Iq, k +B 


dl 


Equations (24) and (25) are independent of the phase 
of B,. In (24) this is self-evident. To prove it for (25) 
we start out with (20) and (21) 


X,(k [ B.r(x4 


B 


i0/dk \B dr. 


Now set 
—e*B,, 
Then we get 
X,— X ,— oO Ok,, 
VY. ¥, 
(0X ,/dk,)— (OY ,/dk:) 


—0b/dk,, 
> (OX ,/dk,)— (OY ,/dk.), 
which proves the proposition. 

It is also true that the equations (24) and (25) agree 
with (18) when averaged over time. The difference be- 
tween the two velocities is seen from (23) to equal 
ox 
Ok, 


dx dr 
I 


dt dl 


This quantity is zero when averaged over time because 


* It is very suggesti 
since X, and X, can then be 
which does then not reprod 
space ; this requirement 


ice (25 


seems 


point on this somewhat ¢ 
gives actually wrong results. 


upon return to the starting position in k space is perhaps tolerable for a moving wave packet but 


energy wave functions quite impossible. 
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» leave off the term X, in (26). The expressions in the rest of 
replaced by 0 in the rest of this discussion. That this is incorrec ved fron 
in the mean. The error committed in leaving off A, is that B, to be periodic in recipri 

to me essential @ priori because k is defined through the lat ment of 
a lattice vector. Distinction of different cells in reciproéal space is not consistent with this definition. It is gratifying to see 
ntroversial question confirmed here in the sense that the looser interpretation of the 1 
he error would also be very serious in Part 4, which deals with stationary states. Alk 
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k, varies linearly in time and X is periodic in reciprocal 
space. Hence the of com- 
patible as arising from two position vectors differing 


two types velocities are 
locally. 

The question arises whe 
phase in B, in such a way that the similarity between 
(18) and (23) becomes greater. An approach to this is 
suggested by the fact that Eq. (24) has obvious Hamil- 
tonian form. We may dispose of the phase in B, in 
i with the corre- 


ther we can dispose of the 


A 


such a way as to make (24 
sponding Eq. (18). This is done by making the com- 
ponent of X, a constant along the field direction. To do 
this we make the substitution 


coincide 


B,- > Be exp 1 dk {X, K,Ry,Re X ky ,R: ,. 26) 


id te is its aver- 
This brings (18) in 


Here X, is defined by (20) and 
age along &, for fixed k, and &,.° 


the form 


dr, 
dl 
dr 


7] 


dl 


There is now exact agreement of (27) and (24). How- 
ever, (28) and (25) still dif term which averages 
to zero in time. 

We shall 
power series expansions of B, and W, 
proceeding to square terms in Eq. (3) and to cubic terms 
in Eq. (4). The equations employed are (8), (9), and 
(10). For simplicity we shall make the system deter- 
minate by the phase li under 
Theorem 3. 


thic 


part by carrying out the 
a certain way, 


conclude 


prescription indicated 
(29) 


Let us also introduce the definiti 


* . Py L 
fo. X-+10/ORz 


We find then with s¥q 
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me much simpler 
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eee. Ch) wee ce ! 
we) = —(q/ El), 


Beg =0, 


(s|x|r)(r| x| q) {(s|é|s)— 
ett ee “ 
— 
rms.@ (W,—W,)(Wp— We) 
. (g|x!|s)(s|x|r)(r| x] q) 
> in rt i ae 


axq.rxq.rme 


(w,—W,)(w,—wy) 


One can verify that the phase dependencies in the second 
and third term of (39) cancel as proved earlier for the 
wave functions generally. Phase independence holds 
actually for all terms w," except w,“? as was already 
discussed in connection with Theorem 3. All other in- 


determinacies of the ae are suppressed here through 


Eq. (29). It is clear that the expression for W derived 
from (29) is not the same as the one suggested by Eqs. 
(27) and (28). In crystals with a center of symmetry 
all matrix elements (30) can be made to vanish by a 
suitable choice of phase.’ The first order pseudoenergy 
w") is then zero and corresponding simplifications arise 
later in the sequence. 

We see from this discussion that a Bloch electron 
acted upon by a uniform electric field has an effective 
Hamiltonian of the form (16). It has a field term of the 
usual type and a new kinetic energy term which equals 
the band energy function w,(k) for small field. If this 
function is modified for larger fields in a certain way 
interband elements are suppressed to all powers in £. 
The modification contains a certain amount of inde- 
terminacy. The expressions (31), (34), (37), and (40), 
together with (4) define one of the possible explicit 
forms of the effective kinetic energy W,(k). It is 
possible that the effective Hamiltonian so obtained is 
only asymptotic for small fields and that interband ele- 
ments are not really absent from the full Hamiltonian. 


4. ENERGY STATES 
Energy states in the electric field case do not have 
much intrinsic interest because they are a priori known 
to be not normalizable and hence not truly stationary. 
We wish to discuss them mainly to show their relation- 


~ ® W. Kohn, Phys. Rev. 115, 809 (1959). 


[d(g|x/r) ‘Ak, \(r| x|q) 
. (40) 


ship to the wave functions B,(x; k) discussed in Part 2. 
This discussion proceeds more easily in one dimension, 
to which discussion will at first be limited. 

It is well to show up first the status of Eq. (2) in the 
constant energy problem. Suppose we assume a con- 
stant energy solution for the Hamiltonian (1) 


(hp+V — Ex JA (x) =&A(z). (41) 


Let the period of V be d, that is 


V (x+-d)= V(x). 

Then A(x+d) is also a solution of (41) with energy 
&+ Ed. This is the familiar ‘Stark ladder” associated 
with constant energy solutions of (41). It is the image 
of the periodicity of the Houston functions in k space, 
which through k=ko+£t, becomes a periodicity in 
time. Now superimpose the solutions of (41) in the 
following way 


r 


B(x; k)=>. e**4A(x—nd). 


x 


(42) 


Let this be for the moment a formal operation. Then B 
obeys the equation 


Lap+V 


which is a special case of Eq. (2). 
To prove the existence of B we must supplement the 


E(x-+id/dk) ]B= &B, 


formal manipulations with a convergence proof for the 
series (42). To do this we must know the behavior of 
A for large x. For such values V is negligible compared 
to Ex and the behavior is of the free electron type. This 
means good convergence in the up field direction, and 
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behavior as 
exp[ + 4i(2E)!x! J 
{~- — 


(43) 
xt 


in the down field direction. The contributions to the 
series (42) from large m diminish therefore in magnitude 
and oscillate more and more rapidly in phase, hence 
converge. Thus an existence proof for Bloch type solu- 
tions of (2) has been given. There is to be sure no proof 
that these solutions are identical with the power series 
type of Part 2. It would be, however, a very surprising 
accident if the solutions which were proved to exist 
here were somehow different from the power series 
solutions which we constructed explicitly in Part 2. 

If the reader permits me to make this identification 
then the connection just made can be inverted. We can 
Fourier analyze the solutions (14) with respect to time 
to get the energy. These solutions are quasi-periodic in 
k,=ko+ Et with period 2r/d and Floquet factor 


la/d 


1 
exp J W q(aykysk:)dke |. 
Ed, 


The energy values are therefore 


d 
(44) 


e 
> f ) 
Og\n 


rid 
f W ,(k)dk+-nEd. 


2r 


This is again the Stark ladder discussed previously with 
a definite value for the energy constant. The constant is 
phase independent if we remember to treat reciprocal 
space as discussed in footnote 9. The W’s then differ 
from each other only by the derivative of a periodic 
function and definite values result for &. The same result 
can be arrived at also by the method of Part 3. In this 
case we construct a wave function in & space from the 
Hamiltonian (16). The appropriate wave equation re- 
sults from insertion of (15) into (16) and reads 


iEdy/dk+W ,(kW= 8, (45) 


which solves to 
$—W,(k) 
¥ exp( . if- - - dk 
E 


The demand of periodicity in k space for y yields again 
the condition (44). 

It is interesting to note that identification of B as 
obtained from (2) and (42) yields a tentative result for 
the limitation of the one band idea in the presence of a 
field. It is seen from (43) that the series for B converges 
but that the one for 0B/dk does not, for the magnitude 
of the terms increases in the latter case as m'. Since 
convergence is restored by a factor e~*'™! with @ arbi- 
trarily small we are actually at the limiting circle of 
convergence for the Laurent series (42). Hence there 
must be actually some value of e*¢ on the unit circle 


46) 


a. 
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for which B is singular. This singularity can be guessed 
at from the case of free electrons to which the analysis 
applies also. If free electron wave functions are forced 
into a lattice scheme with an artificially indeterminate k 
the wave functions and energies acquire singularities at 
the Bragg positions. The present analysis suggests that 
these singularities appear for all bands as soon as a 
field is present except thai transitions from band to 
band are generally very much harder. It is thus possible 
that the sequence (6) converges even in the presence of 
a Zener effect; the Zener effect in this view 
manifest itself through the appearance of singular 
points in k space rather than actual dive rgence of the 
sequence for all &. 

Very little will be said he 


would 


re ab ut 
If t 
lattice vector direction of the reciprocal lattice, say k,, 
then the period a* of th iprocal lattice in the field 
direction can be chosen as one of the basis vectors of 
the primitive cell The components 
k, and k, out of this direction are then constants of the 
motion and the wave functions in k space extend along 
a line only. Analysis proceeds then as previously for 
each fixed k, and &,. It is seen that the spacing of the 
Stark levels is proportional to the spacing 1/a* of 
lattice planes perpendicular to E. Analysis now gets 
into difficulty if the direction of E is not mathematically 
fixed with respect to the crystal. For we deal now with 
a Stark pattern varying erratically for infinitely small 
variation in angle. The constant energy states loose 
thereby a great deal of t! yhysical reality. A descrip- 
tion by wave functions of the type (2) 14), on the 
from this defect. Their de- 
pendence on the field is such that a small change in 
field or angle produces only a small change in the wave 
functions. Their use would thus seem preferabie for 
continuity reasons; one might expect that any well 
defined physical problem will permit a way of being 
looked at in this frame of reference. 


constant energy 
states in three dimensions he field direction is a 


e ret 


in rec ipro al space 


1eir I 
or 
other hand, does not suffer 


APPENDIX I 


It is known that diagonalization of the Hamiltonian 
in degenerate band systems introduces algebraic singu- 
larities."" Appearance of such singularities is not con- 
sistent with the employment of the lattice vector opera- 


tor because its eigenfunctions loose their localized 


character." To avoid these difficulties imperfectly di- 
agonalized Bloch type functions are advantageously 
employed for which the Hamiltonian is represented by a 


finite matrix with nonsingular elements! 
(3p°+V}b..0= Lop Weeds: ». (a) 
What must be discussed now is the feasibility of solving 
1G. H. Wannier, Elements of Solid State Theory 


University Press, New York, 1959), p. 146 
2 W. Shockley, Phys. Rev. 78, 173 (1950 
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the equation 


| p+ V -B( +4- ) [B..=¥ W..erBs.», (b) 


| 2 


in successive powers of E. This means proving the 
feasibility of the recursion system 


z 


(4p? +V)d..6M — Dd. Wee pds: = (x+10/k eds. 6” 


n 
+2 2 Weep "»b,, ,°* 


p wml 


* 


Multiplication with a basis function ),.,* inside the 


quasidegenerate set yields after integration 


. (wuer—Waer) { bu by, (dr 
re 


= [ba t+-10/Ok2)b,.¢°* Ydr+We. 6 


 f bast dr. 


Satisfaction of this equation is always possible because 
of the appearance of the isolated constant w,,,,°. It 
is therefore immaterial whether the left-hand side 
vanishes or not. Multiplication with a basis function 
b,* outside the quasidegenerate starting basis yields 


n—1 
! on ( 
+d ie Weep” 


Ppl 


>. (0b op — tae) f betbu dr 
’ 


= fons + 10/Okz)b,. 6°" Ddr 


n—1l 
+> > wae.” J betbas' "dr. 
ep wl 
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This is a system of simuitaneous linear equations for 
the expansion coefficients of 5,.,°" with respect to by. 
The number of equations is given by the number of 
quasidegenerate bands in s. The determinant A of the 


coefficients equals 


A Il. (W,;4— We). 


Since w, is by assumption outside the set w,,,; the deter- 
minant A never vanishes and the simultaneous system 
can be solved with respect to the expansion coefficients 
in question. 


APPENDIX II 


In order to prove the orthogonality of the solutions 
of (b) to a solution of (2) to all orders in E we construct 
Green’s identity between the two equations as was done 
in the text. We get 


> (Wa. W, w) f BeBa dr 
a 


0 
Ei f B,*B,.dr=0. 
Ok, 


As previously, this equation has to be sorted out accord- 
ing to powers of £; we define therefore by O, the 
coefficient in the power /* of the integral /B,*B,, dr. 
The nth recursion stage reads then 
> o(Wedep—Ws:6,)0,™ 

= material involving O,“ with vy <n. 
All the terms on the right have been set equal to zero 
in previous recursion stages. The determinant of the 
O,‘”’s is the A defined in (d) and (e) which cannot 
vanish. Therefore all quantities O,"” are zero. 
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W. M. Ropertsonf anv D. J. MONTGOMERY 
Michigan State University, East Lansing, Michigan 


Received August 10, 1959; revised manuscript receive 


The effect 


of isotopically-concentrated polycrystalline specimens of metallic lithium at 25 


lithium-6 


7.5% Li® 


(7.5 


96.1% Li*®, 3.9% Li’) 
| 92.5% Li’) 
values do not differ. 


that arising from the change in lattice constants. 


O examine the effect of isotopic mass on elastic 
modulus, as well as to obtain data on a material 
of reasonable theoretical simplicity and of potential 
technological application in nuclear power, measure- 
ments of the elastic modulus of polycrystalline lithium 
were undertaken on specimens of high concentration 
of lithium-6 and lithium-7. Extension of the measure- 
ments over a wide temperature range would have 
special value in certain metallurgical problems, notably 
phase transformations in solids. 
For the material of high Li’ concentration, natural 
lithium (7.5% Li®, 92.5% Li’) obtained from 
Lithium Corporation of America, in their “low-sodium 


was 


| AMPLIFIER 


< 100K 
< 


< 


> 
> 
] 
| 
} 


——E 


Fic. 1. Schematic diagram of apparatus for vibroscope 
determination of elastic modulus. 

*This paper is based on a dissertation submitted by W. M 
Robertson in partial fulfillment of the requirements for the degree 
of Master of Science in Metallurgy at Michigan State University. 

tPresent address: Carnegie Institute of Technology, Pittsburgh, 
Pennsylvania. 


1 Octol 


of isotopic mass on elastic properties of solids was studied by mea 


was found to be (7.93+0.21) 10" dynes/cr 
7.98+0.33) X 10" dynes/cm*. Within the limits of precis 
It is concluded that isotopic mass has no effect on static ela 


grade.” Their analysis gives the impurity content as 
follows: N, 0.06%; Ca, 0.02%; K, 0.1%; Na, 0.005%; 
Fe, 0.001%. For the material of 
electromagnetically-separated 
Li’) 
Ridge National Laboratory 
impurities as follows: Ca, 
0.02%; all others less than 0.02% 
In measuring the 


high Li-6 concentration, 
ithium (96.1% Li®, 3.9% 
Isotopes Division, Oak 
Their analysis gives the 
0.05°% Na. 0.03%; Mg, 


was obtained from the 


modulus of lithium, problems 
and from the 
isotopes. A simple method, 


arise from its high chemical reactivity 


} 


scantiness of the sey 
which can be readily adapted to measurements over a 


wide range of temperature, is the observation of the 


f ansverse vibration of a canti- 
driven in an ing electric field.2? A 
sketch of the apparatus is shown in I 


wire 


resonant frequency ol 
lever beam 
ig. 1. The beam 
extruded through a die 
directly down into a CO--filled chamber. The free end 

ween two electrodes, and 


of the wire was located bet 
the clamped end was held by the walls of the dies and 
l |. The length and 


the mass of the unextruded material 
the diameter of the wire were measured with a traveling 


consisted of a circular 


microscope, which served also for detection of resonance. 
The electrodes were fed from the secondary of a step-up 
transformer excited by 


audio-frequency oscill: 


a power amplifier driven by an 
itor. For each run a short pie e 
1ich measurements of 
length, diameter, and resonant fre 
extended and 
measurements were made, up to a total of perhaps 


of wire was first extruded, on wl 


juency were made. 


The wire was then successive sets of 
five. The lengths ranged from 3 to 10 cm, the diameters 
from 0.06 to 0.10 cm, and the frequencies from 40 to 
400 cy¢ les/sec. 
Observation with the showed that the 
roundness. As a con- 
sequence, the frequency of vibration in the fundamental 
mode assumed first then the other of two 
different values as the direction of the driving field was 
rotated about the wire. The change” in 
frequency could be correlated with the variation’ in 
diameter by cross section 


1 E. M. Karrholm and chréder, Textile Re 
(1953) 

2D. J. Montgomery and W. T 
22, 729 (1952). 


microscope 


wire deviated somewhat from 


one and 


the axis of 


assuming that the 


was 
J. 23, 208 


sear I 


Textile Research J. 
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ELASTIC MODULUS OF 
elliptical, the wire being forced into vibration in the 
plane of either the major or the minor axis of the 
ellipse. Accordingly, the two principal diameters and 
the two fundamental frequencies were determined for 
every length of each wire. 

As discussed in standard texts,’ the elastic modulus 
is given by 

E= 16n*v;*pL'/s,‘b’, 


where E=elastic modulus (Young’s modulus) of 
material, v:=lowest natura! frequency, p=density 
(mass/unit volume) of material, L=length of bar, 
s:= lowest root of characteristic equation = 1.875---, 
and 6=principal semidiameter in plane of vibration. 
Substitution in this equation gives E in terms of the 
observed resonant frequencies, the measured lengths 
and diameters, and the densities reported by Snyder 
and Montgomery.‘ 

Measurements were made on seven wires of high Li’ 
concentration (natural lithium) and on five wires of 
high Li® concentration (electromagnetically enriched). 
From one to five lengths were used with each wire, 
depending on the success of the extrusion. To check 
the validity of the method, the quantity »/2b was 
plotted against 1/Z? for each wire when more than one 
length was used. No trend away from a straight line 
through the origin was noted, and it was concluded 
that the slight deviations from roundness and straight- 
ness did not vitiate the method. A composite plot of 
p'y/2b vs 1/L? for all the wires is shown in Fig. 2. The 
value of the elastic modulus, as calculated directly 
from the data, is 7.98+0.33X10" dynes/cm? for 
natural lithium (92.5% Li’), and 7.9340.21x«10" 
dynes/cm? for electromagnetically-separated lithium 
(96.1% Li’). 


DISCUSSION 


On current theories of the solid state, the only effect 
of isotopic mass on elastic modulus would be that 
resulting from the shift in lattice constant with isotopic 
composition. The magnitude of this effect can be 
estimated from the temperature dependence of the 
lattice constant and of the elastic modulus, if it is 
assumed that the shift in lattice constant due to 
change in isotopic composition at constant temperature 
is equivalent to the shift due to change in temperature 
at constant isotopic composition. The fractional differ- 
ence in lattice constant between lithium-6 and lithium-7 
has been found by Covington and Montgomery‘ to be 
about 400 10~*. The temperature coefficient of linear 


*P. M. Morse, Vibration and Sound (McGraw-Hill Book 
Company, Inc., New York, 1948), second edition, Chap. 4; Lord 
Rayleigh, The Theory of Sound (Macmillan and Company, Ltd., 
1894), second edition, Vol. 1; reprinted by Macmillan and 
Company, Ltd., 1926, 1929; reprinted by Dover Publications, 
New York, 1945. 

*D. D. Snyder and D. J. Montgomery, J. Chem. Phys. 27, 1033 
(1957). 

5 FE. J. Covington and D. J. Montgomery, J. Chem. Phys. 27, 
1030 (1957). 
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CONCENTRATE 











a 
5 10 x10°? 


fi 


Vt 


—— 


Fic. 2. Composite plot for vibroscope determination of elastic 
modulus for isotopically-concentrated lithium. The data for 
seven wires of natural lithium (“Li”’) and for five wires of 
electromagnetically-enriched lithium (“Li®’) are included 
Ordinate: (density )}(resonant frequency )/ (diameter in plane of 
vibration). Abscissa: 1/(length)*. All quantities are in cgs units. 


expansion for natural lithium as reported by Bernini 
and Cantoni® is about 5010~-*/C-deg. Hence the 
change in isotopic composition between lithium-6 and 
lithium-7 is equivalent to a change in temperature for 
natural lithium of say 8 C-deg. The temperature 
coefficient of elastic modulus for lithium does not 
appear to have been measured; for most metals this 
coefficient is the range 200-500 10~-*/C-deg, and for 
lithium it is likely to be at the high end. Under these 
assumptions the fractional difference in elastic modulus 
between lithium isotopes would be about 4X10~*, the 
lighter isotope having the lower elastic modulus. The 
experimental results happen to give the fractional 
difference as 6X10-*, in the same direction; the 
closeness is of course fortuitous. In view of the in- 
exactitude of the measurements and the small number 
of replications, it can be concluded only that the effect 
of isotopic mass on the elastic modulus of lithium at 
room temperature is very small. 

The value given above, about 8.010" dynes/cm?, 
is in serious disagreement with what is apparently the 
only previously reported value, namely that of 4.9 10" 
dynes/cm? found by Bridgman’ in experiments on 
static bending under oil at room temperature. Other 
authors have measured the stiffnesses cy), C44, and c1z2 on 
single or polycrystals at low temperatures. It is possible 
to estimate the elastic modulus for polycrystalline 
material at room temperatures by first averaging in 
some way over the microscopic crystals, and then 
extrapolating the result to higher temperatures. In 
this way Bender* reported a value of 11.510" 
dynes/cm* at 90°K, which would probabiy be de- 


* A. Bernini and C. Cantoni, Nuovo cimento 8, 241 (1914). 
7 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 57, 41 (1922). 
*O. Bender, Ann. Physik 34, 359 (1939). 
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creased by about 20% at room temperature to give a 
value of 9.210" dynes/cm*. Nash and Smith® by 
ultrasonic techniques determined the single-crystal 
stiffnesses of natural lithium at 78°K. From their values 
the elastic modulus for a polycrystalline aggregate can 
be calculated to be 18X10" dynes/cm? by Voigt’s 
analysis, and_710" dynes/cm? by Reuss’s analysis 
(see Hearmon” or Huntington" for a description of 


*H. C. Nash and C. S. Smith, Bull. Am. Phys. Soc. 3 
(1958). 

” R. F. S. Hearmon, Advances in Physics, edited by N. F. Mott 
(Taylor and Francis, Ltd., London, 1956), Vol. 5, p. 323. 

" H. B. Huntington, Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1958), Vol. 7, 
p. 213. 
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these analyses). At room temperature these two values 
would decrease to perhaps 15X10" and 5.510” 
dynes/cm?, respectively, to bracket the values cited 
above for the present work (8.0 10") and for Bender’s 
work (9.2 10"). 
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F-Center Growth Curves* 
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It is shown that the increase in the density of F centers in KCI due to x-ray irr 
kinetically by considering two independent groups of negative ion vacancies. One grot 
vacancies in the lattice before irradiation, while the other is composed of vacancies 


adiation can be described 


ymposed ot 
generated during the 


irradiation. It is concluded from the difference in the electron capture cross sections for the two groups of 


vacancies and the intensity dependence of the rate of generation of new vacancies that 


the vacancies are 


zenerated at dislocations by a multiple ionization process. 
g ” 


N investigation has been made of the growth 

curves of F centers in KC! at room temperature. 
It appears that the experimental data can be very well 
fitted by a theoretical curve based on the assumption 
that the vacancies involved in the rapid growth (initial 
portion) and those involved in the slow growth (later 
portion) may be treated independently and have 
different rate constants for the capture of electrons. 
The vacancies associated with the rapid growth are 
assumed to be in the lattice before irradiation, while 
the vacancies associated with the slow growth are 
assumed to be generated during the irradiation. In 
general we have 


b(n = fa, 
f; fa 


dfi di dfa, dt= c(at—f, ), 


(1) 
0 at =0 


’ 


where f; and f, are the densities of F centers produced 
from initially present and from freshly generated 
vacancies, respectively; 6 and ¢ are the corresponding 
rate parameters for the capture of electrons; m is the 
initial density of vacancies; and a is the rate constant 
for the generation of new vacancies. This leads to 


f=fitfy=n(l—e*)+at—(a/c)(1—e"). =~ (2) 


The form of f is not changed if a bleaching term —af, 
which is important only at low intensities, is included 
in each of Eqs. (1) 


* Research supported by a U. 
contract. 


S. Atomic Energy Commission 


A set of KCl Harshaw crystals was irradiated simul- 
taneously with 140 kev, 5 ma x-rays through not less 
than 7g in. of Al to insure body coloration. The radia- 
tion flux was controlled within the limits of 1 to 100 by 
focal spot to sample distance. Al 
a tendency to saturation for very high 


| growth curves showed 
irradiations but 
only the portions given in Fig. 1 were taken into 
account. Using an IBM 650 computer the data were 
then fitted to Eq. (2) by the least squares method and 
the fit of the calculated curve to experimental points is 
very good as shown in Fig. 1 and is within 2%. The 
parameters a, b, c, and m were thus obtained as a func- 
tion of x-ray intensity. The most notable result is an 
apparently quadratic dependence of the parameter a 
on the x-ray intensity, which suggests a two-step process 
The 
intensity and of the order of 


ne 


for the generation of new vacancies value of n is 
essentially constant with 
10'* per cc as expected. The parameter 0 is of the order 
of 2—3 hr~!, increases with irradiation intensity, and is 
10 to 20 times greater than « 

The striking difference between the two rate param- 
eters b and ¢ indicates t! 
differ « 
If 


vicinity of dislocations and the 


it the two groups of negative 


ion vacancies onsiderably in their physical 


the 


are 


environments. new vacancies are found in 


old 


randomly distributed, several qualit 


vacancies 
ative reasons can 
t that 6 is much 


bigger than c. The basic assumption that the two groups 


be proposed to account for the fa 





F-CENTER 


of vacancies can be treated independently is thus 
justified by their physical separation. 

The probability of multiple ionization by a two-step 
process is very small unless the energy absorbed is 
delivered to a preferred volume of the crystal. We 
propose therefore that the new vacancies are created by 
multiple ionization of Cl ions, similarly to the Varley’? 
mechanism, but that the process takes place in the 
immediate vicinity of an edge dislocation. A rough 
estimate indicates that this assumption raises the value 
of a by a factor of about 10” above the value for a 
random process and makes it comparable to the ob- 
served parameter. The high electrostatic potentia! 
surrounding a positive halogen ion, perhaps assisted by 
the strain field about the dislocation, makes it favorable 
for the ion to leave the lattice and join the incomplete 
plane at the dislocation. This is followed by a recapture 
of electrons and by a jump of metal ions, thus preserving 
the electrostatic neutrality of the dislocation. In this 
manner only vacancies and, in contrast to the normal 
Varley mechanism, no interstitials are formed. Also, in 
contrast to the usual Seitz*-Markham‘ mechanism, the 
initially present jogs would play only a secondary role. 

The process predicts high local concentrations of F 
centers in the wake of dislocations. This is compatible 
with the results of Ingham’s® studies of the annealing 
of conductivity changes in irradiated crystals. The 
different environments of the two groups of F centers, 
one localized and one distributed through the crystal, 
may explain the existence of the well-known fast and 
slow bleaching rates. 

In considering various other explanations of growth 
curves like those in Fig. 1, it is important to note that 
the linear range at longer times predicted by Eq. (2) 
does not extrapolate to zero and, in fact, in some cases 
has a negative intercept for /=0. While a detailed 
analysis has not been made, similar types of growth 
curves have been observed in NaCl. Growth curves of 


! J. H. O. Varley, Nature 174, 886 (1954) ; J. Nuclear Energy 1, 
130 (1954). 

*R. E. Howard and R. Smoluchowski, Phys. Rev. 116, 314 
1959). 

* F. Seitz, Phys. Rev. 80, 239 (1950). 

‘J. J. Markham, Phys. Rev. 88, 500 (1952). 

5H. S. Ingham, Jr., thesis, Carnegie Institute of Technology, 
1958 (unpublished). 
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Fic. 1. F-center growth curves in KCl. The lines indicate the 
best fit of Eq. (2) to the data (circles). 


the general sort shown in Fig. 1, i.e., containing an 
inflection point, were to our knowledge first observed by 
Mozer and Levy® and more recently by Etzel and 
Allard.’ 

Experiments are now in progress to measure the 
parameters in Eq. (2) as a function of plastic deforma- 
tion and heat treatment. 


Note added in proof.—The quadratic dependence of the rate of 
vacancy formation on intensity of irradiation is analogous to 
similar dependence of the rate of photolytic decomposition of 
potassium azide [see J. G. N. Thomas and F. C. Tompkins, Proc. 
Roy. Soc. (London) A209, 550 (1951), and F. C. Tompkins and 
D. A. Young, Proc. Roy. Soc. (London) A236, 10 (1956)]. 

* B. Mozer and P. Levy (private communication). 

’H. W. Etzel and J. G. Allard, Phys. Rev. Letters 2, 452 

1959). 
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Energy evolved on annealing quenched-in defects in gold has been measured with a high-precision, fast- 


adiabatic microcalorimeter. The energy can be described by an equation, AEr=B exp(—E,/kTQ), 
AEF r is the total energy evolved for a quench from temperature, Tg. B is a constant equal to 


where 
4.5+1.0) 


< 10* cal/g-atom. Fs, the energy of formation of the defect, is equal to 0.97+0.1 ev in good agreement with 


the value reported by Bauerle and Koehler from resistometric studies. The activation energy of 
defects has a temperature dependence confirming the results obtained resistometrically, i.e., / 
0.62 ev at Tg=820°C and 920°C, respectively. Assuming that the quenched-in defects are sing) 
the energy measurements can be combined with the resistivity data of Bauerle 


otion of the 
0.73 and 
vacancies, 


and Koehler to give the 


resistivity increase per one atomic percent vacancies, Apo/AEr/E,;, using only experimentally derived 


quantities. This ratio equals 1.89+0.6 wohm cm/at. % 


. The volume increase of the gold lattice per vacancy 


determined from the ratio, Apo/AEr/E,, and Bauerle and Koehler’s relationship between resistivity and 
fractional volume change during recovery, is 0.5;+0.05 in good agreement with recent theoretical work 


of Tewordt 


INTRODUCTION 


URING the past several years much effort has 

been directed to the study of structural defects in 
metals. An important phase of this work has been 
investigations concerned with lattice imperfections, in 
equilibrium at some high temperature, and retained 
upon rapidly cooling the metal. The presence of these 
defects is accompanied by an increase in resistivity,' 
and an increase in volume.' Because of its relative 
simplicity, the resistometric technique has by far re- 
ceived the most attention. [For example see the bibliog- 
raphy of reference 1. | The interpretation of the results 
observed and obtained by this method, including 
recovery kinetic data, in terms of lattice vacancies 
appears to be the most straight-forward.?, However, 
factors giving rise to the increase in resistance upon 
rapid quenching and subsequent anneal may not always 
be uniquely due to the quenched-in imperfection per se 
but to other factors as well. For example, rearrangement 
of atoms during the annealing process can influence the 
scattering probability of the conducting electrons in 
addition to that caused by the defects themselves. 
Such inherent difficulties in the corresponding theo- 
retical interpretation of the resistivity results could 
make such a study an indirect one. For this reason 
other studies such as volume change during recovery! 
have supplemented the from the 
resistometric technique. 

A fundamental measurement would be that of deter- 
mining the energy released (or change in internal 
energy) effected by annealing out of the quenched-in 
imperfections. In the formation of a defect, energy is 
stored in the lattice; it is released in the form of heat 
upon annihilation of the defect. Such basic information 
would further contribute to the understanding of the 
defects and their annealing behavior. For example, if 
there is good correlation between the results obtained 

1 J. E. Bauerle and J. S. Koehler, Phys. Rev. 107, 1493 (1957). 

? Koehler, Seitz, and Bauerle, Phys. Rev. 107, 1499 (1957) 


results obtained 


from the resistometric and from the calorimetric studies 
(such as agreement in the determination of the activa- 
tion energies of formation and motion as well as in the 
kinetic data), then both studies combined with volume 
change data on the annealing of imperfections in the 
lattice could lead to a direct experimental! evaluation of 
(1) the change in resistivity per atomic percent vacan- 
cies (heretofore, this number has been based entirely 
on theoretical considerations), (2) the change in volume 
of the crystal per vacancy. 

Some preliminary results on the energy released upon 
annealing quenched-in defects in gold have recently 
been reported by us.* Since then, the calorimeter has 
been modified, improved and the earlier measurements 
extended. A description of the calorimeter and the new 
results are reported here. These include the evaluation 
from the data of (a) the activation energy of formation 
of the defect (Z,), (b tion energy of motion 
of the defect (En), (¢ vehavior on recovery, 
(d) the change in resistivity per one atomic percent 
vacancies, and (e) the increase in volume of the lattice 
per vacancy. The information presented in (d) and (e) 
has been obtained by combining some of the calorimetric 
data with Bauerle and Koehler’s results' on variations 
in the electrical resistance and volume change observed 
during the quenched-in imperfections 
in gold. 


‘ 


the activ 


ra 
I 


kinetic 


recovery of 


EXPERIMENTAL 
Calorimeter 


The adiabatic microcalorimeter is a modification of 
one used earlier.‘ It is presented schematically in Fig. 1. 
The important new feature compared to the previous 
design is the introduction of a “‘storage’”’ chamber, for 


the sample in addition to the “annealing” chamber. 


*W. DeSorbo, Phys. Rev. Lette 238 (1958 

*W. DeSorbo, Twelfth Annua rimetry (¢ Ports- 
mouth, New Hampshire, 1957 (unpublished); 
see also DeSorbo, Treaftis, and Acta Met. 6, 401 
(1958) 
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ANNEALING OF 
The specimen, after having been quenched and trans- 
ferred to the storage chamber without any loss of 
quenched-in defects (see below “‘procedure’’), can be 
kept indefinitely in the calorimeter without permitting 
recovery to take place. Being able to thus “preserve” 
the specimen inside the calorimeter prior to the meas- 
urements, permits (a) the assembly of the various 
auxiliary parts of the apparatus, (b) the evacuation of 
the unit to better than 10~* mm of Hg, (c) the stabiliza- 
tion of the various instruments, and (d) the adjustment 
and control of the background temperature for the 
calorimeter container. Once these steps have been 
taken, the calorimeter container which serves as a fast 
adiabatic jacket for the sample, is rapidly raised from 
the lower chamber (maintained at a temperature low 
enough to prevent recovery) to the upper chamber 
where temperature has been preset to that at which 
annealing is to take place. The temperature of the 
container and specimen can be rapidly adjusted to that 
of the new environment. The measurement of energy 
release due the quenched-in imperfections can then be 
commenced. This experimental procedure has signifi- 
cantly reduced the time interval between the start of 
the annealing reaction and the time of first measure- 
ment. The accuracy of the final results have thereby, 
been improved, especially in those experiments where 
the sample is quenched from relatively higher tempera- 
tures (Tg>875°C). 

The “storage” chamber is situated in the lower 
copper block where temperature can be controlled 
externally by surrounding the lower copper rod and 
fins (see Fig. 1) with an appropriate cold-bath (such as 
dry-ice acetone mixture). The “annealing” chamber is 
located in the upper massive copper block which is 
removable to permit the transfer of the sample to and 
from the storage chamber. The two chambers are 
connected by a brass cylinder and a number of insu- 
lating spacers all of which permit the calorimeter 
container to move in an upward or downward direction. 
The temperature of the upper copper block is adjusted 
to that which is desirable to carry on the annealing 
studies during the experiment (T,). This background 
temperature is controlled automatically to +1 uv; and 
is accomplished by balancing the emf of a copper- 
constantan thermocouple with a White potentiometer 
(Leeds and Northrup, 10 000-1 wv range). Any small 
unbalanced signal from the potentiometer is amplified 
by a Liston-Becker dc amplifier. A Leeds and Northrup 
type H recorder controller serves as a null point indi- 
cator. A microswitch in the recorder, responding to 
unbalances of less than 1 wv, turns the circuit ‘‘on” and 
“off” for one of the two similar heaters wound non- 
inductively around the upper copper block. Steady 
current is adjusted through the second heater. 

The calorimeter container consists of a copper can, 
1}-in. outer diameter, }-in. wall (except in the regions 
for screw threads), and 2} in. high. Two heater wires 
are wound noninductively on machined grooves around 
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Fic. 1. The adiabatic microcalorimeter with both specimen 
“storage” and “‘annealing’’ chambers. 


the outer wall. The top is fitted with a removable 
copper cap that makes good thermal contact with the 
container cylinder by machined surfaces and a com- 
pression seal effected by three copper screws. 


Specimen 


The gold samples consisted of rectangular slabs 4 in. 
X;% in.X0.015 in. rolled from an approximately }-in. 
diameter rod obtained from Sigmund Cohn Corpora- 
tion, Mount Vernon, New York. This stock was listed 
by them as “chemically pure, 99.999%.” An emission 
spectroscopic analysis carried out by L. B. Bronk of 
our laboratory listed the following impurities present 
in “trace” amount: Cu, Fe, Mg, and Si; not detected 
were Pb, Sn, Bi, Ag, Pt, Ni, Co, Mn, Zn, In, Ca, Sb, 
Ti, Li, Tl. The residual resistivity ratio, Rezyx/R,.orx, 
determined for a wire specimen drawn to 0,016 in. 
from the original }-in. stock and then annealed, was 
found by us to be 1572. The fine chromel-alumel leads 
(0.002-in. diameter) comprising the difference thermo- 
couple were attached mechanically to the top side of 
the gold sample. A small hole of sufficient radius and 
depth was drilled to just accommodate the thermo- 
couple junction. Good thermal contact was made be- 
tween the sample and the thermocouple by deforming 
a small region of the metal around the junction. This 
type of connection resulted in a lower electrical back- 
ground noise level (thermal) than that observed when 
the junction was spot welded to the specimen. 
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Homogenization 


The sample, with the difference 
tached to it, was heated, prior to the quench, in a 
furnace arrangement described by Turnbull e al.5 
Calibrated oscillograph camera records showed the 
quenching rates, using ice-water mixture as a quenching 
medium, to vary from 0.8X10* to 1.1X10*°C/sec. 
These oscillograph studies also provided a means for 
correcting the slight drop in temperature of the sample 
just before submersion in the quenching solution. 
Immediately after quench, the sample was dried by 
rinsing it, successively, in alcohol and in ether (each at 
temperatures below —40°C), then stored in liquid 
nitrogen. 


thermocouple at- 


Procedure 


With the sample still submerged in liquid nitrogen, 
one lead of the difference thermocouple, alumel, was 
soldered directly to bottom side of the removal cap of 
the calorimeter; while the chromel wire was soldered to 
an insulated pin that was in good thermal contact with 
the cap. These leads also served to support the sample. 
The cap with the sample thus attached was transferred 
to the dry box, and subsequently positioned and 
fastened with copper screws to the top of the calorimeter 
container located in the storage chamber. This pro- 
cedure was effected with the sample submerged in 
liquid nitrogen to prevent any recovery. 

To start the annealing reaction the calorimeter con- 
tainer and cap with suspended sample was rapidly 
raised by a winch mechanism, guided by bakelite 
tracks from the lower chamber to the upper one. The 
strain-free thermocouple (soldered in a thermocouple 
well situated at the lower side of the calorimeter con- 
tainer) and other electrical lead wires were guided by a 
slit cut vertically along the brass connector and washers 
(see Fig. 1). During this lifting operation, current was 
simultaneously turned on for each of the two heaters 
of the calorimeter. The small mass of the container 
permitted it to be heated at rates of about 15-20 
degrees per minute. Since the temperature difference 
between the calorimeter and the annealing chambers 
was not more than 50°C, the temperature of the former 
could be raised to the higher temperature in less than 
3 minutes. During the lifting and heating operation of 
the container, the temperature of the specimen inside 
remained below that which any annealing could take 
place; the heat leak to the specimen during this short 
period of time was negligible. The sample could be 
readily heated to the appropriate annealing temperature 
in less than 60 seconds by passing a small current 
through the fine chromel-alumel difference thermocouple 
wires. The adjustment of the temperature of the sample 
and the calorimeter to within a temperature difference 


*D. Turnbull and H. N. Treaftis, Acta Met. 3, 43 (1955); see 
Turnbull, Rosenbaum, and Treaftis, Acta Met. (to be 
published). 


also 


of less than 10-*°C could be attained in 3-5 minutes. 
The time (t,;) of first measurement of temperature rise 
due to the energy released in the sample could be accom- 
plished in 5-10 minutes from the time of initial release 
of energy, to. During the annealing reaction, the tem- 
perature difference between the specimen and the 
calorimeter container was kept less than +0.1 yv 
~2.0X10-*°C by a semiautomatic control already de- 
scribed.‘ The temperature of the annealing chamber 
was kept constant to +1 wv throughout the experiment 
as discussed above. The effectiveness of this chamber to 
provide a more uniform and constant background 
temperature for the calorimeter container was improved 
by the presence of a radiation shield that was spring- 
attached to the bottom of the container. The shield 
followed the calorimeter in its vertical or downward 
motion. When the calorimeter was in operating position 
(floating in the upper chamber), the shield broke con- 
tact with the bottom of the container but made good 
thermal contact with the copper block (see Fig. 1). 

During the experiment the only measurement that 
was necessary was that of the temperature of the 
calorimeter as a function of time. Under the adiabatic 
conditions maintained between the specimen and its 
surrounding, the energy released would be a simple 
function of the temperature rise due to the heat evolved 
by the annihilation of the defects, i C.. 


OF . ea Co; ye £; JAT:, (1) 


1 


where A7;=temperature rise at time f, C p;= heat 
capacity of component i, Z;=No. of gram atoms of 
component i. The energy released from ¢; — ¢ in cal/g- 
atom of gold is 


(2) 


There were only two components making up the speci- 
men, i.e., the gold slab and a portion of the fine chromel- 
alumel wires. Because of the small mass of the latter, 
correction due to these wires in Eq. (1) was practically 
nil. The data of Geballe and Giauque® were used to 
derive the C, values for gold in the temperature region 
of interest here. 

The calorimeter temperature was determined by 
measuring the emf output of a strain-free copper- 
constantan thermocouple attached to the calorimeter. 
The thermocouple consisted of wires that had been 
tested and selected to give minimum extraneous thermal 
effects. The temperature emf calibration was based on 
the O.S.U. helium gas thermometer scale.’ The emf 
was measured with a 6-dial thermo-free Rubicon 
potentiometer and telescope galvanometer system that 
had a sensitivity of better than 200 mm/yv. The tem- 
perature rise, AT, due to the energy released in gold 

* T. H. Geballe and W. F. Giauque, J. Am. Chem. Soc. 74 
(1952). 

7 Rubin, Johnston, and Altman, J. An hem. Soc. 73 
(1951). 
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varied from about 0.45 degrees for the highest injection 
temperature (920°C) down to 0.18 degrees for the 
lowest (820°C) for time duration of 6-8 hours. This 
total rise in temperature could be measured to better 
than 10-*°C, Any variations in electrical background 
noise, parasitic emf’s, etc., that could influence the 
measurement of AT during the course of the run were 
corrected by determining the total of these small dis- 
turbances or “‘thermal,’”’ as a function of time, after 
completion of each run and under the same conditions 
as during the run. 


RESULTS AND DISCUSSION 


Figure 2 presents some typical results of the energy 
released in calories per gram atom as a function of time 
on annealing quenched-in defects in gold. The data are 
shown for various injection temperatures ranging from 
920°C to 820°C, and for various annealing temperatures. 
Energy has been detected at injection temperatures as 
low as 770°C. However, at this temperature the pre- 
cision was too low for the results to be significant. The 
total energy released for various injection temperatures 
is summarized in Table I. Other pertinent information 
necessary to evaluate the probable accuracy of the 
final results are also shown. The first column lists the 
injection temperatures and their probable error. An 
average error of +10°C includes the uncertainty in 
(a) the calibration of the chromel-alumel thermocouple, 
(b) measuring the small drop in temperature of the 
sample after it leaves the furnace and before striking 
the quenching medium. The annealing temperature is 
the mean value of the initial and final temperature of the 
specimen (7,=7,+4AT). The third column represents 
the energy evolved, AE]t;, that has been measured 
experimentally between ¢,;, time of first measurement, 
and ty, time of final measurement. The uncertainty 
in this measured quantity of the energy is less than 
2%. The fourth column represents that portion of 
the energy released between zero time of the reaction 
and the time of first measurement, AE }t9"*, which has 
been approximated by extrapolating and integrating to 
zero time the power data determined from the energy 
measured. The time interval of this extrapolation is 
approximately 10 minutes compared to 25-30 minute 
intervals encountered in the treatment of the data 
obtained with the earlier calorimeter (ref. cited). This 
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Fic. 2 
annealing of quenched-in imperfections in gold at 
injection and annealing temperatures (Tg and 7,). 


Energy released (calories per gram-atom) during the 
different 


increment of energy, (AE |"), thus approximated 
amounts to about 20% of the total energy evolved for 
quenches from the higher temperatures (7'>875°C) 
and less than 5% of the total energy evolved for 
quenches from lower temperatures and for the annealing 
temperatures reported here. The fifth column tabulates 
the portion of the energy, AE |ty, approximated by a 
straight line extrapolation of the power curve beyond fy. 
The slope of this line was the value of the power curve 
at ty. This method undoubtedly yields a value of AE }t; 
somewhat smaller than the true value. This portion of 
the energy thus evaluated represents about 5% of the 
total energy evolved for the specimens quenched from 
higher temperatures increasing to about 15% for the 
lower injection temperatures. If these increments of 
energy, AEF jit and AE |t;, have each been approxi- 
mated to better than 50%, the over-all uncertainty in 
determining the total energy released for the tempera- 
ture range reported is about 10-15%. The total energy 
evolved, AEr, for various injection temperatures and 
the probable uncertainty in the value is shown in the 
sixth column. 


Activation Energy of Formation E, 


Figure 3 shows a plot of the logarithm of the total 
increase in internal energy, Afr, due to the “quenched- 


TABLE I. Energy released on annealing quenched-in defects in gold 





Te°C 
(Injection 
temp.) 


T.°C 


be SE keés 
(Annealing 


g-atom 
(Extpl.) 


2.53 
2.65 
1.79 
1.62 
1.16 
1.43 
1.19 


920+10 
920+ 10 
890+ 10 
860+ 10 
860+10 
830+10 
820+10 


cal cal 

SE): fa— 
g-atom 
0.27, (452) 
0.19, (492) 
0.37, (450) 
0.27, (241) 
0.37, (125) 
0.24,°(400) 


0.23,'(470) 1.4,+0.2 
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in” imperfections, as a function 1/79. The results can 
be described exponentially in the following manner: 


AEr=4.5 X10‘ exp[ —0.97/kT 9] cal/g-atom, (3) 


where k the Boltzmann constant and TJ the injection 
temperature. It is inferred that the value 0.97 ev is the 
activation energy of formation of the defects, E,.* The 
value is in good agreement with that obtained by 
Bauerle and Koehler! from resistometric measurements. 


Activation Energy of Motion, E£,, 


The activation energy of motion, Z,, can be calcu- 
lated from recovery isotherms described by 


AE’ (t)/AE'(t)= K exp[—En/kT 0), (4) 


where AE’ (t)=[AEr—AE(t) |/AErz, i.e., the fractional 
part of the stored energy remaining at any time ¢ and 
AE’ (t)= dL AE’ (t) //dt. The more reliable method for de- 
termining E,, is that suggested by Kauffman and 
Koehler,® where the term, AEF’(t)/AE’(t) is evaluated 
immediately before and immediately after an abrupt 
change in the annealing temperature. Unfortunately, it 
is impractical with the calorimetric technique described 
above to follow this procedure. A second method that 
can be used is outlined in Fig. 4 where data for two 
different annealing isotherms are presented. If the con- 
centration and distribution of dislocations is different 
for each quench, this method could lead to erroneous re- 
sults. However, a study” comparing these two methods 
for evaluating £,, in aluminum wires has shown good 
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Fic. 3. Logarithm of total energy released (increase in internal 


energy), AEr, due to the 
function of reciprocal 
quench. 


“quenched-in” imperfections, as a 
temperature, Ty, immediately before 


* H. Brooks article on “Impurities and Imperfections” (Ameri- 
can Society for Metals, Cleveland, 1955) 

* J. W. Kauffman and J. S. Koehler, Phys. Rev. 97, 555 (1955) 

#” W. DeSorbo and D. Turnbull, Phys. Rev. 115, 560 (1959). 
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TABLE II. Activation energy of motion of 
quenched-in defects in gold. 





Te°C 


T sanes ied 


45.90 


920 48.00 


50.52 


Gi 
890 63.91 


56.10 
62.23 


820 


agreement within the experimental uncertainty. The 
results obtained calorimetrically with this procedure for 
gold at three different temperatures are summarized in 
Table II. These results are in reasonable agreement with 
those reported by Bauerle and Koehler’ from resisto- 
metric data and similarly show a dependence of E,, 
on Tg. They report E,,=0.69 ev for Tg=1000°C and 
En=0.82 ev for Tg= 700°C. 


Reaction Rates on Annealing Quenched-in 
Defects in Gold 


Figure 5 presents plots of AE’(t)/ AE’ (t)=k’ AE’ (2) to 
compare the energy recovery rates for three different 
injection temperatures. For Tg= 860°C and 820°C, the 
rates appear to consist of a first and second order com- 
ponent. For 7,=920°C, the rates could also include a 
first order component in addition to the second order 
but within the accuracy of the measurements this may 
not be too conclusive. In general, these results are 
consistent with the Koehler ef al.? interpretation and 
similar to the resistivity recovery rates recently ob- 
served in aluminum.” 


The Concentration of Vacancies, C,= AEr/E, 


Assuming that the quenched-in defects are for the 
most part single vacancies* these calorimetric results 
can be used to determine the concentration of the 
defects based on experimentally derived quantities, 
AEr and Ey. The values calculated for the various 
injection temperatures are tabulated in the third column 
of Table III. A comparison of these results with those 
deduced from resistometric*:'' and electron microscope 
transmission? studies is made in Table IV. 

Since there is good correspondence in the results 
obtained resistometrically and those reported here, 
such as in Ey and E,, values, it is worthwhile to con- 
sider further information that can be deduced by com- 
bining some of the results of both investigations.“ The 
assumption that the quenched-in defects are for the 
most part single vacancies? is still adhered to. 

4 Kimura, Maddin, and Kuhlmann-Wilsdorf, 
(1959); see also J. Metals 10, 93 (1958) 

2 J. Silcox and P. B. Hirsch, Phil. Mag. 4, 72 (1959). 

% Also note that samples used in the two experiments were 
furnished by the same supplier and were listed as having the 
same purity 


Acta Met. 7, 145 
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T. ste III. The resistivity increase per one atomic percent vacancies and the volume increase per vacancy-gold. 


T@°K " g- SEr* 
(Injection C.=— 
temp.) released) Ey 


3.40 1.52X 10 
3.64 1.63X10™ 
1163 2.78 1.24X10™ 
1133 2.23 9.97 10"* 
1133 2.04 9.12 10° 
1103 1.78 7.96X10°* 

1.48 6.62 10-* 


1193 
1193 


* Ey evaluated calorimetrically =0.97 ev. 
© App = Ac O9WtT: see reference 1. 


Resistivity Increase per Atomic Percent 
Vacancies (Ago/AEr)/E;, 


The calorimetric results, combined with the resisto- 
metric data of Bauerle and Koehler,’ can be used to 
evaluate the ratio, resistivity increase per atomic per- 
cent vacancies, based entirely on experimentally derived 
quantities. Their resistometric results show that the 
total increase in resistivity due to quenched-in defects 
is related exponentially to the injection temperature, 
Ta, aA 

Apo= A exp[—0.98/&T g ]}. (5) 


The fourth column of Table III summarizes Apo values 
obtained from Eq. (5) based on A=4.0X 10-4 ohm-cm 
appropriate to Tg and to our quenching rate of approxi- 
mately 1X 10*°C/sec. The value for the pre-exponential 
constant has been derived from extrapolating the vari- 
ation of A with quenching rates reported by Bauerle 
and Koehler.' The change in resistivity (uohm-cm) per 
atomic percent vacancies is presented in the fifth 
column. The average value is about 1.8 in good agree- 
ment with the more widely used theoretical value of 


Tq * 820°C 
t - fa | 
me 

Em * O.73ey 


n° %! 
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Time (MN ) 


20 6 © 6 0 


Fic. 4. Energy recovery isotherms for gold, 7g= 820°C. 


4 P. Jongenberger, foe Sci. Research B3, 237 (1953); F 
Abeles, Compt. rend. 237, 796 (1953). F. J. Biatt, Phys. Rev. 103, 
1905 (1956); 99, 1708 (1955) 


Ap, wohm-cm> Ap 
(Resistivity — 
increase) 


2.89 10°% 
2.89 10°? 


pohm-cm SEr cal x 
(Volume inc./ 
vacancy) 


0.59, 
0.556 
0.565 
0.54, 
0.59, 
0.52, 
0.57 


Ap g-wohm-cm 
0.59, 


9, 
7s 0.63, 
Bs 0.62, 
9, 


SE/Es at. % 


5 0.64, 
0.59, 
7 0.67, 


0.62, 


1 
1 
1 
1 
1 
1 
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Fic. 5. Comparison of energy recovery rates for different injection 
and annealing temperatures (Tg and 7,). 





about 1.5. The ratio shows no systematic trend with 
injection temperature within the experimental errors 
reported for both experiments. 


Energy-Resistivity Ratio, AEr/Ago 


The sixth column of Table III lists the ratio of the 
total energy released over the total change in resistivity 
for a given quench. The average value obtained is 
0.63 cal/gram yohm-cm. This value is to be compared 
with (a) the ratio AE/Apo=1.7 cal/gram pohm-cm 
reported by Overhauser’® for copper irradiated by 


Taste IV. Concentration of quenched-in vacancies in gold 
determined by various methods. 


Cc Method 
1.510 
1.2x10~ 

2x10-* 
8x10°* 
6x10°* 





Calorimetric, this research 
Calorimetric, this research 
Resistometric* 

Resistometric” 

Electron microscope transmission* 


* See reference 2 
» See reference 11 
* See reference 12 


A.W. Overhauser, Phys. Rev. 94, 1551 (1954). 
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deuterons; (b) the ratio, AE/Apo=3.0 cal/gram ypohm- 
cm determined from the results of Blewitt ef al.'* on 
annealing copper irradiated by neutrons and (c) the 
stored energy-resistivity ratio of 5.4 cal/gram pohm-cm 
recently reported by Meechan and Sosin”’ for copper 
irradiated by an electron beam. 


Increase in Volume of the Crystal 
per Vacancy 


Assuming isotropic dimensional changes in gold, 
Koehler et al.? have reported that the resistivity change 
(Ap) and the fractional change of volume AV/V on 
annealing quenched-in defects in gold can be related in 
the following manner: 


Ap= K’AV/V, (6) 


where experimentally K’=3.2 10-4 ohm-cm. 

If the volume of the lattice increases by one atomic 
volume when a vacancy is present, then the concentra- 
tion of vacancies, Cy = AV/V. However, if the increase 
in volume per vacancy is some fraction, x, of the atomic 
volume, then 


x= Ap K'(AEr/E;); 0<x<1. (7) 


Equation (7) shows that increase in volume per 
vacancy referred to an atomic volume could be deter- 
mined entirely from experimentally derived quantities : 
A summary of the results obtained in applying Eq. (7) 


to the data is presented in the last column of Table ITI. 
Within the experimental error reported, there appears 
to be no systematic variation of x with T9. The average 
value of x is 0.57 which compares favorably with the 
theoretical values of 0.47 and 0.55 reported by Tewordt"* 
and a value of 0.4 cited by Tucker and Sampson.” 

Keyes” has recently reported a relationship between 
the activation volume, AV, and the activation energy 
of diffusion Q for some simple solids, i.e., 


V.=k"B0, (8) 


where k” is a constant and 8, the isothermal coefficient 
of compressibility. Except for sodium, most of the 
available experimental data were in reasonably good 
agreement with Eq. (8) when k&4. It is interesting to 
point out that when this formula is applied to gold 

‘6 Blewitt, Coltman, Klabunde, and Noggle, Conference de 
l'Institut International du Froid, Delft, Netherlands, June 17-21, 
1958 (unpublished); see also J. Appl. Phys. 28, 639 (1957) 

17C, J. Meechan and A. Sosin, Phys. Rev. 113, 422 (1959). 

18 L. Tewordt, Phys. Rev. 109, 61 (1958). 

#C, W. Tucker, Jr., and J. B. Sampson, Acta Met 
(1954). 

* R. W. Keyes, J. Chem. Phys. 29, 467 (1958). 
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with B=5.99X10-" cm-*/dyne”! and O=1.8 ev (i.e., 
E,;,=1.0 ev and E,,=0.8 ev the latter considered more 
appropriate for single vacancies') then AV,&4.2 cc/g- 
atom. This value for gold is not far different from the 
value reported above, i.e., xV go1a= 5.8 cc/g-atom. 
SUMMARY 


A high-precision fast adiabatic microcalorimeter for 
studying energy released on annealing quenched-in im- 
perfections in metals is described. Results obtained for 
gold are presented having an uncertainty of less than 
+0.002 cal/gram. Prior to this, quenched-in defects in 
metals have been studied primarily by the resistometric 
technique and recently supplemented with volume 
change studies. 

The activation energy of formation of the defect 
determined from the calorimetric work is, E;=0.97 ev 
in good agreement with the value obtained from resisto- 
metric studies. 

The activation energy of motion corresponds to those 
evaluated resistometrically and verify the temperature 
dependence of £,, on injection temperature, i.e., an 
increase in value with decrease in temperature of 
injection; Z,,=0.73 and 0.62 ev at Tg=820°C and 
920°C, respectively. 

Reaction rates of annealing of the defects appear to 
consist of first and second order components for the 
lower injection temperatures. 

Since these calorimetric results seem to corroborate 
those obtained resistometrically, some of the data of 
both studies are combined to evaluate the following 
quantities based entirely on experimentally derived 
quantities and the assumption that the quenched-in 
defects are for the most part single vacancies: 
(a) Concentration of vacancies C,=AE7/Ey;, equals 
1.510 at 920°C and 6.610- at 820°C. (b) Resis- 
tivity increase (uohm-cm) per atomic percent vacancies, 
(Apo/AE7/Es)=1.8+0.6. (c) Increase in volume of the 
crystal per vacancy, x= Ap/ K’AEr/E,;=0.57. 

The energy-resistance ratio, AE 7/Apo, for quenched- 
in defects in gold has a value equal to 0.63 cal/gram 
pohm-cm. 
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The theory of thermally stimulated currents is investigated in the limits of slow and fast retrapping. A 
method of obtaining the ionization energy E of the relevant traps is discussed. This method depends on the 
shift of the conductivity maxima with heating rate and does not involve prior knowledge of the trapping 


cross sections or of the heating rate 


1. INTRODUCTION 


HE problem of determining trap energies is of 
fundamental importance in the study of lumi- 
nescence and of photoconductivity. For /uminescent 
materials, a possible approach to this problem is a 
“glow curve” analysis. The phosphor is excited optically 
at a very low temperature and is then allowed to warm 
up in the dark at a uniform rate. The resulting curve of 
luminescent intensity versus temperature shows peaks 
characteristic of the trapping levels.. The analysis of 
such thermoluminescent data is usually based on the 
original work of Randall and Wilkins,’ which assumes 
that carriers which are thermally excited from the traps 
have a negligible chance of being retrapped. The 
energies of the trapping levels may be determined from 
the experimental data in a number of ways. The most 
widely used approach is that of Garlick and Gibson.” 
These authors observe that the approach (from the 
low-temperature side) to a glow curve maximum is of 
the form L=conste”'*’, where L is the luminescent 
intensity and E is the ionization energy of the trap in 
question. A plot of InZ versus 1/kT thus yields E. This 
method has been criticized by Haake,’ who points out 
that the relevant part of the glow curve is generally 
not observable because of the presence of nearby peaks 
or because of background noise. An alternate mode of 
analysis has been proposed by Grossweiner‘ who 
expresses E in terms of the peak temperature and the 
temperature at half maximum. Still another method, 
which employs the shift of the peak with heating rate, 
is due to Booth.® 
Recently, Bube*"' has studied the energy levels of 
traps in photoconductors by similar techniques. Instead 
of the luminescent intensity, one measures in this case 
* Permanent Address: Department of Physics, 
University, Hamilton, Ontario, Canada. 
! J. T. Randall and M. H. F. Wilkins, Proc. Roy. Soc 
A184, 366, 390 (1945). 
: G. F. J. Garlick and A. F. Gibson, Proc. Roy. Soc. (London) 
460, 574 (1948). 
C. H. Haake, J. Opt. Soc. Am. 47, 649 (1957). 
‘L. I. Grossweiner, J. Appl. Phys. 24, 1306 (1953). 
A. H. Booth, Can. J. Chem. 32, 214 (1954). 
*R. H. Bube, J. Chem. Phys. 23, 18 (1955). 
7R. H. Bube, Phys. Rev. 99, 1105 (1955). 
* R. H. Bube, Proc. Inst. Radio Engrs. 43, 1836 (1955). 
*°R. H. Bube, Proceedings of the Conference on Photoconductivity, 


McMaster 


(London 


Atlantic City, 1954, edited by R. G. Breckenridge ef al. (John | 


Wiley and Sons, New York, 1956), pp. 575-590. 
 R. H. Bube, Phys. Rev. 101, 1668 (1956). 
' R. H. Bube, Phys. Rev. 106, 703 (1957). 


the thermally stimulated conductivity as a function of 
temperature. A plot of the conductivity versus tem- 
perature displays peaks similar to those observed in 
glow curves. Bube obtains the trap energy from the 
peak value of the conductivity. If the carrier mobility 
is known, the energy of the traps may be obtained 
from the peak conductivity o({7,,) and the peak tem- 


perature 7,, through the relation: 


E=kT» In(N qu/o(Tx)], (1.1) 


where NV, is the density of thermally available states 
in the conduction band and ¢ is the electron charge. 

In this paper we present a theory of thermally 
stimulated currents. Our theory is an extension of the 
work of Randall and Wilkins,' insofar that explicit 
solutions will be obtained in the limits of slow and of 
fast retrapping. In order to be specific, we shall refer 
throughout to conductivity, not luminescence maxima. 
However, it is clear that with minor modifications our 
remarks apply equally well to the latter case. In Sec. 2 
we present a new method for obtaining trap energies. 
A critique of the various methods of determining trap 
energies is included in Sec. 3. 


2. THEORY OF THERMALLY STIMULATED 
CURRENTS 

For simplicity, we shall assume a single set of traps 
with energy E,; (see Fig. 1). These traps are partly 
filled with electrons by optical excitation at low tem- 
perature. During the subsequent heating in the dark, 
these electrons may be thermally excited to the conduc- 
tion band. Once in the conduction band, an electron 
may be retrapped into the states at E; or may re- 
combine with a hole, either directly or via a recombina- 
tion center. We assume that: (a) the rate of dis- 
appearance of electrons due to recombination may be 
described by a recombination lifetime +; and (b) the 
electrons in the conduction band are nondegenerate, so 
that Pauli principle effects may be ignored. 


CONDUCTION BAND 


pita e | €; 
EEE OMT 


Fic. 1. Energy levels and 
transitions appropriate to 
Eqs. (2.1a) and (2.1b). 
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Under these conditions, we may write down the 
following rate equations: 


dn; 
—= — nN Sve~®!*T +-.(N —n,)S2, 
dt 


(2.1a) 


dn, 


n, dn, 
= ————-, (2.1b) 
dt T dl 


The notation is the following: N;, V.=concentration 
and effective concentration of trapping and conduction 
states, respectively, m,;, m.=concentrations of electrons 
in traps and in the conduction band, S=cross section 
of a trap for an electron, »= thermal velocity of electrons 
in conduction band, E= E,— E;, (see Fig. 1), k= Boltz- 
mann’s constant, and 7=temperature in °K. The 
resulting conductivity is: 


(2.2) 


The solution of Eqs. (2.1a) and (2.1b) is straightforward 
in the limits of slow and fast retrapping. We shall now 
investigate these limits. 


o=NQu. 


Slow Retrapping [ (N;—n,)Su<-<""] 


In this case, every electron in the conduction band 
recombines with a hole, retrapping being negligible. 
If it is assumed that the temperature is a linear function 
of time 

T=Tot+ bi, 


the solution to Eqs. (2.1) is: 


1 pt 
nN; mvexp| —— f nsec *rar|, 
b To 


dn; 


r dn, T’- T 
Ne -f dT’— exp| — ~—br—, (2.3b) 
To dT’ br dT 


where mo is the number of electrons in the traps at 
time ‘=0. The conductivity is therefore: 


a(T)=n.qu=N Srqurno 
E 1 ¢7 
xexp| = --f N.See-*7ar | (2.4) 
kT b To 


Differentiating In[o(T)] to 
a(T), one obtains: 


E N wSkT,2 
af tj ets 
Siw bE 


find the maximum of 


(2.5) 


where 7,, is the temperature at which o(7) is a maxi- 
mum. In differentiating (2.4), the slow variations of 
N., », v, S, and +r have been ignored.” It has been 
assumed that E/kT,,>1. 

2 In the case of direct recombination + may depend on the 
electron concentration, hence indirectly on the temperature. In 
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Fic. 2. Shape of a typical conductivity peak. E/kT., has been 
taken to be 30, but the shape of the curve is not sensitive to the 
value of E/kT,, provided this value is large. 


Equation (2.5) is not suitable for finding the energy 
E, unless the cross section S is known. Additional 
information may, however, be obtained from the 
maximum conductivity o(T7,,). Since E/kT,, is generally 
large (for Bube’s samples this parameter was about 30), 
we may use an asymptotic expansion for the integral 
in the exponent of Eq. (2.4). One then obtains [using 


(2.8) }: 
E 
o(T a) -ov exp] = - i} 
kT, 


a 


(2.6) 


where oo=N..ugSrno. The quantity oo is virtually 
independent of the temperature 7,,. We shall see 
shortly how the above result may be used to determine 
the energy E. 

It is instructive to study the shape of a conductivity 
peak. By arguments similar to those leading to Eq. 
(2.6), one readily finds: 


a(T) én'%," 
—In} — ~et ( ) €XPL Em— € 
0% t 


~et+explLéem—e] when (2.7) 


€™ €my 


E/RT ; m= E/RTm. 

It is easily verified that the maximum conductivity 
predicted by (2.7) occurs very nearly at «=e». In a 
typical case, the error made in using (2.7) instead of 
(2.4) to find 7,, is less than 1°K. Figure 2 shows a plot 
of Eq. (2.7) with ¢,=30. When e>e,, (i.e., TT), 
the plot is linear. The existence of this linear region is 
the basis of the method of Garlick and Gibson.” 


where « 


that case the development we present below must be modified 
somewhat 





THERMALLY STIMULATED 


Fast Retrapping [(Ni—n,)Su> +" } 


In this case the time required for thermal equilibrium 
to be established between electrons in traps and elec- 
trons in the conduction band is much shorter than the 
recombination lifetime. For this reason, there is 
effective thermal equilibrium between the traps and the 
conduction band. Let us denote the fofal number of 
electrons by n=n,;+n,. Then: 


dn n, nN. E 
(3) f-4] 
dl T r\ N; kT 
where it has been assumed that NV ,>V, expl— E/kT)." 
The solution of Eq. (2.8) is 


17 
n= No exp| - f NN Ore erat | (2.9) 
b 


To 


(2.8) 


and the resulting conductivity is: 


Nu 
o(T)=n.qu=—qno 
y 


E 
xern| — 
kT 


1 T 


Neé surg | (2.10) 
Niobe To J 


Differentiating Infe(7)] to find the maximum, one 
obtains (for E/kT,>1): 


E NAT,’ 

exp] |- ed 

kT,.3 = NibrE 

The maximum conuctivity becomes: 


E 
o(Tx)=onexp| ~— =1] 
kT 


(2.12) 


where oo= (Nu /N,) gno and the shape of the conduc- 
tivity curve is: 


o(T) we 7/2 
in| —]~e+(“ ) expléem—] 
oo € 


~et+explen—€] when e~eé,. (2.13) 


Equations (2.11), (2.12), and (2.13) are to be compared 
with Eqs. (2.5), (2.6) and (2.7), respectively. 


Determination of Trap Energy 


Two important results emerge from the preceding 
analysis. 


13 Tf the initial occupancy of the traps is very large, the above 
treatment should be modified somewhat to take account of 
degeneracy. This modification may be made by introducing on the 
right-hand side of each of Eqs. (2.11) and (2.12) a factor 
[Ni/Ni—ni(Tm) F. This change has no effect on the determination 
of trap energies by the method of the text. However, a high 
degree of degeneracy does change the shape of the conductivity 
peak somewhat from that given in the text. 
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(1) The shape of a conductivity peak is virtually 
independent of the retrapping rate. In the immediate 


vicinity of the peak there exists a universal curve of 


the form 
o(T) E E E 

-in|* |- +exp| —-—] (2.14) 
| oe kT kT,, kT 


go is, to a very good approximation, independent of 
temperature. 

(2) There exists a universal relation between the 
conductivity and the temperature at the maximum 


of the form 
a(T) E 
in| = =|. +1, 


= (2.15) 
00 aT o 
where go is to a good approximation independent of 7,,,. 

This suggests a convenient method for obtaining 
the trap energy £. From Eqs. (2.5) or (2.11), we note 
that 7,, depends on the heating rate 5. In a typical 
case, the heating rate might be 1°K/sec with 
Tm™~200°K. Changing the heating rate by a factor of 
two will shift 7,, about 5°K. If then o(7,,) and T,, are 
measured for different heating rates, and In[{o(T7,,) ] is 
plotted versus 1/kT,,, the slope of the resulting straight 
line will yield EZ. 

The success of this method of measuring trap energies 
depends on how much the position of a conductivity 
peak can be shifted by a change in the heating rate. 
Heating rates varying from 0.03°K/sec to 3.0°K/sec 
have been reported in the literature. For a typical trap 
this implies a variation in 7,, of about 30°K. If 7,, 
can be measured to within 1°K, the method will be 
accurate to better than 5%. 


3. DISCUSSION 


It is worthwhile to compare the proposed method for 
determining E with that of Bube.*" Bube’s formula 
for the energy [see Eq. (1.1) ] is deduced by assuming 
that the number of conduction electrons at maximum, 
n.(Tm), is 


n (Tm) = N 67 BT =, 


(3.1) 


Equation (3.1) is an ad hoc relation, which is used 


- without theoretical foundation; on the basis of the 


preceding analysis we can determine how well it 
succeeds in the limits of slow and fast retrapping. For 
slow retrapping 


n; 


}~T— 


> ie 


Tej 


where TF ej [(Ni—ny)/N eo \rere* B/kTm 
= (N,—n,)Sv. Therefore 


and 


t(D m)~N& | 


nit | 
(Ni- ng Tur 
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On the other hand, for fast retrapping 


ne(Tm)~N e-®!*T=[n,./ (Ni—n,) }. (3.3) 


On the basis of Eqs. (3.2) and (3.3) we might expect by 
interpolation that for an intermediate retrapping rate: 


NT 
n-(T m)~N €7#/kTm 


(3.4) 


(N,—n,)(1+7T tr 


that the energy £, as 
se of Eq. (3.1), will be in error by 


From Eq. (3.4) we estimate 
determined by the u 


the amount: 


AEWRT,, | 


Clearly, the error given by Eq. (3.5) depends on 
both the amount of retrapping and the degree of initial 
saturation of the trap under consideration. The most 
when there is very fast 
retrapping and the trap states are initially saturated. 
In that case, it can be shown that 2,(7,)~0.37N,; and 
that the error in the energy is only ~ —4$kT,,. In other 
cases the error will always be negative and larger than 
—4kT,,. How important this error is depends on what 
the value of EZ is used for. We will see that it is not 
necessarily negligible. As a case in point, we will 
examine Bube’s application of this method to the 
determination of trapping cross sections. In Bube’s 
procedure, the energy is determined from the peak 
conductivity [see Eq. (1.1)] and is inserted into Eq. 
(2.5) to determine the cross section S. As we have seen, 
Eq. (2.5) is valid only in the slow retrapping limit; in 
the fast retrapping limit the exponential in Eq. (2.5) 
should be replaced by the expression (2.11). Combining 
these various equations in the appropriate limits we 


favorable situation obtains 


obtain formulas for the error in Bube’s cross section 
which can be re pres¢ nted by the interpolation formula: 


nN; TT tr 


Sp Struc 


(r+ Ter)? 


Vi-n, 


The logarithms have disappeared in Eq. (3.6) because 
the error AE [see Eq. (3.5) ] enters into an exponent. 
It is clear from Eq. (3.6) that Bube’s procedure for 
obtaining energy values leads to very considerable 
errors in the cross sections in either the fast or the 
slow retrapping limit. ~ 

If the energies in Bube’s procedure for calculating 
cross sections were determined by the method we 
propose, there would still be large uncertainties in the 
of the great sensitivity of the 
exponential in (2.5) to an error AE in the energy value. 
In a favorable case (E~0.35 ev, AE~0.016 ev) the 
calculated cross section would be in doubt about a 
factor of 3, in an unfavorable case by about an order of 
magnitude. On the average we think the error would 


cross sections because 
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be smaller than the error made using Bube’s estimate 
of the energy since there is no reason to suppose that the 
recombination and trapping times will ordinarily agree 
within a factor of 10. In any case, the error, AE, made 
hould be a random error, un- 
correlated to the trapping or recombination rates. We 
cannot make an empirical 
methods on the 

literature since 
data does not include a the 
In one case reported by Bube,' data are 
reported so that our procedure of analysis may be used 
although we have no means of knowing whether the 
experimental conditions were sucl 


using our procedure 
comparison of the two 
the 


reported experimental 


basis of the data available in 
most of 
cessary information. 


sufficient 


h that our analysis is 


relevant (see our discussion below). However, if we 
assume that it is relevant, we obtain an energy value 
in agreement with that found by Bubs 

Haake’s Garlick and 
Gibson? has already been mentioned in the Introduction. 
This method requires for 


stands a factor of 10 or more 


criticism’ of the method of 
ipplication a peak which 
above the background. 
tage that it does not make 
pe ik 


he trap energy from the 


The method has the d 


use of the data ne: (which are the most 
accurate data) but 
“wings” of the peak 
The method of Grosswein« 
ment of the half-width of 
this half-width may be 5 
E is 
precise temperature values 
values of E. For instance, if 
measured with an ex 


involves the measure- 
Ina typical case 
10°K. Since the trap energy 
half-width,’ very 
req uired for accurate 


pe ik 


inversely proportiona to the 

can be 

imental uncertainty of 1°K, 

the resulting trap energy will be uncertain by 
on 

0s 


Lemperatures 


about 
25 

The method of Booth® makes of the shift of the 
peak with heating rate. In th t is similar to the 
method proposed here. However, the present method 
makes use of the peak conductivity values while Booth 
employs known heating rates. In either case an ¢ xperi- 
mental difficulty arises which is absent in other methods. 
The use of different heating rates requires the repetition 
of the experiment, startir om the tial trap 


$s respect 


same 
population. In order 

excitation must be such th: he degree of saturation 
of trap population may be accurately reproduced. In 
thod of Boot! 
method should yield comparable ac 


a typical case, the me and the present 
uracy 
use of 


is that 
measurement 


The advantage of a method based on the 
different heating rates « that ol 
for a given precision of 


Grossweiner 
perature one 


can obtain more pre 


lues for the trap energies. 


Thus, for a typical case in which the shift of the tem- 
perature maximum is 30°K and the uncertainty of a 
temperature measurement is 1°K, the the 
energy is of the order of 5%, ompared with 25% for 
the method of Grossweiner 


error in 
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The range of 1-10 kev electrons in metals and phosphors has been measured by recording the light output 
as a function of energy from a sample consisting of a metallic layer deposited on a transparent phosphor 
layer. The measurements lead to the development of the following range-energy expression: 


R=250(A/pZ™*)E", 
where n= 1.2/(1—0.29 logioZ), E= energy in kev, R=range in angstroms, and A, p, Z, have their customary 


meaning. This differs from the usual range expression in the dependency of n on Z. Usually # is assumed 
to be independent of material. This dependency can be justified on the basis of Bethe’s theory of electron 


stopping power. 





I. INTRODUCTION 


HE preponderance of electron range measurements 
in the last decade have been confined to the 
energy region above 100 kev where there is reasonable 
agreement with theory.’ At lower electron energies, 
particularly 10 kev and below, both measurements and 
theory are inadequate. Even for aluminum, the material 
most often studied, numerical agreement is poor. A 
sufficient number of materials have not been studied by 
any investigator in order to relate the range expressions 
to the properties of the material. There is general 
agreement, however, that the range-energy expression 
has the form: 
R=bE", (1) 


where b is a constant related to the material and » is a 
constant assumed to be independent of material.? Some 
typical range-energy expressions are listed in Table I.*~* 
The Thompson-Whiddington square relation*® has some 
theoretical justification, based on the stopping power 
theory of Bohr” and Bethe." Although these theories 
were derived for impinging particle energies much 
greater than the energies of the atomic electrons in the 
material, it is often assumed, that the theory is valid 
at lower energies. The rest of the range expressions in 
the table are purely empirical. 

The situation is complicated by the fact that the 
investigators measured different types of ranges. This 


* Now at Melpar, Inc., Falls Church, Virginia. 

! See H. A. Bethe and J. Ashkin, Experimental Nuclear Physics 
(John Wiley and Sons, New York, 1953), Vol. 1, p. 166; and B 
Rossi, High-Energy Particles (Prentice-Hall, Inc., Englewood 
Clifis, New Jersey, 1952). 

? Throughout this paper range (R) will be expressed in angstrom 
units (A) and energy (£) in kev. 

*R. Whiddington, Proc. Roy. Soc. (London) A86, 360 (1912) 

4H. M. Terrill, Phys. Rev. 22, 101 (1923). 

* L. Katz and A. S. Penfold, Revs. Modern Phys. 24, 28 (1952) 

*W. Ehrenberg and J. Franks, Proc. Phys. Soc. (London) 66, 
1051 (1953). 

7R. O. Lane and D. J. Zaffarano, Phys. Rev. 94, 960 (1954). 

8 J. R. Young, J. Appl. Phys. 27, 1 (1956). 

* A. Ia. Viatskin and A. F. Makhov, J. Tech. Phys. (U.S.S.R.) 
28, 740 (1958) [translation: Soviet Phys. (Tech. Phys.) 3, 690 
(1958) ] 

1 N. Bohr, Phil. Mag. 25, 10, 1913; 30, 581 (1915) 

" H. A. Bethe, Ann. Physik 5, 325 (1930) 


is indicated in the last column of Table I. Due to the 
straggling effect, large numerical differences can exist 
between the types of ranges measured. This is illustrated 
by the electron absorption curve in Fig. 1." From this 
curve, a maximum range, Ro; a practical or extrapolated 
range, R,; and an average range, R,, are defined. A 
maximum practical range can also be defined as being 
the maximum measured range limited by the experi- 
ment. That is, it is impossible to detect the range of 
that single electron which has traveled the farthest 
since a certain number of electrons is needed before 
detection is possible. These electrons have ranges 
smaller than the maximum. Hence the maximum 
practical range will be less than the true maximum and 
will lie somewhere between the maximum range and 
the extrapolated range. It will become obvious that 
the range measured in the experiments to be described 
here corresponds to the maximum practical range just 
defined. This range will be designated by R in this 
paper. 

The method employed for the determination of range 
involves the use of transparent luminescent films. It is 
a combination of the procedures of Young* who used a 
phosphor powder screen for the detection of range in 
aluminum and the method indicated by Koller and 


NUMBER OF ELECTRONS 








DIST ANCE 


Fic. 1. Schematic electron absorption curve 


2 See F. Rasetti, Elements of Nuclear Physics (Prentice-Hall, 
Inc., Englewood Cliffs, New Jersey, 1936), p. 50. 
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Tas.e I. Range-energy expressions for 0-10 kev electrons 


Range-energy expression 
(numerical values given for alumin 


Investigator 


R=167F? 


Whiddington* 
: R= 


Terrill” 

Katz and Penfold‘ 
Ehrenberg and Franks 
Lane and Zaflarano’ 
Young 

Viatskin and Makhov* 


R=210F-* 
R=420F'4 
R=bfk'4 


* See reference 5. 


Alden and the author" for the determination of range 
in transparent luminescent films. In brief, the method 
consists in examining the light emitted from a lumi- 
nescent film coated with a metallic layer as the electron 
beam energy in a cathode-ray tube is varied. This 
results in a brightness vs energy curve shown in Fig. 2. 
Light is first emitted from the phosphor when the 
electrons pass through the metallic layer plus any 
inactive phosphor layer (dead layer) that may be 
present. The brightness curve then rises and remains 
linear until the point F, is reached, at which time some 
of the electrons begin to pass through the phosphor. 
E, and E,—£, when corrected for the phosphor dead 
voltage, are then taken as the penetration energies of 
the metallic and phosphor layer, respectively. By 
varying the thickness of both layers, the range-energy 


relations for a large number of materials may be 
determined. 
It should be pointed out that the purpose of this 


investigation was not to obtain extremely accurate 
range measurements, but rather to explore the values 
of 6 and » in Eq. (1) over a wide range of materials in 
order to determine their relationship, if any, with the 
atomic constants of the material. 


SS SSSSS SES < SSwewe CSSSS SSSSs SN 


StBHbe dA He dHe bse S 
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pical luminescent brightness vs electron 
energy recording 
3 L. R. Koller and E. D. Alden, Phys. Rev. 83, 684 (1951). 
4 C. Feldman, J. Opt. Soc. Am. 47, 790 (1957). 


only) E(kev), R(A) 


R= 113/01 -265-0.0964 ink 
R=158E'-” at 10 kev 
R= (V?/C)+d 


rage range 
rapolated range 
r ipolated range 


mum 


range 


! See reference 6 


Il. EXPERIMENTAL 
A. Preparation of Samples 


The transparent phosphor samples were formed on 
Vycor substrates 
The metallic 
surfaces by standard vacuum deposition techniques. 


in a manner previously described.'® 
layers were deposited on the phosphor 


A few of the metallic lavers were annealed in a vacuum 
at 500°C for one hour, but this did not affect the 
results and most of the layers were unannealed. The 
samples were placed in a demountable cathode-ray 
tube immediately after deposition of the metallic layers 
in order to limit oxidation and surface contamination. 
Thin aluminum layers, just thick enough to eliminate 
surface charge, were used when the range in phosphors 
was being studied. This prevented any undue electron 
straggling by the met layer. When the metal films 
were being studied, luminescent films of Zn,SiO,(Mn) 
were employed because of their high luminescent 
emission. 

Pinholes in the luminescent films were no problem 
because they do not contribute to the emission and 
hence are not counted. Pin holes in the metal film could, 
of course, lead to errors. As far as possible, pinhole 
free samples were used. The effect of holes could, 
however, be detected and taken into account by 
inspection of the brightness-energy curves. That is, 
when electrons begin to penetrate the metallic layer 
there is a rapid change of slope in the brightness-energy 
curve, whereas the pinholes merely cause a linear 
background luminescence. 

The thickness of the layers was measured with a 
Zeiss interference microscope fitted with a Filar mi- 
crometer eyepiece. Measurements were accurate to 
about 100 A. In order to eliminate any error due to 
film nonuniformity, the thickness and range measure- 
ments were made on the same area of the sample. A 
slight error is introduced in determining the true thick- 
ness of the silicate phosphor layers. These layers are 
fired to 1100°C and react with the substrate causing 
the measured thickness to be less than the true thickness 
by a small but as yet undetermined amount 


18 C. Feldman and M. O’Hara, J. Opt. Soc. Am. 47, 300 (1957). 
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B. Apparatus 


The experimental arrangement employed to obtain 
luminescent emission vs electron energy curves is 
illustrated schematically in Fig. 3. The light meter 
which consists of a photomultiplier tube, amplifier, and 
associated circuitry, is focused on a defocused electron 
beam image. The output of the meter is fed to the Y 
axis of an X—Y recorder. The X axis of the recorder 
is connected to the high voltage power supply through 
appropriate resistors. The power supply (ripple, 0.01%; 
maximum input voltage variation 0.2%) is connected 
between the metallic surface of the sample and a 
grounded nickel grid of 250 mesh and 70% open area. 
The grid is in electrical contact with a conducting tin 
oxide layer on the inside surface of the tube and serves 
to maintain the size of the electron beam spot constant 
as the voltage on the sample is varied. Thus as the 
voltage from the power supply is manually increased, 
a trace is obtained on the X—Y recorder. Figure 2 is a 
reproduction of such a trace. The portion of the curve 
from 0-2 kv was sketched by hand since the recorded 
trace only began at the cathode voltage. The source of 
electrons was a 5 AB electron gun wired in the custom- 
ary manner with the cathode held at —2 kv. Occa- 
sionally for very thin samples, the cathode voltage was 
reduced to —1 kv, in order to make measurements at 
that voltage. The beam current, which was about 
5 ya/cm’, was kept low in order to avoid phosphor 
saturation effects. Within the sensitivity of the appa- 
ratus, the voltage at which penetration commenced 
was not affected by the value of the current. At low 
currents the luminescent brightness is low, but an 
increase in amplification resulted in approximately the 
same curve as when the current was high and the 
amplification low. 

The sensitivity of the apparatus under the conditions 
used was such that a change of 2-3% in the beam 
current corresponded to 1 division in the recording 
paper when the phosphor films were being studied. 
When the metallic layers are being studied, the amplifi- 
cation was 10 times higher so that 1 division corre- 
sponded to less than 1% change in current. 
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lic. 4. Some representative measured range-energy curves. 


C. Dead Voltage Correction 


The dead voltage of the luminescent films was 
measured by inserting an uncoated phosphor layer 
pressed against a nickel mesh in place of the usual 
metallic coated sample. The mesh served to prevent 
surface charges being formed on the phosphor and to 
create a uniform field between the grounded grid and 
the sample. The polarity of the power supply was 
reversed and the negative side connected to the sample. 
The brightness was recorded as a function of voltage as 
before. As the voltage became increasingly negative, 
the brightness decreased to zero. The difference between 
the voltage at zero brightness and the point at which 
the screen voltage is equal to the cathode voltage is 
then called the dead voltage. The measurement made 
in this fashion represents a calibration of the entire 
apparatus, including, not only phosphor dead voltage, 
but differences in sensitivity of the light meter with 
wavelength and the recording instrument itself. This 
correction thus has the effect of shifting the measured 
range a little closer to the true maximum range. The 


TABLE IT. Measured values of b and n in the range 
expression R=bE*. 


Cak: 
ZnS 
MgSiO 
ZnSiO>~ 
CaWwoO, 
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hic. 5. Logiod vs logio(p/A PZ". 

measured corrections were 150 v for ZneSiO,, 200 v for 
ZnS and 300 v for CaF 2, MgSiO;, and CaWQ,. Due to 
the variation between samples of the same material and 
the inaccuracy involved in reading voltages, these 
figures are only accurate to +25 v. The correction to 
the total penetration voltage is quite small. 


Ill, RESULTS 


The ranges of all the materials studied could be 
expressed as a function of energy according to Eq. (1). 
The values of 6 and m are listed in Table II. A few 
representative range curves, illustrating the typical 
experimental scatter, are shown in Fig. 4. The scatter 
and hence error in CaF, layers was larger than those 
illustrated because the films tended to darken or burn 
as the measurements were performed. 

It is obvious, on examining this table and corre- 
sponding figure, that » as well as b depends on the 
material. In fact, it was determined that b is related 
to nm according to the expression : 


b=2504A/pZ"?, (2) 


where: p is the bulk density'®; A, the atomic 
lecular weight of the material; Z, the atomic number 
or the number of electrons per molecule in the case 
compounds. This can be seen from Fig. 5, which is a 
plot of logiob vs logio(p/A)*Z*. The resulting curve is a 
straight line with a slope of —1/2. Similarly it was 
found that m could be plotted as a function of logyZ", 
as shown in Fig. 6, leading to the following expression 
lor ”: 


or mo- 


n=1.2/(1—0.29 logioZ). 
hus, inserting the relations for » and b into Eq. 
the range expression becomes: 


R 250(A p)\ : a n 1.2 1—0.29 logioZ). 


IV. DISCUSSION 
The above range equation indicates a stronger 


dependency on atomic number than had been previously 

16 The film density is very close to the bulk density because the 
phosphor layers were fired at high temperatures and the metallic 
layers were annealed as stated above 


=2 Z=24), the expre ssion bec omes 


R=250(A/pZ E, (5) 


suspected. At n 


which is similar to the Thompson-Whiddington law 
and which, as mentioned in the introduction can be 
justified from Bethe’s expression for the stopping 
power. The term pZ/A is proportional to the density 
of electrons in the material. 

At other values of Z, the square law is not strictly 
obeyed. For aluminum the expression becomes: 


R=2600E'**, (6) 


which may be 
listed in Table I. The expression is closest to the Lane 
and Zaffarano relation which is for R, rather than Ro. 
It is difficult to make a better comparison, at the 
present time, because so much depends on the experi- 
mental methods used. 

By differentiating Eq. (4), an expression for the 
stopping power may be obtained 


2 10 
log; ( =). (7) 
1 Jo 


Due to the electron straggling, one cannot, in general, 


compared with the range equations 


dE pZ" 
33«K10- 


dR Ak’ 


obtain the stopping power from the range-energy rela- 
tion.'? However, the range 
described here deals with those 
straggled the least. Furthermore, complications arising 
from elastic reflections from both the metallic and 
phosphor surfaces and elastic scattering in the phosphor 
layer are automatically eliminated due to the nature of 
the phosphor excitation process. It is therefore, reason- 
able and informative to compare this experimental 
stopping power with Bethe’s relation. Expressed in the 
same units; an equation quite similar to Eq. (7) is 


obtained: 
pZ (—) 
n 
4} I 


When I is defined as the excitation energy averaged 
over all the electron shells in the atom, J is sometimes 
taken as 13.52". 

A comparison of Eqs. (7) and (8) indicates that J isa 
function of energy as well as atomic number. This 
appears reasonable since at the low energies used here 
the degree of excitation 
materials with atomic number greater than 30, for 
example, there is not sufficient to excite the K 
shells. One would therefore expect the empirical data 
to fit the theory better at low Z tl it high Z. That 
this is true can be seen in r. 7, which shows the 
empirical and theoretical g power curves for 
aluminum 150 ev and 
omparison of Eqs. (7 


determined in the manner 
electrons which have 


s a function of energy. For 


energy 


gold 520 ev, 


and 


respectively.’ A mor 


1950 


17 T. J. Wang, Nucleonics 7, No. 2, 55 
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Taste III. Electron range at 10 kev. 





Measured Calculated Computed 
range from Eq. (4) theoretical 
Material us) (a) (mu) 


Mg 2.46 2.3 91 
Al 1.75 1.42 1.27 
Ni 0.57 0.62 
Ag 0.51 0.66 ~0.55 
sn 0.92 0.94 0.89 
Au 0.24 0.36 0.45 
Pb 0.49 0.59 0.79 
CaF; 2.74 1.77 
ZnS 1.51 1.46 
MgSiO,; 1.75 1.73 
Zn2SiO, 1.37 1.46 
CaWwod, 0.81 0.97 
H.O 3.15 
AgBr 0.93 

















and (8) is not warranted because as mentioned previ- 
ously Eq. (8) is not meant to be valid at these energies. 
Furthermore, other effects such as the density effect, 
are not included in Eq. (8). 


Fic. 7. Comparison of theoretical and empirical 
(solid curve) stopping power curves. 


The density effect is, however, included in the range 
computations of Nelms.'* The ranges at 10 kev (the 
lowest energy values computed), are listed in Table ITI 
along. with the figures obtained here. Considering the 
uncertainty in the values of J, the invalidity of the 
Bethe type equation, and the experimental errors in 
the measurements reported here, there is remarkable 
agreement between the two sets of figures for the pure 
materials as well as the compounds. 
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Crystal Potential and Energy Bands of Semiconductors. II. Self-Consistent 
Calculations for Cubic Boron Nitride* 
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A self-consistent crystal potentia! is constructed for cubic BN. Exchange is included according to the 
Slater free-electron approximation. The effect of the heteropolar character of the potential is included 
explicitly in an approximately self-consistent treatment of the valence-clectron charge density. The energy 
gap is found to be about twice that of diamond, consistent with the results of other zincblende crystals and 
their diamond-type analogs. The maximum of valence band and the minimum in the conduction band are at 
the center and (100) face of the Brillouin zone, respectively. It is suggested that the heteropolar potential 
splits the valence band into two sub-bands. The lower sub-band width is about 5 ev, while the higher (which 
contain three times as many states) has a band width of about 4 ev. The energy gap between the sub-bands 
is about 10 ev. The effect should be common to all zincblende crystals and may be observable by soft x-ray 


emission. 





1. INTRODUCTION 


N recent years a great deal of experimental in- 

formation has been obtained relating to the energy 
bands of III-V zincblende crystals.' This information 
suggested some time ago to Herman’ that the hetero- 
polar zincblende crystals can be regarded as perturbed 
homopolar diamond-type crystals. This perturbation 
consists primarily of two terms, one coming from the 
atomic cores and the other from the valence electrons. 
The first term, which is the larger, consists chiefly of 
the ionic potential derived from the difference of 
nuclear charges. This ionic potential perturbs the 
valence electron distribution so that more electrons 
are found near the group V ion than the group III ion: 
the valence electrons have screened the ionic potential 
and the “effective charge” is less than one. 

An accurate calculation of a zincblende crystal 
potential requires the calculation of both terms. 
Dependable results can only be expected, however, if 
they are obtained for the diamond-type analog of the 
zincblende crystal. So far this has been accomplished 
only in Herman’s calculations of the energy bands of 
diamond. In the first paper* (1) of this series, we showed 
that Herman’s diamond potential was approximately 


We shall 


calculations for cubic boron nitride using the same 


self-consistent. now present self-consistent 


methods; in so doing we take advantage of the fact 
that for atoms in the first row of the periodic table the 
core contribution to the crystal potential is known 
quite accurately. We are therefore focusing our atten- 
tion on the screening effects produced by the valence 
electrons; it is our object to calculate these self- 
consistently. It should be the case that these effects 

* Supported by the National Science Foundation. 

t National Science Foundation Predoctoral Fellow. 

t National Science Foundation Postdoctoral Fellow. 

1H. Welker and H. Weiss, Solid State Physics, edited by F. 
Seitz and D. Turnbull (Academic Press, New York, 1956), Vol. 3. 

? F. Herman, J. Electronics 1, 103 (1955). 

*F. Herman, Phys. Rev. 93, 1214 (1954) 

‘LL. Kleinman and J. C. Phillips, Phys. Rev 


116. 880 (1959). 


will be quite similar in all zincblende crystals; using 
our methods it should be straightforward, e.g., to 
calculate the bands of AIP once the bands of Si have 
been calculated correctly. 

In Sec. 2 we outline our general method for calcu- 
lating the crystal potential. In Sec. 3 we present the 
results of the energy-band calculation. A critical 
comparison of the present approach with previous 
calculations based on the cellular approximation is 
given in the last section. 


2. VALENCE CHARGE DENSITIES AND 
CRYSTAL POTENTIAL 


The cubic form of BN has been prepared only 
recently.’ The lattice constant is 3.615 A, which is 
about 2% larger than the lattice constant of diamond. 

The calculations to be presented here were carried 
out using our “effective potential” formulation® of the 
OPW method; this formulation was also used in our 
study of diamond (I).4 The boron 1s wave function 
was taken from the self-consistent calculations with 
exchange of Glembotski, Kibartas, and Iutsis.’? These 
gave £,,8=—15.4 ry. The nitrogen 1s wave function 
was taken from the similar calculations of Hartree and 
Hartree.’ They do not give the 1s energy but by 
comparing the result for boron and carbon (£,,° 
=-—22.7 ry according to Jucys®) we estimate £,,% 
= —31.4 ry by extrapolating linearly the effective Z’s 
From the 1s 


of boron and carbon (£;,=Zer/). wave 


functions we have calculated the Fourier coefficients of 


Cis}=| fv? dy War), 1) 


5R. H. Wentorf, J. Chem. Phys. 26, 956 (1957) 
* J. C. Phillips and L. Kleinman, Phys. Rev. 116, 287 (1959) 
7 Glembotski, Kibartas, and Iutsis, J. Exptl. Theoret. Phys 
U.S.S.R. 29, 617 (1955) [translation: Soviet Phys. JETP 2, 476 
(1956)] 

*D. R. Hartree and W. Hartree, Proc. Roy. Sc 
A193, 299 (1948) 
* A. Jucys, Proc Roy. So I 


(London 


A173, 59 (1939 
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for boron and nitrogen. It was shown in reference 6 
that while p states move in the crystal potential V., s 
states see an effective potential 


V.= Vet Ve 
where 
V.= V2+V,%, 
V2=(E—E,,.®)(1s , 
V N= (E-E,®)[1s}. (4) 


In order to compare the potential in BN with that of 
diamond it is convenient to split the potential into 
two parts, 

V.=VE+V.°, (5) 


which are, respectively, symmetric and antisymmetric 
with respect to reflection about an origin located 
midway between the two atoms in the unit cell. With 
respect to the diamond lattice these potentials transform 
like T, and I'y, respectively. (We use the notation for 
the irreducible representations of diamond of Herring" 
and of zincblende of Parmenter.") Thus each can be 
expanded in a Fourier series, 


V.t=L.V." cosn: 2(x)r;, 
V 2=>.V,% sink: e(x)ry-. (6) 


Here «=a8"'(111) and (x)e denotes a symmetrized 
combination of plane waves belonging to equivalent 
reciprocal lattice vectors and transforming according 
to the irreducible representation a. 

If our crystal potential were a superposition of 
spherically symmetric atomic potentials V®(r) and 
VN(r) then 


V= V N+ V3, 
V.c=VN-—V2, 


V¥=(1 0) f V(r) exp(ix-r)d'r, 


V3= (1/94) f V(r) exp(ix-r)d, (10) 


where 29= a*/4 is the volume of the unit cell. This is the 
case with respect to the core potential and using Eqs. 
(7) and (8) the valence contribution to the potential 
can also be represented in terms of valence contri- 
butions from B and N. The various contributions to 
V.* and V for the first few values of « are listed in 
Table I together with the first few Fourier coefficients 
of [is ® and [1s ]§. For simplicity we have used the 
value of Vooo calculated by Herman for diamond 
(— 2.87 ry) ; slight changes in this value do not affect the 
relative positions of the bands. 


” C. Herring, J. Franklin Inst. 233, 525 (1942). 
 R. H. Parmenter, Phys. Rev. 100, 573 (1955). 
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TaBLe I. Fourier coefficients of the atomic potentials of boron 
and nitrogen. The core exchange potentials are taken to be the 
same as the one calculated for carbon by Herman.* The last 
column represents the sum of the second, third, fifth, and sixth 
columns. The V20’*! terms are significant only for the difference 
between the boron and nitrogen values. 


4 ane = 
* Veour™ Veneto {is) 


lr 


Boron 
0.0212 
0.0200 
0.0152 
0.0128 


(111) 
(200) 
(220) 
(311) 


0.383 
0.292 
0.150 
0.112 


0.020 
0.019 
0.017 
0.012 


—O.111 
0.030 


0.343 
0.295 
0.167 
0.124 


0.014 


Nitrogen 
0.0099 
0.0095 
0.0087 
0.0072 


(111) 
(200) 
(220) 
(311) 


0.630 
0.480 
0.243 
0.181 


0.020 
0.019 
0.017 
0.012 


—0.192 
— 0.046 


0.089 
0.022 


0.546 
0.475 
0.260 
0.193 


* See reference 3 


The method of calculation of the valence electron 
contributions to V,* has already been discussed in I. 
The same methods were used here, with valence 
electron exchange determined by the Slater free- 
electron approximation. It will be observed that 
Vor’ in BN is practically the same as in diamond. 
Furthermore V‘>V* so that V* can be treated as a 
perturbation. For self-consistent calculations this 
approach has the advantage of rapid convergence. Now 
the unperturbed eigenfunctions of V* are the same as in 
diamond. We split the valence electron charge density 
into two parts, 

p=p'+p’, (5’) 
and each of these can be expanded in Fourier series, 


°= es pe"{k)ry, 
p°= Doe Pe*{k)ry’ (6’) 


To first order in V*,p* is determined by V*. In fact the 
effect of V* on p* turns oui to be negligible. Thus p* in 
BN is the same as in diamond. Hence the Coulomb 
and exchange contributions of p, to V, are the same as 
in diamond, and these have been calculated self- 
consistently in I. We have now to calculate p*. 

From the corresponding result for p* we anticipate 
that p,* will be appreciable only for the first one or two 
smallest values x. In principle p,* should be calculated 
by averaging p.(k) over all occupied states of the 
valence band labeled by k. As in I we shall replace this 
average by a sampling of wave functions at I’, X, and 
L. We shall consider errors in this approximation later. 

As an example of the perturbation calculation of 
p.* consider the states at the top of the valence band 
at k=0 which were labelled I'ys, in the diamond lattice. 
(In a tight-binding picture these levels consist of 
bonding p wave functions.) The perturbation V* mixes 
this level with I's (which may be labelled antibonding 
p) with the result that some charge is shifted from the 
boron half of the unit cell to the nitrogen half. Actually 
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only the lowest I'ys level (which is degenerate with 
Ixy, when V=0) mixes appreciably. If these two wave 
functions are expanded in Fourier series 


a,(111)+a2(200), (11) 
b,(111)+52(220), (12) 


P25 


lis 
[where (JK) is equal to ((24/a)(IJK)) multiplied by 
a suitable normalizing factor | then 


i| V2 (a2by+ aybe2) (Vii? + Vai") 
-f (a,b;+ 2a2b2) V 200° ]. 


(T's. 


VT ys) 
(13) 


The form factor i sinx-* has been included explicitly 
in (13), so that the values of V,* can be taken from 
Table I. Now (13) can be substituted in the 2X2 
reduced secular equation between |I'25-")) and |I'y5) 
and new eigenvalues and eigenfunctions obtained. In 
this approach |I95) and [I'ys%) are regarded as 
quasi-degenerate and are treated by degenerate per- 
turbation theory. Corrections due to mixing of, say, 
lT'o°™®) with |Ty5) very small and 
neglected. 

The function obtained 
equation will have the form 


(1+) {| Tos) +1€|Ts5))}, 


are can be 


wave from this secular 


Pos pn (14) 
and from (14) with the aid of Poisson’s equation the 
nonzero Fourier coefficients of the Coulomb potential 
of this charge density can be calculated. It turns out 
that p,." is practically unchanged; terms of the form 
(I'o5'|I'1s) however transform like I'y and contribute 
to p,*. The results for V,* and V,* for each of the wave 
functions included in the sampling of the valence band 
are listed in Table II. It was shown in I that in this 
sample terms from X and L should be weighted, 
respectively, 3 and 4 times as heavily as terms from I’. 

The Coulomb screening just calculated is reduced by 
exchange. In I we found that satisfactory results were 
obtained for diamond from the Slater free-electron 


TABLE II. The contribution of charge densities representing 
different sub-Zones in the valence band to the Fourier coefficients 
of the crystal potential. The next to the last line lists the total 
= {0}+{X)}+(ZL)}. Each of the latter represents the contribution 
of each term multiplied by the degeneracy and weighting factors 
listed in columns 2 and 3. Column 4 gives the result for V*=0 
and columns 5, 6, and 7 the self-consistent results including V* 


Term Degeneracy Weight J *(0) Vii J . V 200 


0.0072 
0.0146 
0.0510 
0.0101 
0.0097 
0.1188 
0.0035 
0.0104 
0.0106 
0.1404 
0.310 

0.408 


0.0074 
0.0137 
0.0485 
0.0099 
0.0096 
0.1170 
0.0035 
0.0104 
0.0104 
0.1388 
0.304 


0.387 


0.0030 
0.0077 
0.0261 
0.0014 
0.0018 
0.0192 
0.0000 
0.0014 
0.0039 
0.0369 
0.082 

0.209 


0.0018 
0.0038 
0.0132 
0.0000 
0.0000 
0.0000 
0.0000 
0.0008 
0.0005 
0.0008 
0.014 


{T} alone 0.105 


AND J. 


PHILLIP 


TaBLe III. Energies in ry of ) rms in diamond and 
cubic BN, using the Slater exchange potential. 


Diamond 


approximation for exchange among the valence elec- 
Slater 


produces an 


trons. According to the approximation valence 
electron potential 
proportional to p! where p is the valence electron charge 


exchange effective 
density. In semiconductors p is nearly constant and 
can be written 


p~1+e(111 (15) 


pint 


Thus the (111) Fourier coefficient of the exchange 
potential can be obtained directly by a formal expan- 
sion of the charge density as in (15). We have checked 
our result against Herman’s, which 
numerical integration; the two a 
According to (15 
proportional to the Coul screening; thus the 
exchange potential issociated with p® is readily calcu- 
lated. This completes the calculation of the crystal 
potential listed in Table I 
We must now consider the 


was obtained by 
re in good agreement. 
is directly 


the exchange screening 


ymb 


accuracy of our method 
of calculating the valence contributions to p* and p®. 
In I we argued that the val o* should be 
to within about 10°. This 
of the fact that p*(k) varies only 
I to X or L, as can be seen fr 
result is valid for p* in BN. It 
p* varies substantially throughout the 
define the differe1 
“bonding” state in the band and the lowest 
“antibonding” state with which V* mixes the former 
appreciably as AE(k). Then we see that this variation 
is caused by large changes in AE(k) throughout the 
reduced Zone. The values of AE(k) at T, LZ, and X, 
respectively, are 0.45, 1.0, and 2.6 ry. Thus the largest 
contribution to p* comes from the neighborhood of I 
while the neighborhood of X mak« mall contribution. 


correct 
s essentially a consequence 

slightly on going from 
ym Table II. The same 
appears, however, that 
Zone. Let us 


energy tween the highest 





ENERGY BANDS OF 

The question now arises as to the accuracy of our 
point sampling of what should be an integral. In this 
case we estimate that our values of p,* are correct to 
about 30%. This corresponds to a change in V,* which 
is quite small ($0.02 ry) so that the energy bands that 
we calculate should not be sensitive to errors from this 
source. Although the values of p,* are of some intrinsic 
interest, the nonanalytic behavior of the energy surfaces 
near I’ makes more detailed calculations unattractive. 

The value of V200% listed in Table II suggests that 
the (200) x-ray diffraction spot should have an inte- 
grated intensity about 20 times smaller than the (111) 
spot. According to Wentorf™ the observed ratio is high, 
and is consistent with this estimate; the data presently 
available do not allow a more quantitative comparison. 

The values of p;:;" and p;;;* can be used if desired to 
calculate “effective” charges. Whatever the definition 
of effective charge the result will not have great utility. 
The maxima of the valence radial charge densities of 
neutral boron and nitrogen fall at about half the 
interatomic spacing in the crystal so that if free-atom 
wave functions are used in defining the effective charge 
these wave functions will overlap so extensively as to 
render the result meaningless. 

It is possible to ask what point charges would give 
the same antisymmetric potential. This leads to a 
valence “screening” charge of about 0.3 for either 
Vin" or Via"; the “effective charge” is then about 0.7. 


3. ENERGY BANDS 


With the potential listed in Table II it is a straight- 
forward matter to calculate the energy bands of cubic 
BN from those of diamond by using the perturbation 
methods described in the last section. The results are 
listed in Table III where they are compared with the 
corresponding levels in diamond. The energy bands are 
also shown in Figs. 1 and 2 for diamond and BN, 
respectively. 

By comparison with the results previcusly obtained™ 
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Fic. 1. A sketch of the energy bands of diamond along (100) 


7 and (111) axes of the Brillouin zone. 
" R. H. Wentorf (private communication), 
8 J. C. Phillips, Phys. Rev. 112, 685 (1958). 
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Fic. 2. A sketch of the energy bands of cubic BN. Note that the 
valence band is split into two sub-bands. 


for the energy bands of diamond-type lattices along A 
it seems highly probable that the minimum in the 
conduction lies at X. The energy gap is then about 10 ev, 
or about twice as large as the gap in diamond. It is 
interesting to note that the increase in the gap results 
from the depression of the top of the valence band, 
I'as, by V* through interaction with I',5. This is much 
larger than the depression of the conduction band 
through the splitting of the twofold degenerate level 
X,®. The latter splitting is quite small although in 
general it need not be (e.g., X,% is split by a large 
amount). This results from a cancellation of terms 
involving Vi1:° and Vo". It is probable that the same 
mechanism is operative in AIP and accounts for the 
increase in energy gap of that crystal compared with 
Si (3.0 ev compared to 1.1 ev). 

We have also calculated energy levels at W to check 
a suggestion by Callaway” based on group-theoretical 
considerations that the maximum in the valence band 
might shift to W in zincblende crystals. The valence 
band levels at W in diamond are twofold degenerate 
with W, lying nearer the top of the valence band. The 
W. is approximately proportional to 
Visi*— Vo00® while that of W, is proportional to 
Viss*+Vo00%. Thus the splitting of Ws. is about 10 
times smaller than that of W,; this is readily understood 
in terms of the p and s characters, respectively, of the 
levels. None of the levels at W are found to be near 
I'25’, so that it appears quite likely that the maximum 
in the valence band will be very near I’. This conclusion 
is reinforced by the consideration that throughout the 
Zone the levels near the top of the valence band have 
primarily p character, and for the reasons just discussed 
the shifts in these levels due to V* may be expected to 
be small. 

This argument may also be applied to the s-like 
valence bands. As we have just seen, V* produces a 
large splitting of W,; inspection of Table III shows 
that large splittings are also found at X and L. Similar 
behavior should occur at all points on the Zone surface. 


4 J. Callaway, J. Electronics 2, 330 (1957). 
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Thus it appears that V* produces a large splitting of the 
valence band, with the upper sub-band containing three 
times as many states. The energy gap between sub- 
bands should be of the order of 6 ev in BN; in GaAs the 
sub-bands should be split by about 3 ev. This splitting 
should ‘be observable in soft x-ray emission’ or double 
Auger emission.'*® 

The valence band width is reduced, compared to 
diamond, from 21.5 ev to 18.0 ev. This small narrowing 
is also consistent with the idea that BN is still pre- 
dominantly homopolar. 


4. COMPARISON WITH PREVIOUS WORK 


Calculations for heteropolar semiconductors have 
been carried out previously by Bell et al.” for PbS and 
by Birman" for ZnS. Both calculations are subject to 
the criticism that they neglect exchange (an unavoidable 
approximation, since Hartree-Fock calculations are not 
available for Pb and Zn). From Herman’s work” on Ge, 
however, it is known that omission of exchange can lead 
to the wrong order of s and p levels in the conduction 
band. Our chief concern here, however, is the treatment 


of the potential outside the core region. To study this 


‘6D. H. Tomboulian and D. E. Bedo, Phys. Rev. 104, 590 
(1956) 

‘© H. G. Hagstrum, J. Phys. Chem. Solids 8, 211 (1958). 

'7 Bell, Hum, Pincherle, Sciama, and Woodward, Proc. Roy. 
Soc. (London) A217, 71 (1953 

18]. L. Birman, Phys. Rev. 109, 810 (1958). 

™ F. Herman, Phys. Rev. 89, 518 (1953). 
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point we compare our calculation with Birman’s 
treatment of zincblende. 

Birman uses the cellular approximation in which 
spheres are drawn around each atom; the potential is 
assumed spherically symmetric within the spheres and 
is zero outside the spheres. Application of the ordinary 
cellular method to a tetrahedrally coordinated lattice, 
where the largest radius of the atomic cell is twice the 
smallest radius is itself open to grave doubt; again this 
point is not our major concern. We wish to emphasize 
that the spheres constructed have no fundamental 
significance; the same remark applies to the “effective 
charge” contained within the spheres. The significant 
quantities are the Fourier coefficients of the crystal 
potential as defined in Eqs. (6)—(10) of Sec. 2 and as 
listed for BN in Table I. 

The most important feature of the present approach 
is the ease and directness with which it leads to a 
sel f-consistent crystal potential. It is possible to obtain 
similar results using refined cellular methods (such as 
augmented plane waves) but if the potential varies 
appreciably outside the cores (which it does in diamond- 
type lattices) it would appear that achieving self- 
consistency would require rather more cumbersome 
calculations. 
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In order to find the crystal symmetry of BaTiO, below —80°C, the domain patterns and optical properties 
were examined using thin (111) plates specially prepared for this purpose. Four kinds of domains have 
been differentiated ; these domains are optically uniaxial. The crystal symmetry proved to be rhombohedral. 
The effect of a de field on the domain configuration was studied. Explanations were given for the strange 
dielectric and optical behavior which had been thought paradoxical. 


INTRODUCTION 


ARIUM titanate exhibits three well-known phase 
transitions'? when the temperature is changed. 
Above 120°C the crystal is cubic without a spontaneous 
polarization. Below 120°C, the symmetry changes to 
tetragonal and a spontaneous polarization appears 
along the c-axis direction. Below 0°C, the symmetry is 
orthorhombic with the spontaneous polarization along 
one of the face diagonal directions, [110], of the 
original cubic perovskite lattice. 

Below — 80°C a fourth phase appears. The symmetry 
seemed to be rhombohedral; however, previously no 
conclusive evidence was found. There are several 
experimental facts which suggest rhombohedral sym- 
metry, while some experimental results suggest a 
lower symmetry. X-ray studies of the low-temperature 
phase by Kay and Vousden,' and Jona and Pepinsky*® 
show that the lattice spacings along the original cubic 
axes are equal and the cubic faces are sheared through 
a small angle. This result strongly suggests that the 
symmetry is rhombohedral with a=4.001A and 
a= 89°51’. Furthermore, optical studies of extinction 
positions support this suggestion. Devonshire’s phenom- 
enological theory of ferroelectricity* also predicts that 
the symmetry of the low-temperature phase should be 
rhombohedral. 

On the other hand, as pointed out by Jona and 
Pepinsky,’ there are several experimental facts which 
question the existence of rhombohedral symmetry in 
barium titanate. For example, the dielectric constants 
observed by Merz® on two (100) plates of BaTiO; 
were remarkably different below —80°C. The dielectric 
constant observed by Jona and Pepinsky* below — 80°C, 
before and after annealing at 250°C, showed a consider- 
able variance. It is difficult to explain this observed 
fact if one assumes the crystal symmeiry is rhombohe- 
dral ; because, if the crystal has rhombohedral symmetry 


* Research sponsored by Rome Air Development Center. 

t On leave of absence from the Electrotechnical Laboratory, 
Tanashi, Tokyo. 

' H. F. Kay and P. Vousden, Phil. Mag. 40, 1019 (1949). 

* For the phase transitions of BaTiO;, see for example; Shiranc, 
Jona, and Pepinsky, Proc. Inst. Radio Engrs. 43, 1738-1793 


?F. Jona and R. Pepinsky, Phys. Rev. 105, 861 (1957). 
‘A. F. Devenshire, Phil. Mag. 40, 1040 (1949). 
*W. J. Merz, Phys. Rev. 76, 1221 (1949). 


and the domain interactions are very small, the 
dielectric constant observed in any (100) plate should 
not vary. The effect of a de electric field on the optical 
properties of a (100) plate was examined by Jona and 
Pepinsky.’ Again, the suggestion was that rhombohedral 
symmetry is unlikely below —80°C. By taking into 
account the many experimental results, Jona and 
Pepinsky suggest that the crystal below —80°C has 
possibly monoclinic or triclinic symmetry. 

The symmetry of BaTiO; can be determined by 
several methods. (1) A very precise analysis of the 
crystal structure by neutron diffraction below — 80°C 
could be used to find the crystal symmetry, as pointed 
out by Jona and Pepinsky. (2) Using single crystals, 
the direction of spontaneous polarization could be 
found by observing the hysteresis loop in various 
crystallographic directions. The direction showing 
maximum polarization is the direction of spontaneous 
polarization. From this the symmetry of the crystal 
could be determined. (3) If the optical properties of 
single crystals are precisely examined below —80°C, 
the crystal symmetry can be determined. Further, 
the symmetry may be confirmed by an examination of 
the effect of an electric field on the domain configuration. 

One must use specially prepared single crystals to 
perform these experiments. Consider the first method. 
In order to obtain neutron diffraction data which can 
be used for precise structural analysis, one must use a 
large single domain crystal below —80°C. It is very 
difficult to prepare such a single domain crystal and 
keep it below —80°C for the long times required for 
neutron diffraction experiments. 

The second method preferably requires a large single 
crystal. At present, it seems impossible to prepare 
large plates of single crystals whose major surfaces are 
specific crystallographic planes. The only exception 
is the (100) surface. This is because the (100) surface 
grows naturally from the KF melt.* If small single 
crystals are used it is impossible to obtain reliable data 
because of the large experimental errors. 

Fortunately very small crystals are satisfactory for 
the third method. This method was employed and was 
successful in determining the crystal symmetry below 
— 80°C. The symmetry was found to be rhombohedral. 


* J. P. Remeika, J. Am. Chem. Soc 


76, 940 (1954). 
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PREPARATION OF (i11) PLATE 


Very small thin sections having (111) major surfaces 
were prepared for the low-temperature optical studies. 
Usually BaTiO; single crystals grown from KF or 
BaCl, melt are thin plates or small cubes with (100) 
exposed surfaces. To prepare a (111) plate, a thin 
single crystal grown from a KF melt was first sealed 
two glycol 
pthalate. It was then ground and polished so that a 
(111) face became the exposed surface. Next the 
crystal was removed from the glass plates and resealed 
between new plates. The second (111) face, which is the 
reverse side of the former (111) face, was prepared in 
the same manner. During the grinding and polishing 
operations the crystal was frequently examined under 
the microscope, to verify that the polished surface did 
not deviate from (111) or the crystal did not become 
too thin. The specimen thus obtained was 3.70.20 
0.029 mm’, with the longitudinal edge parallel to 
the [110] direction. The reference is the cubic perov- 
skite lattice and all indices given are referred to it. 


between glass microscope slides with 


DOMAIN OBSERVATION ON (111) PLATE 


The specimen was placed in a low-temperature optical 
stage so that the longitudinal direction, [110], is 
parallel to the polarization direction of the incident 
light. The low-temperature stage is similar to that 
originally designed by Pepinsky ef al.? A major dif- 
ference is that the lower window, through which incident 
light comes, is made large enough so that by tilting the 
stage the specimen can be inclined with respect to the 
microscope axis from zero to approximately 30 degrees. 
Figure 1(a) is the tetragonal phase observed with 
crossed nicols. The direction of the tetragonal c-axis in 
each domain is inclined to the surface of the specimen 
(111) by 35.3 degreés. Two kinds of domains are seen 
running to the edge of the specimen at an angle of 
30 or 60 degrees. Several specimens showed another type 
of domain boundaries which were either perpendicular 
or parallel to the edge of the specimen. All of these 
boundaries are the so-called 90 degree domain walls 
commonly observed in the (100) single crystal. In the 
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orthorhombic phase, Fig. 1(b), or in the third ferro- 
electric phase which exists below —80°C, Fig. 1(c), 
the crystal consisted of many small complex domains. 
Analysis of these domain configurations could not be 
performed. It is very probable that some mechanical 
stress, induced in the surface during polishing, still 
remains. The residual stress is probably what makes 
the domain configuration so complex. 

The specimen was etched in H;PO, at about 150°C 
for three minutes to remove any residual surface 
stresses. After etching, the surface of the crystal 
appeared rather rough under natural light; however, 
the domain configuration turned out to be much 
simpler. The domain patterns observed below —80°C 
are shown in Fig. 2. When the edge of the specimen 
was parallel to one of tl 
several areas of the specimen showed extinction; [111] 
domains of Fig. 2(a). When the crystal was rotated 
30° about the microscope axis, other parts were in the 
extinction position; [111] domains of Fig. 2(b). A 
further rotation of 30° made the remaining domains 
dark; [111] domains of Fig. 2(c). An important fact 
is that one region, which is designated as a [111] 
domain, always remains dark even though it is rotated 
about c—c’ 

If it is assumed that each domain has rhombohedral 
crystal symmetry, these observations can be easily 
explained. The threefold symmetry axis in each domain 
should be in one of the (111) directions. This axis 
should also be an uniaxial optical axis. Now, it is 
desirable to examine if the above assumption is correct. 
if the optical symmetry of the crystal 


1e crossed nicol directions, 
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MIXED DOMAIN 
Fic. 2. The domain pattern of (11 plate observed below 
~—80°C. Crossed nicol directions are horizontal and vertical] in 
the photograph. Notice that the [111] domain is always dark 
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the only possibility is rhombohedral symmetry, with 
the spontaneous polarization in the [111] direction. 

Examination of the birefringence figure is one of 
the best methods of discriminating between uniaxial and 
biaxial symmetry. However, it was impossible to 
observe because the specimen was very small and the 
low-temperature stage did not permit strongly conver- 
gent light to enter the specimen. An alternate method, 
schematically shown in Fig. 3, was attempted. The 
low-temperature stage, including the specimen, was 
tilted, by an angle @ (@=5°~30°), with respect to the 
microscope axis. The stage can be rotated about its 
axis, c—c’, while the c—c’ axis remains fixed relative to 
the microscope axis. A gypsum test plate was used with 
the polarizing microscope to increase the sensitivity. 
If the c-domain has uniaxial symmetry, its interference 
colors must not change as the specimen is rotated about 
the axis c—c’. If the color does change, the crystal 
must be biaxial. At several fixed positions of 6, namely 
5°, 10°, and 20°, the specimen was rotated about the 
stage axis, c—c’, while the interference colors were 
observed. No appreciable change was detected in the 
interference colors. Therefore, the crystal is undoubtedly 
uniaxial and should be rhombohedral. The interference 
color also shows that the crystal is optically negative, 
the same as the tetragonal phase at room temperature. 


EFFECT OF dc FIELD ON THE 
DOMAIN STRUCTURE 


The (111) plate was placed between two thin 
platinum electrodes. The small air gaps between the 
specimen and the electrodes were filled with ethyl 
alcohol so that the voltage drop would be across the 
specimen and not the air gap. As shown in Fig. 4(b), 
the specimen consisted of various kinds of domains 
before the application of a dc field. After applying a 
dc field of 5 kv/cm [Fig. 4(c)], nearly all the domains 
were converted to a single domain. When the field 
was further increased to 10 kv/cm, the entire specimen 
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_ Fic. 3. A method for discriminating x. @rpeum 
between uniaxial and biaxial symmetry. = Test-Plote 
The specimen can be rotated around c—<’ Pa SY, 
which is one of the optical axes of the P.45"* 
specimen. Any inclination of the axis, 

c—c’, (30°>0@>0° ard 360°>¢>0°) 

with respect to the microscope axis may 

be used, but the direction of the c—c’ 

should not be changed when the specimen 

is rotated. The optical symmetry can be 

discriminated by examining whether or 

not the birefringence colors are changed 

by such rotation. 
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Fic. 4. Effect of an electric field on the domain structure of 
(111) plate below —80°C. The direction of the electric field is 
[112]. (a) Observed with natural light; (b) with crossed nicols 
and no electric field; (c) with crossed nicols and dc field of 5kv/cm. 


became a single domain. This corresponds to the [111 ] 
domain of Fig. 2. These observations support the 
assumption that the spontaneous polarization lies in 
one of the (111) directions. 

Next the effects of a de field on a (100) plate were 
examined below —80°C. The applied field and the 
optical observations were both in the [001] direction. 
Transparent electrodes were thus needed to apply the 
field. A conducting liquid of ethyl alcohol containing a 
little H3sPO, was used for this purpose. 

First the specimen is placed at a maximum extinction. 
This occurs when the [110] direction is parallel to one 
of the crossed nicol prisms. Though most areas show 
complete extinction, some do not, see Fig. 5(a). When 
a dc field of about 10 kv/cm was applied some areas 
became brighter and some became darker [ Fig. 5(b) ]. 
Jona and Pepinsky,’ in a similar experiment, also found 
that the microscope field became brighter when an 
electric field was applied. It seemed difficult to explain 
such behavior in the light of the previous experimental 
evidence; for if the crystal symmetry is rhombohedral, 
then, in the experimental arrangement mentioned 
above, the crystal ought to show complete extinction 
whether or not an electric field is applied. The strange 
behavior was explained by assuming that light is 
reflected or refracted at the domain boundaries. If a 
specimen consists of many minute domains, then 


Fic. 5. Effect of de field on a (100) plate of BaTiO, below 
— 80°C. (a) Without field; (b) with a field of 10 kv/cm. For the 
optical observation, a square hole is made on the silver electrode, 
and is filled with a transparent conductive liquid. 





SAWAGUCHI 


b 


Fic. 6. Influence of complex domain boundaries in the tetragonal 
phase on the extinction of polarized light. (a) [110] is parallel 
to a crossed nicol direction; (b) [100] is parallel to a crossed 
nicol direction (extinction position) 


incident light should be reflected or refracted at the 
various boundaries. This effect should disturb the ideal 
interference of polarized light and ideal extinction would 
not occur. The observed result shown in Fig. 5 is now 
quite reasonable if one remembers that the specimen 
contained many minute domains and a dc field should 
move the domain boundaries. A similar experiment was 
performed at room temperature, where the crystal is 
tetragonal, to verify the previously mentioned hypoth- 
esis. One part of the specimen contained many small 
domains, this region was very bright [see Fig. 6(b) }. 
When a dc field of 1 kv/cm was applied, the specimen 
was converted entirely to a c-domain. All the domain 
boundaries and the bright areas suddenly disappeared, 
no figure is given since the entire area was black. 


DIELECTRIC CONSTANT OF THE 
RHOMBOHEDRAL PHASE 


It has long been pointed out that the dielectric 
constant observed — 80°C not remain 
constant from observation to observation. Merz 
measured the dielectric constant as a function of 
temperature using two (100) plates of the single 
crystal. One was an a-domain plate and the other was a 
c-domain plate at room temperature (tetragonal phase). 
He found that the two dielectric constants were quite 
different below —80°C. Jona and Pepinsky* found that 
the dielectric constant of a multidomain (100) plate 
below —80°C was changed considerably after the 
crystal was annealed at 250°C. These facts do not seem 
to be consistent with rhombohedral symmetry. The 
dielectric constant of any rhombohedral crystal should 
be the same when observed in any one of the [100], 
[010], or [001] directions. It is possible to show that 
the observed facts are not inconsistent with rhombohe- 
dral symmetry if one considers the effect of the domain 
configuration in the crystal. 

In Devonshire’s theory of barium titanate,‘ he 
obtained the susceptibility, n’, piezoelectric coefficient 
d, and elastic compliance coefficient, s¥, as a function 
of temperature. These quantities are defined by the 
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following equations 


where Ax’s are changes in strain and AP’s are changes in 
polarization; Voigt’s notation is used for the 


matrices. Suppose a weak ac field, Es ( 


tensor 
E,), is applied 
in the Foo! direction. In the rhombohedral crystal, 
not only a polarization AP, but also x and y components 
of the polarization, AP, and AP, will be induced by E; 
For an audio or radio frequency field, which is commonly 
used for the measurement of the dielectric constant, 
very little electric charge flows through the crystal by 
conduction during one cycle. Therefore the change of 
the dielectric displacement, AD, and AD,, can be 
negligibly small, 


AD,= E,+4rAP,=0, 
AD, = E21+4rAP,=0 
The dielectric constant is defined by, 
«= 0D;/0E3. (3 


The following three cases are considered in calculating 
¢ from Eqs. (1) and (3). 

1. X;=X,=X;---X,=0; this is the ideal 
where no external stress exists. Under this condition, 
the free dielectric constant is obtained. If the (100 
plate is a single domain crystal and the frequency of the 
ac field is much lower than the resonant frequency of the 
plate, then this condition is physically realizable. 

2. 41)=X2=X3= ++ -xX—=0; when the ac field frequency 
is very much higher than the resonant frequency of the 
plate, then almost no piezoelectric 


case 


strain can occur. 
Under these circumstances the above condition should 
hold. Even when the 
resonant frequency, the 


field frequency is less than the 


above condition may hold 
approximately if the crystal plate contains a large 
number of 180° domain boundaries 
the piezoelectric strain due to the applied voltage in one 
domain is quite opposite to 


Since the sense of 


that of the neighboring 
domain, nearly no strains could occur in either domain 
A clamped dielectric constant is obtained in this case. 

3. X,;=X2,=X;=0 and +4=2;=x%.=0; suppose all 
the domains have their spontaneous polarization in 
either of the [111], [111], [111], or [111] directions 
For these domains, the strain components x, x2, and x; 
induced by E; are the same. Approximately speaking, 
even if the four kinds of domains are distributed at 
random, the strains x;, x2, and x3, produced by E; 
are not impeded. We may approximate this condition 
by X,;=X,=X,;=0 with fair accuracy. The strain 
components 24, x5, and xs have opposite tendencies 
(that is, the shears in adjacent domains tend to move 
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in opposite directions) for certain combinations of the 
four domains. In this case the shearing strain must be 
very small since the domain cannot shear freely. Let 
us approximate this by the condition x4=xs=x.=0. 
Roughly speaking, this condition may be realized 
after an intense dc field is applied to a (100) plate in 
order to rearrange the domain configuration. A partially 
clamped dielectric constant is obtained in this case. 
The calculated results are shown in Fig. 7. 7’, d, 
and s® were estimated from Figs. 1, 2, and 3 of Devon- 
shire’s paper.*® As seen in Fig. 7, the three dielectric 
constants are quite different. This clearly indicates 
that the observed dielectric constant depends very much 
on the domain configuration in the crystal. There is no 


* A. F. Devonshire, Phil. Mag. 42, 1065 (1951). The ds; value 
of Fig. 1, of Devonshire’s paper, should be about doubled if the 
n’, d, and s® values appearing in his paper are to be consistent. 
The corrected value of dy; was used. 
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wonder that the dielectric constant varies from case to 
case, since the domain configuration may not be the 


same every time. 
CONCLUSION 


1. Four kinds of domains, shown in Fig. 2, were 
differentiated below —80°C in a (111) barium titanate 
plate. This is consistent with the assumed rhombohedral 
symmetry of barium titanate. 

2. Optical observations made on the [111] domains 
proved that the crystal is uniaxial. This result gives 
conclusive evidence that the symmetry is rhombohedral. 

3. The effects of an electric field on the domain 
structure were examined. A puzzling optical behavior, 
which has been known for several years, was explained 
by a disturbance of the incident light at various domain 
boundaries. 

4. It was shown that the observed dielectric con- 
stant could be very dependent on the domain con- 
figuration in the crystal. This explained the fact that 
the dielectric constant was not the same from observa- 
tion to observation. 
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The drift velocity of electrons in helium at 300°K has been measured for E/p values between 4X 10~ and 40 


volt/cm-mm Hg. The data for E/p <1 volt/cm-mm Hg were obtained from measu 
time in a modernized version of the double shutter tube developed by Bradbury an 


»ments of electron transit 
1 Nielsen. The data at 


high E/p were obtained from microwave measurements of the electron density in a positive column of a 
low-pressure discharge. The measured drift velocities are in good agreement with previous results in the 
E/p range from 10~ to 3 volt/cm-mm Hg. At E/p less than 3X10-* volt/cm-mm Hg the electrons are 
essentially in thermal equilibrium with the gas. Margenau’s theoretical expression for the drift velocity of 
electrons in a gas for which the cross section for momentum transfer is independent of electron energy is 


found to fit the data for E/p<1 volt/cm-mm Hg to the accuracy of measurements. The « 


ross section which 


gives the best fit of the theory to the data is 6X 10™* cm? 


I. INTRODUCTION 


N the course of studies of the behavior of slow 

electrons under various experimental conditions! ? 
we have measured the drift velocity of electrons in 
helium at 300°K over a much wider range of E/p, the 
electric field to pressure ratio, than had been covered 
in the experiments of Townsend and Bailey,’ Nielsen,‘ 
or Hornbeck. The measurements at low E/p were 
made using a modern version of the double shutter 
drift velocity tube developed by Bradbury and Nielsen.® 
The values at high E/p were obtained from studies of 
the positive column of a low pressure, low current 
discharge by making simultaneous measurements of 
the electron density and the discharge current. We 
shall discuss each of these experiments and then com- 
pare the results with previous experiments and with 
theory 


Il. LOW-FIELD MEASUREMENTS 


The measurements of electron drift velocity at low 
fields were made using the electrode structure shown 
schematically in Fig. 1. The cathode, S, is illuminated 
with ultraviolet radiation from a high-pressure mercury 
lamp. The photoelectrons liberated from the cathode 
are acted upon by the uniform electric field maintained 
by the guard rings. Alternate wires of the planar grids 
G,; and Gz are connected together.’ Direct current 
voltages can be applied between the sets of grid wires 
so as to reduce the transmitted electron current to 
some small value, say 0.5%. The first grid is made 
transmitting by periodically applying short rectangular 
voltage pulses such as to reduce the fields between 
alternate grid wires to zero. The electrons arriving at 
the second grid will be collected by the grid wires 

.7.L 


7.6 


Pack and \ \ 

Frost and A. V 

and 100, 1234(A) (1955 
+ J. S. Townsend and V. A. Bailey, 
‘R.A. Nielsen, Phys. Rev. 50, 950 (1936). 

J. A. Hornbeck, Phys. Rev. 83, 374 (1951). 

* N. E. Bradbury and'‘R. A. Nielsen, Phys. Rev. 49, 388 (1936) 

7 L. B. Loeb, Basic Processes in Gaseous Electronics (University 

f California Press, Berkeley, 1955), Chap. I. 


Phelps, Phys. Rev. 100, 1229(A) (1955) 
Phelps, Phys. Rev. 98, 559(A) (1955) 


Phil. Mag. 46, 657 (1923). 


except when the voltage between the wires is reduced 
by the application of a second voltage pulse. By varying 
the time delay between the pulses applied to the first 
grid and those applied to the second grid and measuring 
the current which arrives at the collector, C, one 
obtains a plot of the rate of arrival of electrons at the 
second grid as a function of time. Such a plot is shown 
in Fig. 2 for a fixed value of E/p and two different gas 
pressures. 

If the voltages applied between the wires of the grids 
are small enough so as not to affect the motion of the 
electrons in the uniform field region between the grids, 
and if the pulses applied to the second grid are suffi- 
ciently narrow then the curves shown in Fig. 2 represent 
the rate of arrival of electrons at the second grid as a 
function of the time. Under these conditions the time 
at which the current is the transit time 
for the electrons. If the pulses applied to the grids are 
sufficiently narrow, the ratio of the width of the peak 
to the transit time is proportional to the square root 


is a maximum 


of the ratio of the quantity D/y to the voltage applied 
between the grid wires.* D/, is the ratio of the electron 
diffusion coefficient, D, to the electron mobility, u, 
and is a measure of the average energy of the electrons. 
Since the value of E/p is the same for the twe curves of 
Fig. 2, the values of D/u and the transit time are 
unchanged while the width of the pulse decreases with 
increasing voltage and pressure. 

Figure 3 shows a plot of the measured drift velocities, 
i.e., the distance between grids divided by the measured 
transit times, as a function of E/p over the range of 
E/p which could be conveniently this 


covered with 


® See reference 7, Chap. II, and R Duncan, Australian J 
Phys. 10, 54 (1957). The symmetry of the wave form in our 
experiments at a given £/p and pressure is better than that 
shown by Duncan since our measurements were made with a 
fixed frequency of pulses applied to the grids. Using Duncan’s 
equations the fractional half-width yur pulse is expected te be 
given by (At/t?= (4D In2)/(uV) where V is the voltage between 
the grids. Therefore, the D/u values from Fig. 2 are 0.024 electron 
volt compared to a thermal! value of 0.026 for 300°K. In spite of 
considerable effort we were unable to obtain a pressure independ- 
ent set of values of D/u at higher and lower E£/p using this 
technique 
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apparatus. Distortion of the electric field in the drift 
region is minimized by maintaining the average of the 
potentials of the grids at the potential of the cor- 
responding guard ring at all times and by the use of 
small rectangular pulses to operate the grids rather 


than the large amplitude sine waves used by Bradbury . 


and Nielsen.® In spite of these precautions, the apparent 
drift velocity at very low E/p is found to depend 
slightly on the drift distance. The experimental points 
for two drift distances are indicated by the circles and 
triangles of Fig. 3. Since the measured drift velocities 
for a given drift distance appear to depend only on E/ fp, 
contact differences of potential are not the source of 
the discrepancy.’ The discrepancy is assumed to be 
accounted for by allowing the effective length of the 
drift distance to vary with E/p. This end effect is 
eliminated by calculating the drift velocity from the 
ratio of the difference of the two drift distances to the 
difference of the transit times. The final drift velocity 





1. Schematic of drift velocity tube showing arrang 
of electrodes, guard rings, and light shields 


data are indicated by the selid curve of Fig. 3. These 
results will be compared with theory in Sec. III. 

At this point we shall discuss a few of the experi- 
mental details pertinent to this measurement. The 
drift tube is of metal, glass, and fired lava construction 
with gold wire gasket vacuum seals. The cathode end 
of the tube envelope is constructed of Pyrex glass with 
a transition to the ultra pure silica window and a glass 
to Kovar seal with a nonmagnetic stainless steel flange. 
All of the electrodes are gold-plated Advance metal 
except the grids, which are 3-mil gold-plated molybde- 
num wires 30 mils apart and mounted on fired lava 
supports. The lava supports are shielded with gold- 
plated Advance metal to reduce charging effects to a 
minimum. The ultraviolet source is a high-pressure 


mercury lamp removed from its outer envelope and 


* An additional source of error in the effective length of the 
drift distance is the distance required for the electrons to reach 
an equilibrium energy distribution in the presence of the field 
However, such an effect should be pressure dependent and at the 
pressure of these measurements should be negligible. 
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69 200 240 


Time (microseconds) 


Fic. 2. Collector current vs time delay between pulse applied 
to grids for E/p=6X10 volt/cm-mm Hg, d=6.35 cm and 
helium pressures of 110 and 410 mm Hg. The transit time is 
indicated by the time of maximum collector current and is 151 
microseconds. The arrows indicate the widths of these curves at 
half maximum. Note the 16 fold increase in maximum collector 
current as the gas pressure is increased from 110 to 410 mm Hg. 


operated in a nitrogen filled, water cooled jacket. The 
lamp is operated at about 100 volts and 1 ampere, and 
is stabilized by monitoring the emitted light with a 
photocell and using the output to control the discharge 
current. As indicated in Fig. 1, the guard ring electrodes 
are constructed so as to shield the drift area from the 
glass walls and to reduce stray light reaching the grid 
wires and collector. 

The average collector current ranged from 10- to 
10~-* ampere and was measured using a vibrating reed 
electrometer. As is suggested by the data of Fig. 2 we 
are able to obtain sufficient currents at low E/p by 
making measurement at high gas pressures. This 
feature results from the very rapid decrease in net 
cathode emission and grid transmission with gap 
voltage at low E/p. No appreciable deterioration in 





hic. 3. Electron drift velocity as a function of Z/p in helium at 
300°K. The drift velocities computed from measured transit 
times are indicated by the points. The smooth curve shows the 
drift velocity after correction for end effects. The linear depend- 
ence of the corrected drift velocity curve on E/p for E/p<3X10* 
volt/cm-mm Hg indicates that the electrons are in thermal 
equilibrium with the gas. 
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cathode emission was observed over several weeks. 
The drift tube is supplied with gas from an “ultrahigh 
vacuum” system of standard design.” The system is 
baked-out at 250°C for 14 hours and reaches an ultimate 
pressure of 10-* mm Hg with a rate of rise of 10° mm 
Hg/min when closed off from the helium flask and 10-7 
mm Hg/min when exposed to the helium flask. The 
helium used is Airco reagent grade with no known 
impurities. The helium pressure is measured with a 
mercury manometer coupled to the vacuum system 
with a null-reading metal diaphragm manometer" so 
as not to contaminate the vacuum system with mercury. 
Pressure measurements can be made to an accuracy of 
+0.3 mm Hg and voltage measurements are made with 
a voltmeter calibrated to }% of full-scale. 


Ill. HIGH-FIELD MEASUREMENTS 


The drift velocity of electrons in helium at high 
values of E/p were determined from simultaneous 
measurements of the current, the electric field gradient, 
and the electron density in the positive column of a 
low-pressure helium discharge. 


Experiment 


The discharge was contained in a 13-mm Vycor tube 
about 30 cm long and was operated at pressures 
between 0.25 and 3 mm Hg of helium and a current of 
1 to 10 milliamperes. The discharge current was 
maintained constant by means of a current regulated 
power supply and was observed to be free of oscillations, 
i.e., to have less than a 5% ac signal when observed 
with an oscilloscope with an amplifier and cables 
passing from 10 cps to 10 000 cps. No standing striations 
were observed in the positive column region used. The 
electric field gradient was determined by measuring the 
difference in floating potentials of two 3-mil tungsten 
wire probes inserted into the positive column discharge 
at points separated by 15 cm. The probes were out- 
gassed by drawing a large electron current to them and 
heating them to a red heat. The discharge currents 
were less than 10 ma at pressures between 0.3 and 3 
mm Hg so that the maximum measured temperature 
rise at the wall of the tube was 2%. 

The electron density was calculated from measure- 
ments of the frequency shift of a rectangular resonant 
cavity surrounding a section of the positive column of 
the discharge tube. Since this technique has been 
described in several publications” we will give only the 
details pertinent to the experiment. The rectangular 
cavity was resonant at about 10 cm with the electric 
field along the axis of the discharge tube and the 
magnetic field in a plane perpendicular to the axis of 


™D. Alpert, Handbuch der Physik (Springer-Verlag, Berlin, 
1958), Vol. 12. 

‘The manometer used is an improved version of one described 
by Alpert, Matland, and McCoubrey, Rev. Sci. Instr. 22, 370 
(1951). 

2D). J. Rose and S. ¢ 


Brown, J. Appl. Phys. 23, 1028 (1952) 
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the tube. The electric field distribution inside the 
cavity was determined using small metallic probes 
according to the technique described by Maier and 
Slater." The relative frequency shift produced by the 
probes and, therefore, the square of the microwave 
electric field strength, with and without the Vycor tube 
is shown in Fig. 4. 


Theory 


The drift velocities are calculated from the ratio of 
the measured current, /, to the average electron density 
’. Since the axial dc electric field is constant throughout 
the positive column the electron drift velocity, w, in 
the axial direction is constant" and given by 


S Fda I 


efnda rR ei 


w= 


Here J is the current density, da is an element of area 
perpendicular to the axis of the discharge tube of 
radius R, and ¢ is the electronic charge. The microwave 
measurements yield an average of the electron density, 
(nm), in terms of the measured shift in the resonant 
frequency, Aw, produced by the electrons.” Thus, 


S nEE dv 2mew?(1+ye?/w*) Aw fcrEEdv 
(n) = -= _ —— —— iz 


S rEE«it e » SrEEdv’ 


Fic. 4. Relative frequency shift and square of electric field 
strength as a function of position in the microwave cavity with 
and without the Vycor discharge tube. Figure 4(a) shows average 
values of the relative frequency shift along the axis of the cylindri- 
cal cavity as produced by a }-in. bronze sphere mounted on a 
nylon thread. Figure 4(b) shows average values of the relative 
frequency shift along a line perpendicular to the cavity axis at 
its center as produced by 0.013-inch diameter X }-inch wire. The 
maximum frequency shift was ~0.05%. 


’L. C. Maier and J. C. Slater, J. Appl. Phys. 23, 68 (1952) 

™ Here we have assumed that electron energy distribution is 
unafiected by the ambipolar space charge fields. The error 
resulting from this assumption is very difficult to estimate because 
of a lack of a complete theory. Limiting cases have been solted 
by I. B. Bernstein and T. Holstein, Phys. Rev. 94, 1475 (1954) 
and by W. P. Allis and D. J. Rose, Phys. Rev. 93, 84 (1954). The 
fact that our results are independent of pressure indicates that 
the error is smal! 
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where w is the resonant angular frequency of the cavity 
with no discharge, m is the electron mass, ¢€ the 
permitivity of free space, v, is the frequency of momen- 
tum transfer collisions between electrons and the 
helium gas atoms, E is the actual electric field present 
in the cavity and £, is the electric field associated with 
the mode of the cavity being used for the measurements. 
The integrals to be evaluated over the discharge tube 
are indicated by T and those to be evaluated over the 
discharge tube and microwave cavity by CT.'* Equation 
(2) is valid only when the ratio of »,,"/w*<1 unless v, 
is independent of electron velocity.'® In these experi- 
ments, Ym?/w?<0.025 and v, is nearly independent of 
electron energy. Also, Eq. (2) is valid only when the 
electron density is sufficiently small."* Our electron 
densities varied from 2X 10° to 4X 10" electron/cc. 
Since the electron density is independent of distance 
along the discharge tube, we are only concerned with 
the difference in # and (nm) due to the fact that the 
microwave electric field is not constant as a function of 
radius. The microwave electric field is greatest near 
the discharge tube walls so that any deviations from 
an assumed electron density distribution near the wall 
are emphasized. The ratio f/(m) is calculated on the 
assumption that the electron density was distributed 
according to a Bessel function. Therefore, a decreased 
electron density near the wall due to departures from 
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Fic. 5. Electron drift velocity as a function of E/p from 
discharge tube measurements. 


‘6 The ratio of the integral of the product of the electric fields 
over the cavity plus discharge tube to the integral of the product 
of the fields in the empty cavity in Eq. (2) is taken to be equal 
to the ratio of the same integrals evaluated with and without a 
Vycor rod at the center of the cavity of such a diameter as to 
give the same frequency shift as for the Vycor tube. The electric 
field distribution for the dielectric rod was calculated according 
to the relations due to E. Feenberg and given by Hsieh, Goldey, 
and Brown, J. Appl. Phys. 25, 302 (19545. 

'® The limits of the microwave measurements are discussed by 
K. B. Perssun, Phys. Rev. 106, 191 (1957). Our use of a cavity 
mode with the electric field parallel to the axis of the discharge 
reduces the erro:s cue to field perturbation to a minimum. 
See S. C. Brown, IKE, Trans. on Microwave Theory Tech 
MTT-7, 6&9 (1959). 
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Fic. 6. Electron mobility at unit density in helium at 300°K. : 
The open and solid circles show the results of the present ~ ¥~ 
ments while the other points show the results obtained by 
Townsend and Bailey, by Nielsen, and by Hornbeck. 


the ambipolar limit'? causes fi/(m) to increase from the 
calculated value of 0.92 toward unity and makes the 
computed w too small. 

The drift velocities calculated from these measure- 
ments are shown in Fig. 5 as a function of E/p. The 
dashed line shows the variation of the drift velocity 
with E/p which is expected if the electron collision 
frequency at unit density were constant and equal to 
7.2X10~-* cm*/sec. The solid curve is an average of the 
experimental points. 


IV. DISCUSSION 


The results of the low-field and high-field drift 
velocity measurements are combined in Fig. 6 where 
the mobility at unit gas density, i.e., the product of 
the drift velocity and the gas density divided by the 
electric field is plotted as a function of the electric field 
divided by the gas density. Although not the customary 
units, the units chosen eliminate questions of normaliza- 
tion of pressure to some arbitrary value. At low E/N 
the circles show typical data when corrected for end 
effects. In the low-field region we have fitted the zero 
frequency limit of the theoretical expression for 
electron mobility obtained by Margenau"® to our 
experimental data. Thus, Margenau shows that for 
electrons moving in a gas in which the cross section, Q, 
for momentum transfer is independent of electron 
energy 

Seat 


BI 0 nen ao 
3(2emkT )'mO W((2a—1)/4, (2a+3)/4, a) 


W((a- 3) ae (a+2)/2, a) 


where a= (M/6m)(eE/kTQON)*. Here u is the mobility, 


‘*H. Margenau, Phys. Rev. 69, 508 (1946) 
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N is the gas density, e and m are the charge and mass 
of the electron, M is the mass of the gas atoms, & is 
Boltzmann’s constant, T is the gas temperature, E is 
the dc electric field, and W(a,b,c) is the confluent 
hypergeometric function. Q is the only adjustable 
parameter in Eq. (3). 

Equation (3) is plotted as the solid curve of Fig. 6 
using a cross section for momentum transfer 
of Q=6.2X10-"® cm*. The theory and experiment 
fit very well up to E/N=5X10~" volt-cm*? (E/p=2 
volt/em-mm Hg). At this value of E/N the average 
electron energy is about 2 electron volts. Therefore, 
we can say that our experiments are consistent with 
the assumption that the cross section for momentum 
transfer is constant for electron energies below about 
2 ev. This result is in agreement with the data of 
Normand” and of Gould and Brown” which show that 
the cross section is essentially constant for electron 
energies up to about 2 ev. The magnitude of the elastic 
cross section required to fit the theory to the experi- 
ment is about 10% larger than that obtained by Phelps, 
Fundingsland, and Brown” and by Gould and Brown 
and 10% less than the value obtained by Anderson 
and Goldstein. Note that for E/N<10-" volt/cm? 
the electron mobility is independent of E/N as expected 
for electrons in thermal equilibrium with the gas. 
Thus, we have been able to study the properties of 
electrons which are in thermal equilibrium with the 
gas without having to apply the large amounts of 
power required to break down the gas using the micro- 
wave techniques. 

Above an E/N of theoretical 


5X<10-" volt/cm? 


‘9 J. S. Townsend and V. A. Bailey, Phil. Mag. 42, 873 (1921). 
*” C, E. Normand, Phys. Rev. 35, 1217 (1930). This data must 
be converted into momentum transfer cross sections using the 
angular scattering data obtained by C. Ramsaur and R. Kollath 
Ann. Physik 12, 529 (1932). See, for example, D. Barbiere, Phys. 
Rev. 84, 653 (1951). 
1 L. Gould and S. C. Brown, Phys. Rev. 95, 897 (1954). 
* Phelps, Fundingsland, and Brown, Phys. Rev. 84, 559 (1951). 
* J. M. Anderson and L. Goldstein, Phys. Rev. 102, 933 (1956). 
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calculations of Barbiere™ show that the electron energy 
distribution is effect of 
collisions such as to reduce the average electron energy 


modified by the inelastic 


and increase the electron mobility. However, at this 
value of E/p the average electron energy is about 
2.5 electron volts and the section for momentum 
transfer gher 

electrons varies approximately as the 
According to 


collision cross section varies inversely 


Cross 
collisions for the hi energy (>4 ev) 
rec iproc al of the 
electron velocity theory when the 
as the electron 

and in- 
dependent of the form of the electron energy distribu- 
tion. Thus, it is not obvious whether the leveling off of 
the electron mobility at high E/.V is due to the effects 
of inelastic collisions or simply due to the fact that the 


distribution 


velocity, the electron mobility constant 


mobility is nearly independent of the 
function. The 
expected if the electron collision frequency per atom, 
i.e., the product of the electron velocity and momentum 
transfer collision cross se 7.2 10-8 cm*/sec 
as given by Reder and Brown* as an average value 
for their electron energy distribution function calcula- 
tions. We see that the experimental mobility values 
are gradually increasing in this region. This suggests 
that the cross section for momentum 


arrow shows the electron. mobility 


tion, were 


transfer collisions 
is decreasing more rapidly than the reciprocal of the 
electron velocity. Such a variation with electron velocity 


is observed experimentally in beam experiments 
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A formula for the photoelectric absorption cross section for the K shell is derived using the Furry or 
Sommerfeld-Maue approximate wave function. The surviving terms at the high-energy limit are given 
explicitly and the value for the cross section is found for Pb by numerical integration. The exact wave func- 


tion is rewritten so as to simplify the derivation of the Furry approximation 


INTRODUCTION 


HERE appears to be a recent revival of interest 
in the high-energy photoelectric effect. A paper' 
has appeared in which an approximate continuum 
Coulomb wave function was used to calculate the cross 
section for large photon energies. This function, given 
by Schiff? and others, is asymptotic at great distances 
to the Furry* or Sommerfeld-Maue‘ wave function (as 
employed by Bethe and Maximon' to calculate brems- 
strahlung). This latter function, it has been argued, 
gives exact results at the high-energy limit in certain 
calculations, the reason for which may be seen upon 
comparison with the exact solution when both are ex- 
panded in spherical waves. The respective terms are 
asymptotically equal for large / (angular momentum). 
But in certain cases, such as bremsstrahlung® and the 
photoelectric effect,* the contribution to the matrix 
element of a fixed partial sum of (exact) spherical waves 
is negligible for large k (initial photon energy). Now 
Prange and Pratt have shown that their function (less 
accurate than Furry’s) yields for the photoelectric cross 
section at high energies precisely the result of Hall (who 
used the exact wave function), namely the factor 1/k 
multiplied by a certain function of Z given by Hall as 
a double integral. This argues independently for the 
correctness of a calculation based upon the Furry wave 
function, since it should be bracketed between the 
exact calculation of Hall and that of Prange and Pratt. 
A new derivation of the Furry function is given in the 
Appendix. 





CALCULATION OF THE CROSS SECTION 


Such a calculation has been performed for the K 
shell using the continuum wave function 


V,=N exp(ip-r)[1— (ia V/2E) | 
X F(—ta,; 1; —i(pr+p-r))u(p). 


The notation is basically that of Bethe and Maximon, 
the confluent hypergeometric function corresponding to 
ingoing waves. a= &Z/hc=Z/137, a,= Ea/p. E and p 
are in units of mc*, ris in units of #/mc. u(p) is a spinor 
coefficient associated with a free particle of momentum 
p. The bound state of the K electron is given by 


V,= N'r*— exp(—ar)g(0,®), 


1 
5(9,2)= iA cosO 
iA sin® exp(i®) 


The initial electron spin is in the +2 direction, to which 
the angles 0, refer. o= (1—a’)', A=(1—o)a™, and 
N’ is a normalizing constant. We may omit the details 
of the summation of the squared matrix element over 
the two final spin states of the electron, which may be 
accomplished using a projection operator. It is then 
convenient to write the differential absorption cross 
section for a photon of polarization e with direction of 
propagation k as 


do (0) = (3/16m2)N2N"2(137)*+4ao(Ep/k)U*- D- Uda. 


6 is the scattering angle and a» the Thomson cross section 8re*/3m*c*. Here 


fer F(ia;; 1; i(pr+p-r)) expi(q-r—ar)r?'g(0,®) 


(2) f ae VF (ia; ; 1; i(pr+-p- 8) expi(q-r—ar)r*—'g(@,®) | 


4 


* National Science Foundation pre-doctoral fellow, 1956-1957; present address: Westinghouse Researc h Waboratories, Pittsburgh, 


Pennsylvania. 
‘R. E. Prange and R. H. Pratt, Phys. Rev. 108, 139 (1957). 
?L. I. Schiff, Phys. Rev. 103, 443 (1956). 
*W. H. Furry, Phys. Rev. 46, 391 (1934). 
* A. Sommerfeld and A. W. Maue, Ann. Physik 22, 629 (1935). 
5H. A. Bethe and L. C. Maximon, Phys. Rev. 93, 768 (1954). 
*H. Hall, Revs. Modern Phys. 8, 358 (1936). 
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is displayed as a vector of four components (labelled 0, x, y, ) each of which has four subcomponents answering to 
the spinor indices 1, 2, 3, 4 of g(9,#). q= k—p is the recoil momentum. Similarly, D may be written as the dyadic 
{ (A+E) (A+E£Eje 
D=(2E)—"(a-e) a-e 

a(H+E) al(H+E\a 


where H=a-p+E-— 8. The Dirac matrices a, 8 will be used in the representation of Bethe and Maximon, and in 


addition we shall use the 4X4 matrices 
a 0 0 1 
o= ( ) and e¢= ( ), 
0 @’ 1 O 


where o’ are the 2X2 Pauli matrices. D is thus in detail a 16X16 Hermitian matrix. Define | as the unit dyadic 
and E=2(ee)—I. Then, after some matrix algebra (which the dyadic notation simplifies considerably) we arrive 
at an expression linear in the Dirac matrices. 


c a-E-p " | 

| ptio-EX p+ (E—8)(a-E | 
+(E—£) ; 
Pp (a-E)p+p(E-a) 


—ie EXp 
+ (a-E)(E—8£) 


—(a-E-p)Il+iepXI 
+(E+8)(l—ie-Exl) 





| 
! 
| 
| 
| 
| 


When we average over the two photon polarizations, remembering that e occurs only in E, we may use E’= — (ff), 
where f is the unit vector along k. We find that 


—(a-f)(f-p) 
| p—i(o-f) (£X p)— (E—8) (a-f)f | 

+(E—8) | 

— (a: f) (fp+ pf) 

+ (a-f)(f-p)l+iepx! 

+(E+8)(1+ile-f) (fx 1) 


p 
tile f)(ixp 
f(a-f)(E—p 


| 
! 
| 
l 
I 
The averaged cross section for a K electron with spin in the —z direction is the same, so we need only to double 


this result to find the total absorption by the K shell. A single function J provides all components of U: 
} 


—d/da ! 
0 I(p,q,a,c) é 
| Ad ‘Od: Lip 2E)V,/ (p,q,a, o— , 

| A (0/dg2+i0/0¢q,) 


U 
where 
I(p,q,a,o ferrGa; 1;1(pr+p-r)) exp(iq-r 


Particular values for p and q are not substituted until all differentiations are performed. We next make the 
replacement 


x 
ret=(T(1 -ohf x? exp(—-2r)dx, 
i) 


and interchange the order of integration. After some transformations of a contour integral (guided in part by the 
method of Nordsieck’) we arrive at 


x 


I(p,q,@,0 dr{r(1—o)}* f dxx~*(x— pi)***""'(x— pro 
0 


7 A. Norsieck, Phys. Rev. 93, 785 (1954 
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For purposes of differentiation, p, q, @ are contained only in 
p2= —at+i(p—k), 
—a+i(p+k). 


pi= —a—19, 
ps= —a+ig, p= 


Principal values of the arguments of (x—p,) are to be used. 
It is now a matter of estimating the orders of magnitude of J and its derivatives as k — ©. After a laborious sort- 


ing of terms there remains only 


r= (3Z' ao 20137) ( — 


22et8gte—4| (1 —ia) |? . 
—____—_ )f qK (q)dq, 
(14+42)0(2e+1)[1 (1-0) #7 J, 


as the term of lowest order, the integration being performed over gq instead of 6. Here 


K(q)= (a? 4)(1+A’)| Ki(q)|?+(1 +a?) A*@’| K2(q)|?+ ( 
+Re{—(A 
+(A4 


Ln 


K,(q) -f aL (x+a)?+¢ ]'*"'(x+a—ia) 


0 


, +g? }'* *(x+a—ic) 


D 


RK; a-f x¢[ (x+a)?+¢ }'*?*(x+a—ic) 
0 


It will be noticed that this result would be changed, 
even at the high-energy limit, by the effect of electronic 
screening upon the ground state; for, since g represents 
physically the recoil momentum of the atom, the lower 
limit of the integral is simply the ionization energy of a 
K electron, which is altered by screening. 

The above integrals K,(q) were performed in the 
case of lead for the range g=0.80(0.05)1.40(0.10)2.00 on 
the electronic computer of the University of Man- 
chester, and the final integration over momentum was 
performed by a planimeter as far as g= 2, beyond which 
point the asymptotic formula K(qg)~(0.789)/q* was 
used. This result is apparent from an inspection of the 
functions K,(q) for large gq. 

The resulting cross section was found to be 


ox=(3Z*0o/2(137)% }(0.235). 
The well-known approximate formula of Hall,*® 
ox=[3Z%oo/2(137)*k] exp[ —ar+2a?(1—Ina) ], 


yields for the constant in question the value 0.451. The 
figure 0.235 is in good agreement with another numerical 
calculation using the formula of Prange and Pratt,*® 
which has given the value 0.222. It seems significant 
that the Hall formula is also about twice as large as the 
exact figure for Z=137, which has been conveniently 
evaluated by Prange and Pratt. 

A recent paper® has given a derivation of the cross 
*R. H. Pratt and T. Erber (private communication). 
*M. Gavrila, Phys. Rev. 113, 514 (1959). 


a’ K;(q) + aK(q) 3 


i)(1-+4 ia)alR (q) + aK.(q)]Ky q) 
i)(14+ia)aAoRy(q)Ky(q)— 2A (1+a*)o[R3(q)+aR2(q) JK2(q)) 


section for the K shell using the Born approximation for 
the continuum wave functions which, in the extreme 
relativistic limit, agrees with Hall’s formula to first 
order in a. 

APPENDIX 


I should also like to point out that it is possible to 
rewrite the exact continuum wave function in a much 
simpler form," which makes nearly trivial the passage 
to the Furry approximation { where we set [ (l+-1)?—a* }! 
=/+-1}. Heretofore this has been a rather cumbersome 
procedure.** In this expression for the exact solution, 
the gradient term @-V/2E (typical of the Furry ap- 
proximation), already makes its appearance. It turns 
out that many of the recurrence relations for confluent 
hypergeometric functions of the type F(/+1—ia,; 
21+-3; —2ipr) apply as well to functions of the type 
F(L(1+-1)*—a@ }'—ia,; 20 (14+-1)*—a* }}4+-1; —2ipr). A 
sketch of the method follows. 

Let WV be the solution of (E+a/r+ia-V—B)V¥=0 
which behaves at great distances like a plane wave in 
the +2 direction with ¢,= +1. Then it is known that 


V~V+expil_ pr+a, In(2pr) ju (0,6)/ pr, 


where ”;(6,) is a certain spinor function of angle and 
VO=yYxu with 
y =I (1—ia;) exp(ayr/2+ipr cos) 
< F (ia, ; 1; ipr(1—cos#)) 
the continuum solution of the Schrédinger equation 
oR. H. Boyer, thesis, Oxford University, 1957 (unpublished). 
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for the Coulomb field) and 


( 1 
2E}| 


(E+1 


) 
p (E+1) 


We have introduced the two-spinors S; and S» with the 


yD 
24 ipr Zz 


S,=exp(aur 


P Pl 1a } 


I 
x| - 2ipr) 
I'(2p:+1) 


)F(pi—ta1; 2p, +1; rior) 


. 


{ (pi—ia,) F (pi +-1—1ta,; 2p; 
(1+-1) Pf 


oP, l 


e 


1d) 
{ (p: 1 


I'(p; 


id I Pl i+ 1 


— (|- 


a 
2+ipr) >> (—1)! 
l= 


—ia exp(ayr 


I'(p; _ 1d}) 
XI] (— 21pr)et 
r( 


F pi ia 
| 


2p: +1) 


2ipr)rri- 
I'( 


Close inspection of (—ie’-V/2E)S; shows it to be a 
sum of three terms: 

(p 2E S; +-So— (a, '2Er) Ss. 
Thus 
VW =[1—(ia-V/2E)— (a: p/2E) jw" 

+[ (a: p/2E) — (ep/2E) W™+ (a/2Er)v, 
If we now make the approximation p;=/+1, we find 
that Y= and [ (a: p/2E)— (ep/2E) W =0, since 
the second and fourth components of ¥ vanish. If we 


(cosé 


I'(pi1— 1a, 


BOYER 


It happens that the exact solution may be written in 


two terms, 


where 
notation p; 


+1; — 2ipr) 


) 


cos@) 


1a, ; 2p, it 


10} I 


1; 2p. +1; 


jp } 
i cosé) 


)| 


2p1r-i1+1 *P, (cosé 


discard the last 
arrive at the 


v=(1 


gible for large E, we 


ipproximation : 


1° 
orl 


term as 


ll-knowt 


we 


a: p/2E) Ww 
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The post matrix element form of Born's approximation is used (o calculate the cross section for H~(1s") 
production in hydrogen atom collisions. The Coulomb wave function is approximated by a plane wave, and 
two different wave functions derived by Chandrasekhar, one of which contains the inter-electron distance, 
are used for the H~ state. The value of the cross section obtained with the wave function containing the 
interelectron distance term is roughly 25% larger than the other cross section. Since the direct and exchange 


charge transfer amplitudes, f,(@) and f,(*—@ 


, are sharply peaked about @=0 and @=-, respectively, the 


interference terms are negligible. Thus, only /,(@) has to be calculated to obtain the cross section. 


HE charge exchange cross section for the collision 

of neutral atoms of the same species is difficult 
to calculate and in many cases nearly impossible to 
measure within the framework of present experimental 
methods. Nevertheless, it is becoming increasingly im 
portant to know the values of these cross sections for the 
current problems of the upper atmosphere. The simplest 
cross section of this class to evaluate is the hydrogen 
atom case, and this paper presents the formulation and 
calculation of reaction (A) in Born approximation. 


H(1s)+H(1s) — H-(1s*)+H?*. (A) 


In the center-of-mass system, and with the neglect of 
spin-dependent forces, the nonrelativistic equation for 
this process is given by 

(H,'- e’V’)v (Ho—€V)¥ IW, 
h* h’ e 

Hy = ——Vpz"- 2+Vx,")— 
Qu 2u xX) 


, 


1 
R’ + (u/m)x,'+(u/M)x,’ 


1 


— R’+ (u/M)x,'+ (u/m)x.’ 


+ 


1 


~ R’— (u/m)x,'+ (u/m)x2 


1 


—R’+ (u/M)x,'— (u/M)x,’ 


h? h? h? 
Ho= ——Vxo——(Va?+ Va?) ——Va1- Vis 
242 2u M 


M»)x» 
] 


R (m M Xi (M/M2)x» 


1 1 


— = . (Me) 
-R+(m/M2)(x;+x)| R) 

In the laboratory system, 1, f2 are the proton coordi- 
nates, and rz, r4 are the electron coordinates. e is the 
electron charge; f is Planck’s constant divided by 2z, 
and the particle masses are as follows: m=elec- 
tron, M=proton, M,=M+m, M2=M-+2m, w.=M,/2, 
u=mM/M,, w2a=MM>/2M,. The relative coordinates 
for the prior system (primed) are 


Mri+mr, Mro+-mry, 
M, M, 


’ 


and the relative coordinates for the post system (un- 
primed) are 


Mr, +m( Ts +-r,4) 
M, 


fo. 


Conservation of energy is given by 


WK? h’K,, 


(2a) 
Qui 22 
In (2a), Ko, K, are the magnitudes of initial and final 
wave vectors of relative motion, respectively, while éo, €, 
are the binding energies of H(1s) and H~(1s?), re- 
spectively. 
With the assumption that V= >on gm(R)Wm(x1,X2) is 
a permissible representation for the wave function, 
¥m(X1,X2) being a member of a complete orthogonal set 
of H- wave functions, one readily obtains the equation 
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for gn(R) as given by 


Qu2e 


h?|R 


22 
: ff ¥%(an)V Roxx) 
i? 


| Vr'+ 


. K,* ee R) 


* V(R,x),x2)dx,dx». (2b) 


The inclusion, of the R- term in V of (le) causes V to 
decrease faster than R™ for large R, and the inclusion 
of this term in Hy of (1d) causes Ho to assume the true 
unperturbed value of (H)—eV) for large R. The Born 
approximation consists of the replacement of ¥(R,x;,x2) 
in (2b) by 


v exp(iKo: R’ \po(xy’ \po(Xs’), 


in which relation ¢» is the normalized hydrogen wave 
function for the 1s-state. Equation (2b) is solved subject 
to the restriction that g,(R) is outgoing for large R and 
is finite at the origin.' The approximate solution of (2b) 
subject to these boundary conditions is readily obtained 
by using the Green’s function as given by 


K, @ 
G(R,R”)=— © (21+-1)Pi(cosO) 


dr i-o 


L,(R)H,(R”), R<R"’ 


x 4 (2c) 
[LRH AR), R>R". 


Let W:,2 represent the two solutions of the confluent 


hypergeometric equation, F the confluent hypergeo- 
metric function, P; the Legendre polynomial, I’, the 


gamma function, and ap=h?/me?, a= —p2/mK ado, 


n= argl'(l+1+1a), 


cos@ = cos cos6’’+siné siné”’ cos(¢—¢”’). 


Then the quantities 1; and H, of (2c) are defined as 
follow s?: 
i2K,R) 


WitWe, Hi=Kitili, 


[(/+-1+ ia) | (2K,R)! exp(iK,R) 


(21+1)! 
x (WitWs), 


(2K,R)' exp(ikK,R) 


x (W,-W,). 

'W. F. Mott and H. S. W 

Collisions (Oxford University 
edition, p. 112 


2 Reference ! pp 52, 53 


Massey, The Theory of Atomic 
Press, New York, 1949), second 
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For large R, Li and H; become 


sinl K,.R—(lx/2)+n: 
” ja 
K,R 
expi_K,R— lr/2 
Hi~ 
K,R 
and G(R,R’’) reduces to 


expiLK,R—a |n(2K,R 


4rR 


x > (21+1): exp(in,)L,(R)P Lcos(x— 0 
l—o 


Thus, the asymptotic form of the Green’s function can 
be written as® 


expiLK,R—a |In(2K,R 


yo cemee Ta 2) (1+ 1a) 


Xexpi[K,.R” cos(r—@) ]F(a; c; 2) 


’ 


with a= —ia, c=1, and z=iK,R"| 1—cos(xr#—0 ). The 


solution of (2b) is given by 


gn(R) = — (2use?/h?) | G(R|R” in *(x:,x 


X exp(iKo-R’)o(x1’)o(x2’ 


ittering, by 


and the amplitude for s 
Moe” 
fn(9) Bo exp 


2rh? 
<T (1-4 ta f expi| K, R cos(r—© 


V(R,x:,x 


XF(a;c;2)Wn*(x1,x 


X exp (iKo-R’)o(x1')bo(x2’)dxidx2dR. (2e) 


The evaluation of f,(@) is still prohibitively difficult, 
but the next approximation reduces this difficulty to a 
tolerable level. One of the criteria for the validity of the 
Born approximation is that 


é 


Avo 


1+ia)F(a;c¢;2) is 


With this condition exp(—-7 
nearly unity; consequently, upproximate Born 


* Reference 1, p. 46 
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amplitude reduces to the form 


fn(0) = — (p2e", arte) f exp(—iK,-R) 


X Wn" (xi,X2) V (R,x1,x2) 
x exp(iKy 7 R’)0(x1' be ( Xo’ )dx,dxodRo. 


(3a) 
The calculation of f,(@) can be simplified by the intro- 
duction of the coordinates (x, X2, X3= X2’) as independent 
variables. With this change of variables, f,(@) and 
V (R,x;,x2) are given by 


4 


pre? 
f.(0)= — f exp[i(A,-x,;— Ag: x2+A,-x;) | 


rh? 

bn *(X1,X2) V (x1,X2,X3) 

XK Go(X1)b0(x;)dx\dx2dxs, 
V (R,x,,x2) = V (x),Xox3) = | xX) —X2+x;|— 
+ |x3|—*— | xg—x;|— 

— | (M,/M2)x2.—x3— (m/M,)x,|—, 
A:=(m/M;,)A2, A:=Ko—(M,/M;)K,, 
A;= (M/M,)Ko— K,. 


It is easily shown that the effect of the last term of V 
in (3b) is, to a very good approximation, |x,—x,|~'; 
thus, the working formula for f,(@) is given by (3b) 
with the last term of V replaced by |x2.—x3|~'. This 
amplitude is the approximate Born-post matrix ele- 
ment. The exact matrix element given in (2e) is equal 
to the prior matrix element, with interaction given in 
(1c), provided that exact H~ wave functions are used.‘ 
The calculation of the prior matrix element with the 
plane wave approximation and the same H- wave 
functions serves as a test of these approximations. The 
author will present the results of this task in a future 
paper.® 

The details of the calculation are deferred until the 
effects of particle identity are discussed. In the formula- 
tion that has been presented, the approximate solution 
has been obtained for an incoming state ,= (1234) 
= exp (iKo- Ry’)po(x11’)b0(xe1") which is a solution of 
H;'\= E%. (Here R,’=R’, Xi) =x;', X21'=Xz,’.) By 
permutation of the laboratory particle coordinates, three 
other systems of prior relative coordinates are derived, 
the effect being to change the ordering of the particles 


*E. Gerjuoy, Ann. Phys. 5, 58 (1958); Phys. Rev. 109, 1806 
(1958). (These two articles coatain an extensive bibliography of 
the theory of rearrangement collisions.) 

® The author has calculated both post and prior cross sections 
(unpublished) for the reaction »+He(1s*) + H(1s)+He*(1s) (as 
well as for other fina! states) and found substantial agreement. 
Of course, only the wave function of He(1s*) is approximated for 
this reaction, since there are no Coulomb functions. 


BY H ATOM COLLISIONS 481 
in the incident state, ®;, (i=1, 2, 3, 4). The normalized 
singlet and triplet states (of the electron coordinates 
without the spin functions) are ®,,,(12) = 2-#(@(1234) 
+(1243)] and 4, ,(21)=2-*[(2134)4-(2143)], in 
which relations the subscripts, s and ¢, refer to the upper 
and lower signs, respectively. Since ¥,(X1,X2) is a nor- 
malized singlet state in the electron coordinates, the 
singlet amplitude, f,(@), is calculated with a normalized 
singlet incoming state. | The subscript n is now dropped. 
Wn(X1,X2)=y(x;,xX2), K,=K.] For a given post relative 
coordinate, R, @,(12) and #,(21) are used in (3b) to 
obtain the singlet direct and exchange amplitude, re- 
spectively. Equation (4a) is presented for clarification 
to the reader. The initial states 


i=1---4, H,'®;= E%,, 
,= (1243), ;= (2134), 
&,= exp(iKo: Ry’ )be(x::’)bo(X2,’), 


#,=4(1234), 
$,= (2143), 


X13 =Xo2', Xes =X, R,’=—R,’, 
Xo'=X1;, R,’=—Ry’, 
¥(12)~#,(12)+-Sf,(6), 
y(21)~®, (21) +S f.(r—8), 

S=R exp{ilKR—a In(2KR) |} (x:,x2), 
f.(0)=v2f(6), 


-_ , 
Xi4 =Xz1, 


are retained in the expressions for the asymptotic form 
of the wave functions in (4a) to show the relation be- 
tween the amplitudes and the initial states; however, 
they vanish since initial and final bound states are in 
different channels.‘ Let X,‘, X,* represent the triplet and 
singlet proton spin functions, respectively, and X;'‘, X,’, 
the corresponding electron spin functions. The antisym- 
metrical initial state, , is given by (4b). The proba- 
bility 


b= ([,(12) —&,(21) 1X, '+[(12) +21) x, "}X,! 
+ {[®,(12)—,(21) ]}x,! 


+[,(12)+,(21)]}x,"}X" (4b) 


density of this incoming state is 


P= is © 


spin 


dx,'dx,' |? | . 


with P normalized to the number of spin states. This 
value is P= 1+} cos(2Kg- R,’), and its average value is 


P=1.5 


The antisymmetica! singlet amplitude and the differ- 
* In the evaluation of P only the contribution from R,’ — « is 
included, for with R,’ large the bound state part of that contains 
R:” vanishes. If both parts are added, P=2. This situation is 
analogous to e—e Coulomb scattering in which case, with a value 
of P=2, the calculated cross section is a measure of all electrons 
scattered, directs and recoils. Since the cross sections of this paper 
are for the total production of H~ ions, the analogy is apparent. 
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ential cross section are given by 


P=(Cf.(0)—fulr—0 
o=;'5(v,/0;) >. |F 


Xp‘ +L fe(O)+ fa(w—O) JX p*}Xr*, 


t+}. f.(8) + f,(r—8) 2] 


v;=nKo/ 1, AK /p.'. 

As the calculation shows, the. interference terms in 
(4c) are negligible for the energy range investigated. 
Thus, the total cross section, Q, is given by 


a oe 
Q=- d@ sinO| f,(@) |? 


UV" 0 
r 


2rvys 
J d@ sinO| f(@ 


v; 


(4d) 


It is emphasized that the omission of the interference 
terms is a numerical approximation, and does not mean 
that the identical particles are treated as distinguish- 
able. If triplet H~ states exist, the differential cross 
section is given by (4e) in which formula the notation is 


obvious. 


» .\f 2 
o.= (v,(t)/v) [4% 


> 


fi (x- 6) 


bas | f(O)+ file —0) |? ]. 


l¢é 


f.(@) 


(4e) 


The wave functions used to represent the H™ state are 
those derived by Chandrasekhar,’ while Heinrich’s® 
calculated value of 0.747 ev is employed for the electron 
affinity of H-. The calculations are presented under 
Cases I and II. 

Case I 


] 


Vi Lexp ba2)+exp(—ax2.—bx,) |, 


ax; 


r= 1.03925, 6=0.28309, 


Vi 


1 8a*b*(a+b)® | 


+ 64a°b 


dor art b) 
In all that follows, the unit of length is the Bohr radius 
and the unit of energy is the binding energy of H(1s). 
The methods of integration are amply illustrated in 
other papers.’* 


f(0)= (128u2.N;'a 


m)| b(1+a)(7)°+/2°— 2]; 
+ a(1 +b) (7 e+ I; —2/, )}. 


(a) 


In (5a) Ny’=nrN, 


7S. Chandrasekhar, Astrophys. J. 100, 176 (1944). 

§ L. R. Heinrich, Astrophys. J. 99, 59 (1943). 

* J. D. Jackson and H. Schiff, Phys. Rev. 89, 359 (1953); E. 
Corinaldesi and L. Trainor, Nuovo cimento 9, 940 (1952 


9.8781 10-*, and the other symbols 


MAPLETON 


are defined below. 


T° a,b) 


T°(a,b) ” 
T;°(a,b) 


[(1 t a 
T.°(b,a). 


T;°(a,b)=[(1+a4 


¥2(X1,X2) = N.[ exp 
a=1.07478, 6 
2?N7{[ (a+ b)®+- 644558 le 
+c[_ab(a?— b*) 
+560(a+6)-7 |-4 
N2' =2N2.= 9.8093 X10 
f(0) = (12842N 2'ao/m)[b(1+a) (7,°+-1.°— 2]; 
+-a(l +-b)(7 4 T; —~27,.°)+bc(1+a) I,'+ I,’ 
~ 27 3')+ac(1+b) (14’+]5'— 216’) }. 


In (6a) J;° through J,° are formally the same as presented 
under Case I. In order to reduce the integrals of (3b) 
that contain the term |x,—x,.!/|x2—x;! as a factor of 
the integrand, the approximation A,;=0 was used.” 
Without this simplification, J;’ and J,’ reduce to triple 
integrals, and the numerical evaluation of these inte- 
grals is prohibitively complicated. Since this approxima- 
tion limits the accuracy to which /{(@) can be calculated, 
this approximation is also used to derive the terms /,’ 


” Bransden, Dalgarno, and King, Proc. Phys. Soc. (London) 


A67, 1075 (1954). 





PRODUCTION OF 


Q + CROSS SECTION IN UNITS OF va. 


= 0.5 ' 5 20 
E = INCIDENT ENERGY IN UNITS OF KEV -LABORATORY 


> 5 Wot 
—- 
SYSTEM 


Fic. 1. Cross sections for capture (see text for explanation of 


curves I, II, and F) 


and J’. J,’ and J,’ are derived without this approxima 
tion since little simplification is obtained. 


T,! (a,b) =b'(1+A7)"{ (38 — A?) (a+1)“* 
X (8 +A:7) 
—2(a+1)-[(a+b4+1)?+A?}° 
—(a+b+1)(a+1)*[(a+b+1)+ AZ}, 
I,'(b,a), 
T;/(a,b) = 2b(a+1)“73;— 


3+2(a+1)-*(P+A2’) 


(6b) 


T;' (a,b) = 
b-'(a+1)“T7 92 
+26 (a+1)—*733— 26"! (a +1) 34 


— (a+b+1)b(a+1)-*J 45, 


T,' (a,b) = T;'(b,a), 


0 ra] a 
-f dx x(1 »(— = ) 
0 du, 0,7 “0,5 
; ie \ 
la= J dx x(1 -x)(- +- ) én [ 
0 Ou, Or, U0! 
; 0 1 
-f dx (—+ =~) 
0 du, u,v, 
: 0 
Re et 
0 OU "a usd2* 
2 | 
lu f dx x(1 o(—+-) ™ 9. 
6 Ou. O27 uv.) 


pe 


Ta = 


T 33 ™ 


Iu= 


= (1—2x)(+A?)+2(1+A¥), 
v,=x+(1—x)P’+2x(1—-x)!A, 
u2= (1—x)[(1+a+6)?+A2]+2 


ve=x+(1—x)(1+a+))?+2x(1—2 
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l 1 
T,'(a,b) -f dx x(1—x)X, f dy y(1—y) 
0 0 
(ott) 
Ou, 0 
0 
SyX, (— Estes 
Ou, Or, 


2(yR?+R- 3] 


Ov; 


; : 7] 0 
y-am(2) 
Ou, 92; ‘ Ou, dv, 
0 0 ‘ 
+ 3 yXy | ( + ) u,0,~4 
Ou, Or, 


(945/16) y*v,-"*— (1105/8) y’9-*?*X, 


(45/16)0,-7X, ), 


A,|?, 


I 4 (a,b) =)‘ (b,a), 


X,=x(1+a)*+(1 — x)b+2(1—x)|Ai— 
u,=(1—y)(1+A?)+y(1—2)(P+A/) 
+axy[(1+a)+4,], 
r)b? + xy(1+<a)? 
+y(1—y)|A,—A,|?, 
R°- 


R-S=( x A, ~A;) }. 
A discussion of the derivation of these integrals is 
presented in the Appendix. 

The results of the calculations are presented in Table I 
and Fig. 1. The curves labelled I and II correspond, 
respectively, to Cases I and IT. Also plotted in Fig. 1 are 
the experimental results (labelled 2) for the cross 
section per gas atom of reaction (B)." 


H+H,— H-+H;*. (B) 


A basis for the comparison of the measured values of 
(B) (curve E in Fig. 1) with the calculated cross sections 
of (A) is that Hz behaves like two isolated H atoms in 
the charge transfer process. Unfortunately, the approxi- 
mations of this paper are not valid over the energy range 
for which these measured values exist ; consequently, no 


conclusions can be formed from this comparison. How- 


that tends to refute the 
concept that H, can be treated as two isolated H atoms. 


"1S. K. Allison, Rev 


ever, there is some evidence 


s. Modern Phys. 30, 1137 (1958). 
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Taste I. Table of cross sections. Q@=cross section in units of rao? =8.79-10~"? cm?; 
E=incident energy of H atom in units of kev—laboratory 


6.32 20 


11.7 1.92 


6.5-10" 


The preliminary theoretical work of Gerjuoy and Tuan” 


shows that no simple relation exists between the cross 
sections for reactions (C) and (D), 


(C) 


(D) 


H++H— H+H*, 


H++H,— H+H;t, 


although the calculated values of (C) agree very well 
with the measured values of (D)." Thus, any conclu- 
sions concerning the validity of the approximations of 
this paper will have to await the support of future 
measurements of (A). 
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APPENDIX 
The procedure for deriving the integral I’ of Case II 
illustrates the methods of integration used in this paper. 
Consider the integral given by 


—w 
I= f axidx dx exp[i(A,-x;— A2-x, 
X3+x)— Xo! 


+A;-x;)—(a+1)x,—bxe—x (Ala) 


The following two integral representations are intro- 
duced to facilitate the integrations over the nine- 
dimensional configuration space: 


12 I. } 
(1958) 
3 See Jac kson and Schiff, reference 9 


luan and E. Gerjuoy, Bull. Am. Phys 


35.6 


4.94.10" 


MAPLETON 


* 
system 


63.2 112 200 


9.00-10°? 1.15-10°? 1.05-10-3 6.95-10-* 


1.2-10" 1.5-10 1.3-10°% 8.5-10-§ 


iK 
. f expl#K,- (x3+x1— xe) J. 
K?~+é 


With these representations inserted into (Ala) the 
coordinate integrations are performed to get (Alb). 


(8m)*b(1+<a) dK, #& dK, 
ey, 
Ant K2+é dc ero 


«[(1+2)?+| A, +K.+K,|?}" 


< (+ | Ao+K,i+K.|?}°[1+]A;+Ki/?}*. (Atb) 
In writing (Alb) and all following relations, the limit 


operations are; understood. The Feynman integral 


representation | 


(ab)* of dx x(1—x)[b+(a—b)x}“* 


(see reference 9) is used for the relevant factors of the 
integrand so that the K,-integration can be performed. 
The K;-integration is then done and the operation 
lim,-.00*/ da? is performed so that (Alb) 


(8r)*b(1+a dK; ; 
pat 
2r* K?~+ée 


xf dx x 1 


+-(9 4)A, *X) i 


is reduced to 


180°A, 5X, 


X,=(1-—x)P+x 1+a)*+ r(l—x A,—A: J 

The integration of (Aic) over K,-space is simplified by 
the introduction of the Feynman representations for the 
terms A;-"{ 1+ /A,+K,!*}* with n=2, 3, 4, 5. These 
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1s?) 


representations permit (Alc) to be written as 


(8r)*b(1+a) f' 
[=— — ff de x(1-») 
0 


2n* 


1 dK, 
x f dy f - RH 3608(1—3)2, é 
0 K’+é 


54 
+72y¥(1—y)Xr'Zy§+4+-—y(1—y) X72 4 
4 


— 0°[1440y4(1 — y)Z.-7+240¥(1— XZ (Ald) 


| 


+36y(1—y)xr*Zi-*]}, 
“i= (1—y) (1443) +y(1—2)(P+42) 
+xy[(1+4)?+A;*], 
T= (1—y)As+yR, 
Z,=K?+2T-Kit+m. 


R=A,+2(A;— Az), 
(F=|R+K, |’, 


The following relations are used to perform the K,- 
integration : 
2K,-R R fi) 
- = ——_____ —-7 n—l1) 


(n—1)y OR 


Z." , 
dK; 
[K?2+e]Z." 


ir 
oS serene ih; 
(n—1)! du," 


PHYSICAL REVIEW 


VOLUME 117 


ATOM ¢ 


dK K is x(- 1)" @ 2 
f : =f wy V1 i, 
[Ke+e]Z,\" (n—1)! du," 


R=|R}. 


BY H OLLISIONS 


1,=u4,—T", 


With the new notation (Ald) reduces to 


(Sr)*b(1+a) ¢' : 
f dx x(1—x)X, if dy y(1—y) 
) 
Z 0 0 


a 
x 4 [sy 


| ou,* 


0° 
+ Re( 29 —2yXx, I j Eh es 
ou,® Ou," é ou;* 


GF) a a 3y e 
+R 2y\— — 2y°X 1" —— + —X*— J} fesse, ! 
OR Ou,! Ou; 2 ou? 


oe o* dy 
+|29— — 2yXx,;-—-+-— xo), (Ale) 


Ou,® du;* 2 


With the omission of the factor outside the integral sign 
(Ale) can be written in the form given for J,’ under 
Case IT in the main body of this paper. 
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Range Straggling of Charged Particles in Be, C, Al, Cu, Pb, and Air* 


R. M. STERNHEIMER 
Brookhaven National Laboratory, U pton, New York 
Received August 5, 1959) 


The straggling of the range of charged particles due to fluctuations of the ionization loss has been evaluated 
for six substances (Be, C, Al, Cu, Pb, and air). The calculations extend up to T/uc*~100, where T is the 
kinetic energy and yp is the mass of the incident particle. At high energies (T/uc*> 5), the integral giving the 
range straggling becomes somewhat dependent on the ratio u/m, where m is the electron mass. Two separate 
calculations have therefore been carried out, which apply to protons and mw mesons, respectively. The results 
for protons can also be used for x and K mesons in the energy range of interest (T'/uc*< 5). 

I. INTRODUCTION lated up to a maximum proton energy 7,= 100 Bey, in 
order to enable one to obtain ranges of 4 mesons up to 
an energy 7,~10 Bev. The calculations were carried 
out for Be, C, Al, Cu, Pb, and air. In connection with 
these tables, it seemed of interest also to obtain the 
range straggling due to the fluctuations of the ionization 


ECENTLY tables of the range-energy relations 
for protons' have been obtained for several 
substances, which are based on accurate values’ of the 
mean excitation potential J. These tables were calcu- 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1R. M. Sternheimer, Phys. Rev. 115, 137 
will be referred to as I. 

2 Bichsel, Mozley, and Aron, Phys. Rev. 105, 1788 (1957); 
V. C. Burkig and K. R. MacKenzie, Phys. Rev. 106, 848 (1957); 
D. O. Caldwell, Phys. Rev. 100, 291 (1955 


1959). This paper 


loss process as given by the theory of Bohr.’ In the 
present paper, we give the results of these calculations. 
It may be noted that the range straggling in nuclear 
emulsion has been previously investigated by Barkas, 
Mag. 30, 581 (1915 


N. Bohr, Phil 





486 <a 
Smith, and Birnbaum.‘ Calculations of the 
straggling in copper, up to a proton energy 7,- 
have also been carried out by Millburn and Schecter. 
Symon® has obtained results for the range straggling 
10), which are reported 


range 
1 Bev, 
> 


in iron (up to an energy 7'/yc? 
in Rossi’s book.’ 


II. CALCULATIONS 


The expression for the mean square deviation of the 
range, ((AR)?*), 
tions, is a slight modification of the expression derived 
by Lindhard and Scharff* for relativistic particles. 
Thus ((AR)?) is obtained from 


; 1—3, 
((AR forz*e'n f . 
1—9)[1+ (2m/p)y | 


0 


which was used in the present calcula- 


dEy\- 
x KdT, 
dx 
number of 


where z=charge of incident particle, n 


electrons per cm® in the stopping material, 8B=»/c, 
is the velocity of the particle, m= electron mass, 
(1—8*)-4, dE/dx is the 
ionization loss (in ergs/cm), 7 = kinetic energy variable, 
and 7, is the kinetic energy for which ((AR)*) is 
evaluated. In Eq. (1), the factor K takes into account 
the effects of binding on the atomic electrons at low 


energies of the incident particle. The expression for K 


where t 
u=mass of incident particle, 


has been derived by Bethe,’ and will be discussed below. 
Equation (1) differs from the expression of Lindhard 
and Scharff* by the presence of the factor [1+ (2m/y)y ] 
in the denominator. This factor arises from the expres- 
sion for the maximum energy transfer from the incident 


) 


particle to an atomic electron”: 


uc 


(um 2m)+ (m/2yu)+ (E uc?) | 


2mr" 


8) 1 + (2m u)y ] 


where £ is the total energy of the particle (including 
Lindhard 
2mv*/(1—6*). This procedure is 


the rest energy pce Instead of (2), and 


Scharff® used Wrnax 
‘ 7 : ‘ . teen . a." ) 
justified except at very high energies when y2 (u/2m). 


‘ Barkas, baum, Phys. Rev. 98, 605 


Schecter, University of 
UCRL-2234 revised ), 


1955) 
California 
1953 


Smith, and Bir 

'G. P. Millburn and | 
Radiation Laboratory 
(unpublished 

*K.R. Symon, Harvard Ur 

7B. Rossi, High Energy article 
York, 1952), p. 37 

8 J. Lindhard and M. Scharff, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 15 (1953 

*M. S. Livingston and H. A 
261 (1937) 

© H. J. Bhabha, Proc. Roy. Soc 


Report 


thesis, 1948 (unpublished). 
Prentice-Hall, Inc., New 


iversity 


Bethe, Revs. Modern Phys. 9, 


(London) A164, 257 (1937) 
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The integrand in the expression for ((AR)*) from the 


Bohr theory® involves the fac 


2m/ ws) 


where W is the 

. 

(1+ (2m/u)y 

denominator of the integrand of (1 
Equation (1 


variable energy transfer. Thus 


enters as an additional factor in the 


can be rewritten as foll 


((AR)*) cee 1.022A2? 


) = 
2m/p)7 


dk: , 
. ) KaT, (4) 
ax 


Me V 
the material; 1.022 

| | p) dE/dx) | should 
and 7, in Mev. We 
where Z and {9 are the 
number weight of the 
indicated, Eq. (4) gives ((AR (g cm 

It may be noted that for very high energies, both the 
dE/dx) }* be- 


the 


where A =22ne‘/(mce*p) i 

Table I of I); p is the de sity of 
2mc*/(Mev). In Eq. (4 

be in units Mev/g cm 


A=0.1536(Z/Ao), 


gcm™*, (see 


have 
atomic 
substance. As 


and atomi 


in units 
factors [1+(2m/u)y}"' and 1/p 
come significantly dependent on the 
incident particle. We will define the 
straggling ¢ as follow 


mass yu of 


percentage range 


100(¢ 


where o=[((AR)*) }!. Except 
described above, ¢ for particl 


proportional to uw}. Thus 


6 


e for partic le 
protons, and yp, uw; are the 
particle t, respectively. 
For high energies, two separate calculations 
performed for each substan: the 
was evaluated 


where ¢; orresponding e for 


mass and the mass of 
were 
ntegral of Eq. (4) 
both for protons and pw me sons. The 
results for protons can also be used for K and r mesons 
[by means of Eq. (6) ] in the energy range of interest 
which extends to y~3 for K mesons and y~6 for pions. 
These values of ¥ range of ~4 
metrical mean free paths for nuclear 
copper (attenuation to 1.8% 

The factor K in Eqs. (1 


correspt nd to a 


re - 
geo 


interactions in 


" See, for example, H. A. Bethe : ikin, i perimental 
Nuclear Physics, edited by E. Segré yhr ley and Sons, New 
York, 1952), Vol. 1, p. 246. 
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cussed. From the work of Bethe,’ A is given by 


Lett Relate 2m" 
pak pb ltigtieey 
Z - mv? Fe 


where Z, is the number of electrons in the mth shell of 
the atoms of the stopping material, /, is the cor- 
responding effective excitation potential for the mth 
shell, 2, is a constant which was taken as 4/3 for all 
shells,® the sum over m extends over the shells for which 
[,<2mv*, and Ze; is the effective number of electrons 
which participate in the stopping process at the 
incident velocity v considered, i.e., Zer¢ is the sum of 
the Z, for the shells for which 7,< 2mz’. 

The values of 7, which enter into Eq. (7) were 
obtained in the same manner as in the previous calcula- 
tions of the density effect for the ionization loss.” 
The effective excitation potentials 7, for the various 


TABLE [. Values of the percentage range straggling ¢, for 
protons in Be, C, Al, Cu, Pb, and air. 


T / wc? Be d , Air 


0.00213 704 867 .968 981 
0.00426 550 631 & . 679 
0.00640 409 526 7 87: 564 
0.00853 419 466 . 7 498 
0.01066 1.382 424 1.597 7 i 452 
0.01599 322 357 b 1.667 376 
0.02132 286 315 5 828 335 
0.02665 259 1.285 1. 5 304 
0.03198 238 .263 a 5 7 280 
0.0426 206 230 1.33 244 
0.0533 183 203 .297 5 218 
0.0640 165 183 271 i 57 197 
0.0746 149 166 1.249 3 180 
0.0853 135 152 231 } 165 
100 0.1066 112 128 201 141 
120 0.1279 094 109 1.178 121 
140 0.1493 1.078 093 157 104 
160 0.1706 1.065 1.078 140 O87 
200 0.2132 1.041 1.054 112 1.060 
250 0.2665 1.017 1.029 O84 1.036 
300 0.3198 0.997 1.009 1.060 1.016 
350 0.373 0.980 0.991 1.040 0.999 
400 0.426 0.966 0.976 1.023 0.984 
500 «(0.533 0.942 0.952 0.996 0.959 
600 0.640 0.924 0.932 0.974 0.939 
800 0.853 0.897 0.904 0.943 0.909 
1000 §=1.066 0.879 O886 0.921 0.889 
1500 1.599 0.856 0.862 0.891 0.860 
2000 2.132 0.850 0.855 0.882 0.850 
2500 2.665 0.853 0.857 O.882 0.849 
3000 §=3.198 0.860 0.864 0.888 0.853 
4000 4.26 0.881 0.884 0.907 0.869 
5000 §=§.33 0.907 0.910 0.931 
7000 «7.46 0.964 0.965 0.985 
10000 10.66 .1.048 1.049 1,067 
15000 15.99 1.178 1.179 1.195 
20000 21.32 1.295 1.295 1.311 
25000 26.65 1.401 1.401 1.416 
30 000 31.98 1.499 1.498 1.512 
40000 42.63 1.674 1.674 1.686 
60 000 63.95 1.969 1.968 1.979 
80000 85.27 2.214 2.212 2.223 
100 000 106.6 2.426 2.425 2.435 


ASOUonmalbw 


Nh 
S to se 
& awe 


NU 


aS 


SS met et ee it 
Pm n enw 


2R. M. Sternheimer, Phys, Rev. 88, 
1956 


(1952); 103, 


STRAGGLING OF 


CHARGED PARTICLES 


shells satisfy the condition: 


> «S/n Ind,=In/, (8) 


where f, is the oscillator strength of the mth shell 
(f,.=Z,/Z), fhe sum goes over all shells, and J is the 
mean excitation potential which was used in calculating 
dE/dx in I (see Table I of I). 

Typical values of K are as follows: For Be, K=1.37 
for a proton energy 7,=1 Mev, K=1.24 at 2 Mev, 1.12 
at 5 Mev, 1.07 at 10 Mev, and 1.02 at 50 Mev. As was 
pointed out by Bethe,’ K decreases rapidly towards 
1 with increasing kinetic energy. For Al, K=1.33 at 
T,=2 Mev, 1.27 at 5 Mev, 1.19 at 10 Mev, 1.06 at 
50 Mev. and 1.04 at 100 Mev. Similarly, for Pb, 
K=1.31 at T,=5 Mey, 1.22 at 10 Mev, 1.19 at 50 Mev, 
1.16 at 100 Mev, and 1.11 at 200 Mev. 


III. RESULTS 


The results of the calculations are given in Tables I 
and II. For the calculations for protons (Table I), the 


Tase II. Values of the percentage range straggling «, 
for w mesons in Be, C, Al, Cu, Pb, and air. 


7 Mev) Be u 


0.225 
0.450 
0.676 
0.901 
1 


6.835 
6.052 
5.588 
5.302 
5.213 
4.968 
4.798 
4.657 
4.548 
4.375 
4.247 
4.144 
4.063 
3.992 
3.876 
3.788 
3.713 
3.652 
3.548 
3.442 
3.360 
3.291 
3.234 
3.136 
3.064 
2.953 
112.6 2.879 
168.9 2.749 
225 5 7 2.703 
281 a 2.692 
337. 542 2.699 
450 5 2.740 
563 725 2.800 
788 867 2.938 
1126 3.150 
1689 3.471 
2252 
2815 
3378 
4504 
6756 
QOOS 
11 260 


5.081 
4.621 
4.379 
4.229 
126 4.120 
689 3.941 
3.834 
3.753 
3.690 
3.596 
3.527 
3.472 
3.425 
3.384 
3.316 


un & WHh-— 
3 ; 


~ 


~ 


18.02 
22.52 
28.15 
33.78 
39.4 
45.0 
56.3 
67.6 
90.1 


5.921 
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~—(1/p)(dE/dx) used in Eq. (4) were the 
same as those listed in Table II of I. Table I also gives 
the values of T/yc?, which are useful in converting the 
table to pions or K mesons, using Eq. (6). 

For the u-meson calculations (Table II), the values 
of —(1/p)(dE/dx) are slightly smaller at high energies 
than the values of —(1/p)(dE/dx) for protons given 


: ’ 
values ol 


in I, as a result of the somewhat smaller maximum 
energy transfer Winax for « mesons. In view of Eq. (15) 
of I, we have 


C)G)--O@), 


A 1+ (2m/p,)y 
~= in| — 


= = . (9) 
1+ (2m/yn,)y 


s 
where (dE/dx), and (dE/dx), represent the ionization 
loss for « mesons and protons of the same velocity 8; 
py is the w-meson mass. 

Concerning the evaluation of (4), it may be noted 
that the fact that the quantity G=[1+ (2m/y)y}" is 
smaller for » mesons than for protons accounts for the 
predominant part of the deviation of ¢,(8) from Eq. (6) 
at very high energies. If we denote (¢€,/€p) (u,/up)! by &, 
one finds for 7,,= 11.26 Bev (corresponding to 7,= 100 
Bev): £=0.801 for Be and 0.802 for Pb. As is expected, 
the deviation 1—£ decreases rapidly with decreasing 
energy. Thus for 7,=1.126 Bev (T,=10 Bev), one 
obtains £=0.968 both for Be and Pb. We note that 
the ratio & also includes two other small effects besides 
the influence of the factor G: (A) The fact that 

(1/p)(dE/dx), is slightly smaller than —(1/p) 
x (dE/dx), [Eq. (9)] tends to increase & towards 1. 
However, this effect is very small. For T7,=11.26 Bev, 
the change of dE/dx would by itself (without G) 
increase «, by a factor 1.024 for Be, and 1.027 for Pb, 
as compared to the values of €=0.801 and 0.802, 
respectively, which include G. (B) The values of & also 
include a factor 1/F,, where F, has been defined in 
Eq. (14) of 1. The quantity F, represents the lengthen- 
ing of the range for » mesons due to the slight decrease 
of —(1/p)(dE/dx), as given in Eq. (9) above. The 
effect of F, is a slight decrease of ¢,. Numerically this 
effect is even smaller than that described above under 
(A). Thus for 7,=11.26 Bev, F,=1.012 for Be and 
1.013 for Pb (see Table IV of I). 

As an example of the use of Table II, we obtain ¢ in 
Cu for w mesons of energy 7,=2.252 Bev. We have 
¢,= 3.753, and Table III of I gives for the proton 
range R, at the equivalent energy 7,=20 Bev: 
R,= 12 604 g cm™. The factor F, is 1.0041 (see Table 
IV of I). Thus the u-meson range R, is given by: 

(10) 


R,= 12 604 0.1126 1.0041 = 1425 g cm™ 


RNHEIMER 
where 0.1126 is the ratio y,/u,= 105.6/938.2. Finally 


from the definition of «, [E : ve find 


o,= 10~*e,R, = 0.03753 & 1425 = 53.48 g cm™. 


(11) 


and 5.98 cm of Cu, respectively. 
The straggling parameter S, whicl 


Bethe and Ashkin," ji 


It may be noted that R, and o, correspond to 159. 4 cm 


has been used by 


S=(m/2)ho=1.253X53.48= 67.01 g¢ cm 12 


In terms of S, the distribution of ranges R is given by 


where P(R)dR is the probability that the actual 
(measured) range lies between R and R+dR; Rp is the 
mean range as calculated in I. It may be noted that in 
Eq. (13), the small difference between the mean range 
and the most probable range has been neglected.” 
This difference produces a small 


(symmetric) Gaussian distribution 


deviation from the 
of ranges, as has 
been discussed by Lewis.’ 

The values of Tables I and II show that e at first 
decreases with increasing energy, and has a minimum 
which is by an increase at 
higher energies. These results are in essential agreement 
with those obtained previously by Barkas et al.‘ and by 
Symon.*:’? It may be noted that minimum of ¢ lies 
in the general region of the minimum of the ionization 
loss dE/dx. However, the rise of ¢ beyond the minimum 
is somewhat more rapid th: relativistic rise of 
dE/dx. The reason is t! although both increases are 
due to the increase of W,.x with T, 
directly into the integral for o? [Eq. (3 
appears only in the logarithmic term of the expression 
for dE/dx. As an example of the rise of ¢, we note that 
for 4 mesons in Cu, the minimum of ¢ is: « = 2.69, 
and occurs at T,=280 Mev. At the highest energy of 
Table II, 7,=11.26 Bev, ¢ is 5.913. Thus the ratio 
€(11.26 Bev)/emin is 2.20 

It can also be seen from Tables I 
almost independent of Z, showing only a very small 
increase in going from Be to Pb (at constant energy 7). 
Thus for 100-Mev protons, the ratio «,(Z)/e,(Cu) is 
0.855 for Be, 0.868 for C, 0.878 for air, 0.924 for Al, 
and 1.126 for Pb. For wu mesons of energy 1.126 Bev, 
¢,(Z)/e,(Cu) is 0.959 for Be, 0.960 for C, 0.977 for Al, 
and 1.028 for Pb. Similar results concerning the 
variation of € with Z wer 


ms 4 - om 
at T/pe?~2.5, followed 


the 


in the 


Wimax enters 
1], whereas it 


in 


ind II that ¢ is 


obtained in reference 5. 
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Double Beta Decay 


LoTHAR MEICHSNER 
Max-Planck-Institut fiir Chemie, Mainz, Germany (Federal Republic) 
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Formulas for the probability of double 8 decay including energy distributions and angular correlations 
of the emitted electrons according to the theory of Feynman and Gell-Mann are given. A strong dependence 


on the change of angular momentum exists 


The formulas also exhibit interference between different 


intermediate states. The half-life of 2oCass is calculated using matrix elements of j-7 shell-model configura- 


tions. It is found to be i-~10"’-- 
used are those of favored transitions 


CCORDING to the theory of the Fermi interaction 
of Feynman and Gell-Mann,' the probability of 
allowed double 8 decay? * from J;=0 to J;=0, 1, 2 
becomes 
G* 
d*(0 > 0)= 
30x? 


X (e—Wi— W2)*{| © nn Gn? 


F(Z,W.)F(Z,W2) pi :poW 2 


+2[ (W2—W,)*+ (1/7) (e—W1—W;)? ] 
x Re (> 9a Qe 3 "tm *Qm*))} 


X (1—2;02 cos@)dW ;dW 2 sin6d6/2, (1a) 
Q m= (f\\1\|m)(m|!1\})+-34(f\le||m)(m||e}|i), (1b) 
7 
@r(0— 1)= F(Z,W,)F(Z,W2)piW ip.W 2 
10%’ 
XK (e— Wi — W 2) *{ (W2—- WW)’ 


+ (1/7) (e—W,— W2)?(1— 22 cosd 


X (1+ 40:02 cosd)| ¥ am? Bat |? 


X | nm Bm |*} 
XdW dW, sinodé/2, (2a) 
B mt = (f\|1\|m) (m|le!|i)— (f\\e|| m) (m|| 1)\7) 


+2'(f\le||m)(m!le\|i), (2b) 
a 0— 2)=0. (3) 


?E. J. Konopinski, U. S. Atomic Energy Commission Report 
LAMS-1949 (unpublished) 

‘H. Primakoff and S. P. Rosen, Repts. Progr. in Phys. 22, 121 
1959); S. P. Rosen, Proc. Phys. Soc. 74, 350 (1959). These au- 
thors give a full treatment of double 8 decay for the most genera! 
choice of coupling constants, including nonconservation of leptons. 
They also give a summary of the availabie experimental data and 
a large list of references. However, only transitions 0 — 0 are 
considered. Our calculations, which were made independently, 
are restricted to the coupling according to Feynman and Gell 
Mann, but they also contain transitions 0 — 1 and 0 — 2. Closure 
approximation is not made, instead we get interference between 
diferent intermediate states of the nucleus. 


1 R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193(1958). , 
2 M. Goeppert-Mayer, Phys. Rev. 48, 512 (1935). 


10” years. Actually, ¢ will be much greater, since the matrix elements 


Here G=1.4110-” erg cm*=3.00 10-2 me? (h/mc)*; 
Px, We, % (k=1, 2) are the momenta, total energies, and 
velocities of the electrons; @ is the angle between their 
directions of propagation; Z is the final nuclear charge 
number; F(Z,W,) is the Coulomb factor; e=«;—e,; 
Nm = 2€m— €:— €F3 €i, Em, €s are the nuclear energies of 
the initial, intermediate, and final nuclei, respectively ; 
(f\\l|\|m), etc., are reduced matrix elements of the 
operators 


A 
= > o(v)O,(y), 
vl 


given by® 
({M'|\o,|mM)=C(J wlJ;; MuM’)(f\le||m), etc. 


i, m, f represent all the quantum numbers of initial, 
intermediate, and final nuclei, respectively, except the 
projection angular momenta M. For single 8 decay 
one has 


) 


2r+1\! 
Mor=( ) let, Mr = (fill. 


2S +1 


The formulas are expansions in decreasing powers of 
nm, broken off after second-order terms. Necessary and 
sufficient conditions for this expansion are (W.—W,)*/ 
NmMm <1 and (e—W,—W2)?/nanm <1 for all pairs m, 
m’, including m’=m. Since |W2—W,| Se—2, OSe—W; 
—W2Se—2, and 9,,>«—2, these relations are always 
satisfied. Breaking off after second-order terms gives 
sufficiently exact values only for (W2—W;)?/nanea<1 
and (e€—W,—W2)?/nanm<1i. The errors for other 
values of W, and W2, however, are not serious, since 
then d*X becomes smaller. For d*A(0 — 1), no terms in 
Nm ' occur, so that the energy distribution is not the 
same as that for d*\(0-—+ 0). The angular correlations 
are also different. Since the contribution of second-order 
terms is generally small, transitions with vanishing 
terms in 7» ' may be considered as some kind of for- 


bidden transitions. For d*\(0 — 2), both first- and sec- 


*M. E. Rose, Elementary Theory of Angular Momentum, p. 85 
John Wiley & Sons, Inc., New York; Chapman and Hall, Ltd., 
London, 1957) 
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ond-order terms vanish ; thus this transition is (at least) 
“second forbidden.” 

Squaring the magnitudes of the sums over m gives 
expressions ¢f||O,||m)(f||O2!!m’)* (m||Os||i) (m’||O,||i)*, 
where O;, Oz, Os, O4 represents one of the operators 1, 
o. Thus there are sixteen possible combinations of re- 
duced matrix elements. If the initial nucleus is non- 
oriented, combinations with one o@ do not occur. This is 
true for any initial angular momentum. Equations (1) 
and (2) exhibit interference between different inter- 
mediate states: This interference was not taken into 
consideration by Konopinski.’ 

The total decay probability is 


fs0(Z,¢ ff F(Z,Wy)F(Z,W2)piWipoW 2 


WisW: 


1 ‘ 
f an wy f 


Ww 


MEICHSNER 


G4 

(0 — 0) = ——{ fso(Z, 6)! 1. 'G, 
30m? ” 
+ fr3(Z,€) ] Re (— nn 


m 


G* 


(0 > 1)=—, 
1077 


{ fs2(Z,¢ 


A(0 — 2)=0., 


with 


(e—W,— W2)'dW dW 


dDG(Z,W,1)G(Z,V ” 


! ! 
«—2)! 


90 1980 


G(Z,W,.) =(p./W.)F(Z,W.), 


ff F(Z,W,)F(ZN 2) PiWipoW 2 
WisW: 


1 
[G(Z,W/2) P(e—2 |: t 


: L 
3024 


5 


(e—W,— W2)*(W2—W)*dWidW, 


12 


1 
-{ f P(Z,Wy)F(Z,We) pi ipoW o( 
Wiss 


1 a 
—{[G(Z,W/2) (e— 
1008 


The first index of f refers to the power of €- W,-Ws, 
the energy of both antineutrinos, and the second to the 
power of W >» Wi 1. W 
way. (W*—D*)*(e—W)* has a pronounced maximum 
at D=0, W = (4/9)e. Since the upper limit of integration 
depends on W, we weight (W?—D*)?(e—W)* with the 
upper limit of integration, W—2. The maximum value 


of (W?— D*)*(e—W)*(W—2) is at 


is determined in the following 


1 
W {5(e—2)+28+4-[25(e—2)? 
20 
40(e—2)+144}!}. (10) 
G(Z,W,) and G(Z,W;) are both replaced by G(Z,W/2). 


This approximation is more exact than substituting 


] 
4 4 4 
41290 


G(Z,0) instead of G(Z,W/2), as it was done by Kono- 
pinski,® since G(Z,W) is nearly independent of W only 
in the region of Z~40. G(Z,W) is tabulated.’ 

As an example, 


165 


the decay probability of Cass was 
calculated. Allowed transitions are possible only to the 
ground state of o2Tisx according to the scheme 
given by Way et al.? The de ay energy is 5.25 Mev. 
The positions of the intermediate levels with J,,=0, 1 
are not known. The reduced 
calculated according to the 


] ! 
i€vel 


elements were 
model qj 


matrix 
shell with 

*K. Siegbahn, Beta- and 
(North-Holland Publishing ( any, Amsterdam, 1955). 

™ Nuclear Level Scheme {=40—A=92, compiled by Way, 
King, McGinnis, and van Lieshout, Ator Energy Commission 
Report TID-5300, p. 28 (U. S. Gover t Printing Office 
Washington, D. C., 1955 


Gamma-k Spectroscopy, app. IT 





DOUBLE 


coupling. The transition then takes place within the 
subshell f12. There is one intermediate state with 
Jm=0 and one with J,,=1. The reduced matrix 
elements between the initial and intermediate states are 


(mo||1\|i)= —84, (am|\e||¢) = (24/7)! (11) 


In the final state, the six neutrons and the two protons 
may couple to /;=0 in nine different ways. From these 
nine functions one linear combination with total 
isotopic spin T'=4 and eight with “=2 may be built up. 
Assuming that in the ground-state of 22Ti2g the neutrons 
and protons couple to J,=J,=0, that is | f)=|00,0,), 
we get 


(f\|1 lomo) = 2-4, Cf llel}am.) = — (9/14)!. (12) 


The assumed ground-state function has no sharp 
isotopic spin. We therefore also take into consideration 
a linear combination with 7=2 and expectation values 
of the neutron and proton angular momenta as small 
as possible. This combination is 


f)= (5/6)*|00,0,)— (1/6)4| 02,,2,). 13) 
With Eq. (12) and 


(02,,2,|\o!|m1) = — (17/7) (5/14)!, 


we now get 


(f\\o||m,) = — (2/7) (5/21)!. (15) 


The Fermi element vanishes according to the selection 
rules for the isotopic spin. The calculated_half-lives 
are plotted in Fig. 1.° 

Konopinski® assumes that a half-life of ¢~10'* years 
is perhaps still detectable. The calculated values are 
certainly not below this limit. Moreover, the calculated 
matrix elements have the same order of magnitude as 
favored transitions. However, the allowed single 8 
transitions within the region of nucleon numbers 
considered here are normally allowed, so their ft values 
differ by those of the favored transitions by the order 
of magnitude of 10°. Consequently, the actual half-life 
of ooCags will differ from the calculated one by the order 
of magnitude of 10*. \ rises very much with increasing 


*V. B. Belayaev and B. N. Zaharyev (J. Exptl. Theoret. Phys 
U.S.S.R.) 34, 505 (1958) ] find #10" years on the basis of a 
shell-model estimate of the matrix elements, as mentioned in 
reference 4 


B DECAY 








| 


40" —— ~ 
2 


€m,-€, in 


mc* 
a] 


Fic. 1. Half-life of soCass. Full line: reduced matrix elements 
of Eqs. (11) and (12). Dashed line: reduced matrix elements of 
Eqs. (11) and (15). Note.—The “‘mic*” label in the figure and in the 
abscissa should read “Mev.” 


« and is approximately proportional to Z? according to 
Konopinski.* If there were a pair of isobars with large 
Z and with a much greater decay energy than goCaos, 
double 8 decay could perhaps be detected. However, 
the energy difference of pairs of isobars with AZ=2 is 
proportional to A~! according to Weizsicker’s formula; 
thus pairs of isobars with the required energy difference 
cannot be expected among nuclei with high Z. Moreover, 
it is unlikely that the smallness of the matrix elements 
can be compensated by a great number of intermediate 
states. About 10* intermediate states would be required, 
whose energies should be close to ¢; due to the factor 
nm '. A compilation of double 8 decay experiments is 
given by Allen.’ 

The author wishes to express his thanks to the 
German Bundesministerium fiir Alomkernenergie und 
W asserwirtschaft for supporting this work. 


*J.S. Allen, The Neutrino (Princeton University Press, Prince- 


ton, New Jersey, 1958), Chap. 6 
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Anomalous Electric Dipole Conversion Coefficients in Odd-Mass 
Isotopes of the Heavy Elements* 
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Berkeley, Calif 


A detailed review is given of experimental data on the anomalous L- and M-shell conversion coefficients 
of low-energy electric dipole transitions observed in the decays of odd-A nuclei of high atomic number. 

The data are consistent in every case with the interpretation that the £1 conversion coefficients in the 
Lit shell agree with the theoretical, model-independent coefficients calculated by Sliv and Band and by 
Rose. It is definitely established in several well-measured cases that the L; and Ly coefficients are sub- 
stantially larger than the theoretical values. The most striking anomaly occurs in the 84.2-kev transition 


in Pa, where the L; and Ly; coefficients are 21 and 15 times larger than the theoretical values, respectively. 


The experimental Z; and Ly, coefficients are correlated with the lifetimes of the transitior 
shown that the magnitude of the anomaly (Z; plus Ly) is proportional to the retardati 
lifetime over that calculated from the single-proton formulas. No systematic trend has been ol 


s, and it is 
n in gamma-ray 
yserved in 


the deviations of the Z; and Ly, coefficients individually. 


INTRODUCTION 


NUMBER of dipole (Z1) transitions 
have been identified in the decay schemes of the 
trans-lead isotopes. It has been established that 
several of these £1 transitions in odd-mass nuclei have 
measurable lifetimes and, in fact, are longer-lived by 
many orders of magnitude than would be expected on 
the basis of “single-particle” transition-probability 
formulas. The first such case noted was a 59.6-kev 
transition in Np*’ found by Beling, Newton, and Rose! 
to have a half-life of 6 10~® second, which is more than 
10°-fold slower than the value calculated from the usual 
lifetime formulas. In the meantime, it has also been 
noted that the over-all conversion coefficient? and the 
L- and M-subshell conversion ratios* for this transition 
have values which are definitely at variance with the 
theoretically calculated conversion coefficients of Rose.*® 
More recently, Ewan, Knowles, and MacKenzie® noted 
that the 106-kev £1 transition in Pu® has Z; and Zi 
conversion coefficients distinctly different from the 
theoretical values. It has also been suggested by 
Rosenblum, Valadares, and Milsted’ that the abnormal 
conversion ratios of the 59.6-kev transition in Np*” 
may be related to the slowness of the transition. 
The purpose of this paper is to review some of the 
data on electric dipole transitions, to demonstrate 
the existence of additional anomalous conversion co- 


electric 


* Work done under the auspice 
Commission 

' Beling, Newton, and Rose, Phys 
797 (1952 


of the U. S. Atomic 


Energy 
Rev. 87, 670 (1952); 86, 


Passell, Browne, and Perlman, Phys. Rev. 97, 142 
+ J. F. Turner, Phil. Mag 
* Holland r, Smith, a 
(1956). 
5M. E. Rose, Internal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam; Interscience Publishers, Inc., 
New York, 1958) and earlier privately circulated tables of con 
version coefficients. 
* Ewan, Knowles, and MacKenzie, P! 
7 Rosenblum, Vala 


1957 


16, 687 (1955 
Rasmussen, Phys. Rev. 102, 1372 


ys. Rev. 108, 1308 (1957 
lares, and Milsted, J. phys. radium 18, 609 


efficients in the Z and M subshells, and to correlate 
the magnitudes of the anomalies with the lifetimes of 
the transitions. Some of the results of this work have 
been presented in the theoretical paper on this subject 


by Nilsson and Rasmussen.* 


EXPERIMENTAL DATA 


< ' 
following 


The data discussed in the 
summarized in Table I 


sections are 


Np 
N p®", 59.6-kev Transition—T otal and L-Shell 


Conversion ( effi ient 


This transition has been observed in the decays of 
Am*!, U%7, and Pu’. It was identified from Am”! 
decay! as £1 on the basis of its low conversion coefficient 
(<1.5). Since then, more detailed data have been 
obtained which permit a more precise calculation to 
be made of the convers on coefficient. The position of 
this gamma ray in the level scheme of Np’ is well 
known, and Fig. 1 shows the pertinent part of the 
level structure. 


lwkKk 
we-s 


Fic. 1. Partial level 
scheme of Np*”. 


gS 
1958 
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ODD-MASS ISOTOPES 


OF 


HEAVY ELEMENTS 


TABLE I. Summary of L-shell £1 conversion coefficient data 


Transition 
energy 
(kev) 


Experimental conversion coefficients 
a(Li) 


Nu- 
cleus 


a(L1) a(Lin) 


59.6 0.22 +0.02 
26.4 2.0 

74.6 
83.9 


Ned 106.1 
. 


Pp 
P 
Pa 
Pp 
P 
P 


Np? 
Np? 


Np 


0.46 +0.05 0 +0.03 
3.9 1 


12 
2 
0.08 4+-0.02 

0.047 +0.011 
0.062 + 0.007 


0.4 
1.340.2 


0.06 +-0.02 


0.087 +0.013 
0.071 +0.007 


0.06 +0.02 
0.041 


0.31 


Ams 0.20 +9 


+0.009 
614 
84.2 

, 25.7 
a 86.3 
am 29.3 


2.8204 
4821 

1.9+40.7 
3.02038 


0.65 +-0.15 0.046 +0.014 


0.35 1.15 0.57 +0.26 0.08 +0.08 


Ra™ 
Aca 
Ac™ 


50.0 eee eee 0.7 +0.2 


27.5 


a(L)2.8+0 
40.0 . 


0.23 +0.07 0.26 40.09 0.41 +0.13 





* Compared with theoretical conversion coefficients of Sliv 
> From L-subshell ratios 
¢From M-subshell ratios 


and Bar 


Jaffe, Passell, Browne, and Perlman,’ in a study of 
the radiations of Am*™', calculated values 0.92+0.10 
and 0.72+0.07 for the total and L-conversion coeffi 
cients, respectively, from their measured absolute 
abundances of the conversion lines of the 59.6-kev 
transition and from the photon abundance, 0.40+0.015, 
determined by Beling, Newton, and Rose.' If we 
use the more recent photon intensity measurement 
by Magnusson’ (0.359+0.007 photon per alpha) and 
the electron intensities of Jaffe et al.,? the total and 
L-conversion coefficients become 1.0+0.1 and 0.80 
+0.08. Similarly, by use of the electron intensity 
data of Turner,’ the L-conversion coefficient is found 
to be 0.71+0.03. 

The total conversion coefficient may also be deter 
mined from a knowledge of the decay scheme of Am*"', 
the abundance of the 59.6-kev photon, and the relative 
intensities of the conversion lines of the 33.2- and 
59.6-kev transitions. In the decay of Am*™'!, 99.5% of 
the alpha transitions populate (directly or indirectly) 
the 59.6-kev level’"°" and this state de-excites to 
ground either by the 59.6-kev transition or by the 
cascading 26.4- and 33.2-kev transitions (see Fig. 1). 
Since the 33.2-kev gamma ray is highly converted, 
the sum of the abundances of the 59.6-kev photon plus 
its conversion electrons and those of the 33.2-kev 
transition must add up to 99.5%. From the known 
absolute abundance of the 59.6-kev photon and the 
relative abundances of the conversion lines of the 
59.6- and 33.2-kev transitions, one can then calculate 
the conversion coefficient of the 59.6-kev transition. 
The relative electron abundances are available from the 


*L. B. Magnusson, Phys. Rev. 107, 161 (1957). 

® Asaro, Reynolds, and Perlman, Phys. Rev. 87, 277 (1952); 
F. Asaro and I. Perlman, Phys. Rev. 93, 1423 (1954). 

" Gol’din, Tret’yakov, and Novikova, Proceedings of the 
Conference of the Academy of Sciences of the U.S.S.R. on the 
Peaceful Uses of Atomic Energy, Moscow, July, 1955 (Akademiia 
Nauk, S.S.S.R., Moscow, 1955) [English translation by Consul 
tants Bureau, New York: U. S. Atomic Energy Commission 
Report TR-2435, 1956], Phys. Math. Sci., p. 226 


] 


Photon 
retardation 
factor 

(lenp, 
be. prow n) 


Theoretical conversion coefficients 
Sliv and Band/ Rose) 


a(Ln) 


Conversion* 
anomaly 
a(L1) a(Lin) factor 

0.13/0.11 
0.55/0.22 
0.084 /0.072 
0.068 /0.054 
0.041/0.035 
0.13/0.10 
0.064,0.055 


0.12/0.10 
1.1/0.55 


0.066 /0.055 


0.052/0.042 
0.026/0.021 


0.13/0.13 
1.4/1.3 


0.063/0.061 


0.046,/0.045 
0.021/0.021 


1.140.2 
1.3+0.5 
+0.15> 
0.04 0.04 
0.17 £0.10 
O75 40511 


3.1 X108 
3.8 X10 


~S Ki 
1.3 K10 


12. 842.1 
0.18 +0.07¢ 
64430 

=~ 40.18" 
0.076 —0.076 
+0.09> 

0.045 - 0045 
0.24+0.11¢ 
0.13 40.08» 


042/0.03 0.039 /0.039 


0.060,0.05 139, 0.044 0.036 0.046 


0.84/1.1 
0.40/0.37 


spectroscopic study of Am™! decay by Baranov and 
Shlyagin.” The total conversion coefficient of the 59.6- 
kev gamma ray, (7°), is then given by the expression 
0.995 — Y69.6— €23.2 
a(T) 50.6 
Y 50.6 


0.995 —ys9.6— (0.995 —yu9.6)/(1+-€s0.6/€53.2) 
Yw.6 


Here 7.6, €s.6, and €33.2 are the infensities, respectively, 
of the 59.6-kev photon and of the conversion lines of 
the two transitions indicated. Unfortunately, the 
intensities of all of the individual conversion lines are 
not known with precision; in particular, the prominent 
L; line of the 33.2-kev transition is very soft (~11 kev) 
and may be attenuated in the source and window of 
the detector. Since the M-shell lines have higher energies 
and are absorbed to a lesser extent, it was considered 
better to use these for comparison, with the assumption 
that the ratio of M lines for the two transitions is 
approximately the same as the ratio of total conversion- 
line intensities. This means that in the above expression 
the value for e(M)yy.s/e(M)s32 is substituted for 
€s./€s3.2. Examination of available information regard- 
ing the validity of this assumption leads to the conclu- 
sion that an error as great as 10% could be introduced 
in the calculated a(7) 6. This point will be explored 
further in later parts of this paper. 

The intensity ratio e(M).s/e(M)s3.2 taken from the 
graph and tables of Baranov and Shlyagin” is 1.7 and, 
when substituted along with other known quantities, 
gives a(T)w6=1.1. Within the limits of uncertainty 
this is in agreement with the value 1.0 recalculated, 
as mentioned, from the data of Jaffe et al.? and this 
value, as well as a(L)».6=0.80+0.08, will be used 
henceforth in this paper. 


2S. A. Baranov and K. N. Shlyagin, see reference 11. Vol. 1 


Pp 183. ' 
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TABLE II. Ratio of L;/Lu/Lin conversion of the 59.6-kev 
transition in Np*’. 


Relative abundances 
(Li+Ln) 
Li/Lu/Lin Lin 


Parent 


Authors activity of error 


Hollander, Smith, and 
Rasmussen* 

Baranov and Shlyagin” 

Canavan® 

Rasmussen, Canavan, 
and Hollander@ 

Rosenblum, Valadares 
and Milsted* 

Jaffe et al.! 

Wolfson 


lurner® 


Am”! 
Am*™! 
Am*! 


or 
25% 


23% 
20% 
12% 


* See reference 4. 

» See reference 12 

¢F, L. Canavan (unpublished 
1 See reference 14 

e See referem e 7. 

! See reference 2 

«J. L. Wolfson (private commu: 
& See reference 3 


lata, 1956) reported by Hollander ef al.‘ 


iication cited in reference 2). 


The first point of interest is to compare this experi- 
mental conversion coefficient with theory. The tables 
of Rose® and Sliv and Band" of relativistic, screened 
conversion coefficients which include the effects of 
finite nuclear size give, for a 59.6-kev £1 transition in 
Z=93, a(L) =0.34 and 0.38, respectively. The discrep- 
ancy of a factor of two for a(L)s.¢ (0.80, experimental 
vs 0.38-0.34, theoretical) will be discussed further in 
the next section where the JL-subshell conversion 
coefficients are considered. 


) 


\ p" 


. 59.6-kev Transilion—Subshell 
Conversion Coefficients 


The relative conversion coefficients of the 59.6-kev 
transition in the Z subshells have been studied by a 
number of different workers with results which we 
summarize in Table IT. 

All of the data in Table II have been used to arrive 
at the following mean value for the ratio Z;/Ly/Lin 
= 1.9/3.8/1.0. The corresponding theoretical value is 
1.1/1.0/1.1, which can be seen to be distinctly different. 
Now if we employ the experimental total J-shell 
conversion coefficient, a(Z)=0.80, the absolute L- 
subshell coefficients may be determined. The results are 
listed in the top line of Table III and are compared 
with theory. It is seen that agreement is good for 


ras_e III. Absolute L-subshell conversion coefficients of 


the 59.6-kev transition in Np®’. 


a(Li) a(L) 


Experimental composite 0.22+0.02 0.4640.05 0.1240.03 0.80+0.08 
Theoretical values 
(Rose) i 0.10 0.125 0.34 
Sliv and Band) 0.13 0.12 3 0.38 


L.A. Sliv and I. M. Band, Table of y-ray Conversion Coefficients 
Physico-Technical Institute, Academy of Science, Leningrad, 
U.S.S.R., 1958), Part 2. 
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a(Z£y1) and that the experimental value is definitely 
greater for a(Z;) and much greater for a(Z11). 

Let us consider as a source of this anomaly the 
possibility of admixtures of multipoles other than £1 
in this transition. If the experimental a(Ly11) is taken 
to be 0.15 (the highest value consistent with the error 
as stated), one calculates the maximum contribution of 
M2 radiation to be 0.015%. This amount of admixture 
would raise the calculated a(Z;) to 0.20 but would not 
appreciably affect a(Zy1). It is clear, as pointed out by 
Hollander, Smith, and Rasmussen,‘ that no proportion 
of El and M2 mixing can reproduce the observed 
predominance of 11; conversion because M2 radiation 
converts /east in the Ly subshell. Likewise, the explana- 
tion cannot lie in £3 admixture; the maximum amount 
of £3 radiation, from the experimental a(Zy1), is 
1.510%, which would raise the calculated a(Li) 
only to 0.16 and a( Ly) not at all. 

These anomalies are also apparent 
atomic shells. The ratio of conversion coefficients in 
the M shells was found by Baranov and Shlyagin” 
to be M1/My/Myy=1.3/2.8/1.0, and 
Rasmussen, Canavan, and Hollander are 


in the higher 


the values of 


Mi/Mu 


TABLE IV. M-subshell conversion coeffi ts of the 59.6-kev 


transition in Np? 


Experimental composites 
(Baranov and Shlyagin 
(Hollander, Smith and 

Rasmussen) 

Theoretical unscreene: 

point-nucleus value 


0.039 


0.037 0.004 


0.041 0.016 


Min/Miy4v=1.7/3.6/1.0/0.1. These 
pared with Rose’s® theoretical, point-nucleus ratios 
My/Mu/Min Miysv=1.1/0.9/1.0/0.4. In Table IV, 
the M-subshell conversion coefficients of the 59.6-kev 
transition are given. These are calculated from the 
value a(T)=1.0 
electron intensities found by 

Anomalies in M-shell conversion are similar to those 
in the Z shell. The conversion of p; electrons (Mi) 
appears to agree with theory but conversion of the p; 
electrons (Mjy;) is definitely high and the s; electrons 
(M1) possibly so. It is also worth pointing out that the 
Miyt+My conversion coefficient be about 
fourfold lower than the theoretical value (see Table IV). 
Data are also available from the work of Rasmussen 
et al.4 on N-shell conversion. The approximate subshell 
ratios are V;/Nuy/Nin=1.5/3.0/1.0 
the theoreti 
approximately equal as 


are to be com- 


discussed above and the relative 


various workers 


seems to 


If we assume that 
ratios should be 
VU shells, 


) anomalously 


he subshell 


for L and 
+} 


al values of 


t 
they are 


it is seen that these data are consistent w 


high values for the V; and particularly the Vy, subshells. 


% Rasmussen, Canavan, and H er, Phys. Rev. 107, 141 
(1957). 
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It appears to be the general case in the heavy-element 
region that conversion ratios for s and p electrons in the 
M and N shells are similar to those in the L shell. 


N p®". 26.4-kev El Transition 


It may be seen from the decay scheme in Fig. 1 
that the conversion coefficient of the 26.4-kev electric 
dipole transition can be deduced from a knowledge of 
the photon intensities of it and the 59.6-kev transition 
together with the conversion coefficient of the 59.6-kev 
transition. The intensity of the 26.4-kev photon has 
been given by Magnusson® as 0.025 photon per Am** 
disintegration. The conversion coefficient is then 


€26.4 


a(T)%.4=—= 
Y26.4 


0.995 — (Ys0.6+€s0.6+ 726.4) 


26.4 


0.995 — [0.359+ (1.0 0.359) +0.025 } 


0.025 
10+2 


The error of 20% includes a 10% error in the intensity 
of the 26.4-kev photon. 


TABLE V. Conversion coefficients for the 26.4-kev F1 
transition in Np’, 


a(T) a(L1) a(Lu) = a(Lin) a(L) 

Experimental* 2.0 3.9 1.2 7.1 

Theoretical values 
(Rose) 


(Sliv and Band 


5 5 


0 


0.22 0.! 2 
1 3.1 


5 1.2 
0.55 1 1.4 


* None of the L-subshell coefficients was obtained directly from exper 


mental data. See the text for explanation of the assumptions which went 
nto the calculations 


For this transition, the theoretical point-nucleus F1 
conversion coefficients for the ZL and M shells are 3.1 
and 1.3, giving a total of 4.4. (The M-shell value is 
not corrected for screening.) Although conversion in 
the N and higher shells will add slightly (~0.5) to 
this theoretical value, the experimental number is 
definitely larger by about a factor of two, just as in 
the case of the 59.6-kev transition. The anomaly is 
even more pronounced if comparison is made to the 
finite-size nucleus theoretical coefficients. Taking the 
theoretical total L-shell coefficient from the tables of 
Sliv and Band,” a(L)=3.1, and estimating the ratio 
of a(L)/a(T) to be ~0.7 (as has been found in general 
for higher energy transitions) we end up with a total 
theoretical coefficient of ~ 4.4. This is less than one-half 
of the experimental value. Comparison with the 
finite-size nucleus values of Rose would make the 
discrepancy more pronounced. These conversion coeffi- 
cients are listed in Table V, where comparison can also 
be found for Z subshells. The L-subshell coefficients 
were estimated indirectly according to the following 
description and are entered in Table V. Baranov and 
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Shlyagin® reported the ratios L;/Ly/Li1=0.7/1.5/1.0, 
and Rasmussen, Canavan, and Hollander“ reported 
experimental ratios Ni/Nu/Nm=1.7/3.3/1.0. The 
difference between the experimental LZ ratios and N 
ratios may be due to error in the relative intensities of 
the LZ lines; the problem of measuring the intensities 
of such low-energy electrons is a very difficult one, 
because of extreme source and window thickness effects. 
In particular, the 1;(4.0-kev) and L1;(4.8-kev) electrons 
are expected to be attenuated with respect to the Zin 
(8.8-kev) line. Since the energy of all three N lines is 
about 25 kev, the relative N-subshell intensities are 
considered the more reliable. If we make the assump- 
tions that the N-subshell ratios are the same as the 
L ratios (as found for the 59.6-kev transition") and 
that the ratio a(L)/a(T) is about 0.7, as is generally 
found,'* we calculate coefficients of 2.0, 3.9, and 1.2 
for the Lh, Lu, and Lin subshells, respectively, The 
theoretical values of Sliv and Band and of Rose are 
shown for comparison in Table V. Even if we allow 
considerable uncertainties because of the assumptions 
made in arriving at the “experimental” figures, it is 
obvious that the anomalously high conversion coeffi- 
cients originate in conversions of s; and p, electrons 
(Lr, Lu, M;, Mu, etc.) 

The discrepancy between the experimental and 
theoretical values cannot be explained by admixtures 
of other multipoles; no amount of M2 or £3 admixture 
can explain the high Z;/Zy11 conversion ratio which is 
deduced since the theoretical Z;/Zy11 ratio is 1.1 for 
M2 radiation and 0.01 for £3 radiation. Furthermore, 
admixture of £3 radiation cannot explain the Ly /Lin 
ratio of 3.3 since the theoretical Ly;/Lin ratio for 
E3 is 1.0. 


\ p®". Lifetimes of the 59.6- and 26.4-kev Transitions 


The half-life of the 59.6-kev state in Np*’ has been 
measured to be (6.34+0.5)K10~* second.' From the 
knowledge of the 59.6-kev photon abundance (0.359 
per alpha) and of the population of this state (99.5%), 
one calculates the half-life of the radiative transition 
to be 1.75 10-7 second. This value is a factor 3.1 10° 
greater than the half-life calculated from the formula 
of Moszkowski'* for single-proton transitions. The 
26.4-kev photon, which also depopulates the 59.6-kev 
state, has an abundance of 0.025 per alpha; the photon 
half-life is thus 2.5 10~-* second and the corresponding 
retardation factor 3.8 10°. 


Np” 


A partial level scheme for Np™ is shown in Fig. 2 
and the lowest three states are seen to be identical in 


18 J. M. Hollander (unpublished data). 

'*S. A. Moszkowski, Beta- and Gamma-Rey Spectroscopy, 
edited by Kai Siegbahn (Interscience Publishers, Inc., New York ; 
North-Holland Publishing Company, Amsterdam, 1955), Chap. 
XII 





ASARO, STEPHENS, 


! 
239 
Np 


Fic. 2. Partial level scheme of Np™. 

assignment (and to differ only slightly in spacing) 
with those of Np’ (Figg 1). The other level in Fig. 2 
is also found in Np*’ and is entered here only because 
the transitions from this state will be used in estimating 
the lifetimes for the £1 transitions from the 74.6-kev 
State. 

We shall be concerned with the £1 
74.6- and 43.1-kev, but it might be mentioned that two 
other £1 transitions have been identified’? and one of 
these (the 118-kev transition) is shown in Fig. 2. The 
will 


accurate and detailed data are not available. 


transitions of 


conversion coefficients not be discussed because 


Vp’. 74.6-kev El Transition—Total L-Shell 


Conversion ¢ ‘oeffic venl 


Che alpha spect: Am*! 
spectrum show that 99% of the transitions go through 
the 74.6-kev Che photon intensities of the 
74.6-, 43-, and 118-kev transitions are 0.69+0.03, 
0.04+0.01, and 0.005, respectively.’’ It remains to 
estimate the the 43-kev 
transition, after which the total conversion coefficient, 
a(T) 74.6, 


im of and associated gamma 


state 


conversion coefficient of 


may be calculated by the expression 


0.99 


The value for a(7 taken to be 1.2, which was 
obtained by using the theoretical £1 value" for a(L)«s 
(0.83) and adding an additional factor (0.35 for 
M, N,--- shell conversion. Although this may be 
inaccurate, the effect on a(7)74.6 will be only 15% for 
a factor-of-two error in a(7)43. From this we calculate 
0.31 for a(T)74. using the value >> e;/>- exam 

0.65+0.07 measured by Hollander,'® we obtain 
a(L)74.6=0.20. This is to be compared (see Table VI) 


with the theoretical values, 0.19 and 0.21. It is seen that 


and, 


‘7 Asaro, Stephens, and Perlman (unpublished data, 1957). 

18 J. P. Hummel, Ph.D. thesis, University of California Radia- 
tion Laboratory Report UCRL-3456, July, 1956 (unpublished). 

% Stephens, Hummel, Asaro, and Perlman, Phys. Rev. 98, 
261A (1955 
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PERLMAD 
within the uncertainty of these measurements (probably 
~ 20%) the experimental and theoretical values agree. 
An independent experimental value for a(T)74.6 was 
given as 0.18 by Slitis,” who compared the intensities 
of the L- and M-conversion lines with that of the beta 
continuum of U*. It is difficult to the possible 
uncertainties in this me: Similarly, Kahn*! 
determined and JL-shell coefficient of 
0.15-0.20 by comparing the intensities of the photons 
® decay. This measurement 


assess 
urement 


conversion 


and the L x-rays from U* 
has some uncertainties of unknown magnitude because 
of the absorption of some of the L x rays in the source, 
estimation of the LZ x-ray fluorescence yield and the 
contributions of Z x-rays resulting from transitions 
parallel to the 74.6-kev transition. 


» 74.6-ker Subshell 


Conversion Coefficients 


VP 


Transition 


transition hi been 
Hollander’ with a 
The re sults, 
intensity standards, 


The L-subshell ratios of 
measured Am** decay 


ive 


from 


photographic-recording beta spectrograph. 
obtained by visual comparison with 
1.0 with an 


are Ly Lu Lin 
+20%. 


accuracy of 


1.25/1.0 
From these ind © zi 


erimental total L- 


raBLe VI 


the subshell 
0.06+0.02, and 
to be compared with 


coefhicient (0.20) we ybtain 
values a(;)=0.08+0.02, a 
«(Ly1) =0.06+0.02. These ar 
the theoretical values in Table VI and show agreement 
within the experimental uncertainty 


conversion 


Transition 


\ Pr . 74 6-ke 


An experimental upper limit on the half-life of 
the 74.6-kev state has beer 2 as 1.610 
It is also possible to f 
making comparisons w 
lifetimes are presumably calculable. Examination of 
Fig. 2 reveals rotati | bands between which 
are the two £1 transitions of 118 kev and 74.6 kev and, 
in addition, there should be an £2-M1 transition of 
43 kev between the spin 7/2 and 5/2 states of the 
5/2-band. 

The half-life for the 
the 


’ second 
lifetime roughly by 


estima t he 


ith competing transitions whose 


two 


na 


ion can be 


13-kev E2-M1 


estimated in manner to be described, and, by 


* H. Slatis, Arkiv. Mat. Astron. Fysik 35A, No 

J. H. Kahn, Oak Ridge National Laborat port 
1089, November, 1951 (unpubl i 

2D. Strominger, Ph.D. thesis, University of 
tion Laboratory Report UCRL-3374, J I 


ORNL 


liche 
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making use of the population of the 118-kev state 
(11.5%) and the intensity of the 118-kev photon 
(0.5%), the half-life for this transition is readily 
calculated. Finally, the branching ratio rules of Alaga 
and co-authors* for transitions between members of 
one rotational band and one energy level of another 
permit calculation of the lifetime for the 75-kev 
transition when that for the 118-kev transition is 
known. 

The half-life for the 43-kev E2-M1 transition required 
for the above is estimated as follows: The £2 radiative 
lifetime of a transition between adjacent members of a 
rotational band such as this is known from Coulomb 
excitation studies™ to be about 100 times shorter than 
the value given by the single-proton formula. Then, by 
using the theoretical £2 conversion coefficient, the 
E2 transition lifetime is determined. The composite 
half-life of th. E2-M1 mixture is then determined by 
assuming 57% E2 branching in conformity with the 
branching of the corresponding transition in Np”’.‘ 

This method of estimation gives a half-life of 2x 10~* 


I 7K 


: 2 o % 
5/2+5/2 tis2 2.0x10 ‘sec 


-83.9kev 





— 


a 
> 
e 
= 
N 
v 


q 





7/2-5/2 


—--+4 


MI-E2 
8 3.9kevE! 


42.2 kev 





-— 





5/2-5/2 
a 
Am? 3 


Fic. 3. Partial level scheme of Am™, 


second for the lifetime of the 74.6-kev state, which value 
gives reason for believing that the measured upper limit, 
1.6X10~ second, is not far from the actual value. If 
we take a round number of 10 second, this half-life 
corresponds to a retardation of 5000 from the value 
calculated with the single-proton formula of Moszkow 
ski.’* From similar reasoning, the 44-kev £1 transition 
can be shown to be retarded by a factor of 2 10*. 


Am?* 


Am™®, 83.9-kev El Transition—Total L-Shell 
Conversion Coefficient 


The partial level scheme for Am™, consisting of 
states seen from the study of Pu decay, is shown in 
Fig. 3. The spins and parities are those assigned by 
Stephens, Asaro, and Perlman.” Freedman and co- 


* Alaga, Alder, Bohr, and Mottelson, Kgl. Danske Videnskab. 
Selskab. Mat.-fys. Medd. 29, No. 9 (1952). 

™* Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956). 

25 Stephens, Asaro, and Perlman (unpublished data, 1956). 
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TaB.e VII. Absolute L-shell conversion coefficients of the 
83.9-kev E1 transition in Am™, 





a(Lin) a(L) 


a(Li) a(Ln) 
Experimental 
composite 

Theoretical 
(Rose) 

(Sliv and 
Band) 


0.047+0.011 0.05740.013 0.04140,009 0,145240.03 


0.054 0.042 0.045 0.141 


0.068 0.052 0.046 0,166 


workers” reported the following photon and electron 
intensities relative to total Pu™ decay events: 21% 
and 1% for the photons of 84 and 42 kev, respectively ; 
and 4% and 16% for the corresponding electrons. 
These data have been re-examined’ and a total conver- 
sion coefficient for the 84-kev transition obtained, 
a(T)=0.20+0.04. The conversion line intensity ratios 
were given as (Li+ Ly)/Lin/ (M+N)= 2.8/1.0/1.3 
with an estimated error of about 10%.2” From these we 
calculate that a(L)/a(T)=0.745+0.015 and a(L) 
=0.149+0.03. For this transition Stephens, Asaro, and 
Perlman” found a(L)/a(T)=0.69+0.03. If we combine 
this with the above-mentioned value for a(T), we find 
a(L)=0.138+0.03. The weighted average of the two 
partially independent values is a(L)=0.145+-0.03 and 
will be used henceforth. This compares with the 
theoretical value of a(L)=0.166 (Sliv and Band). 
Within experimental uncertainty there is no discrepancy 
between theory and experiment for a{Z), but it will be 
seen that the subshell coefficients are not in agreement. 
These data, as well as the subshell coefficients, are 
summarized in Table VII. 

Am, 83.9-kev El Transition—Subshell 
Conversion Coefficients 


The subshell conversion coefficient ratios measured 
by Stephens et al are L/L / Llyn = 1.15/1.4/1.0, 
with an accuracy of +20%. For comparison, the 
theoretical values (Sliv and Band) are Zy/Ly/Lin 
= 1.48/1.13/1.00. It will be noted that theory has 1; 
conversion more prominent than Ly, whereas the 
measured values are the opposite. Other relations are 
also anomalous. 

The absolute subshell coefficients can be obtained 
from these subshell ratios and the total L-shell coeffi- 
cient (0.145+0.03). These are listed in Table VII 
and compared with the theoretical values. It is seen 
that the experimental a(Zi1) agrees with theory, 
a(Ly) is possibly low, and a(i1) possibly high. 


Am™, 42-kev E1 Transilion—Photon Intensity 


It is seen from Fig. 3 that there are two transitions of 
approximately 42 kev, of which one is mixed M1-E2 


** Freedman, Porter, Wagner, Day, and Engelkemeir [private 
communication to J. M. Hollander, November, 1957, reported in 
Strominger, Hollander, and Seaborg, Revs. Modern Phys. 30, 
585 (1958) }. 

271—D. W. Engelkemeir (private communication, 1958). 
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Fic. 4. Partial level scheme of Pu. 


de-exciting the first rotational state and the other is an 
electric dipole. The electron and photon abundances 
of Freedman e¢/ al., already cited, do not distinguish 
these two transitions but it is easily demonstrated 
that essentially all of the pheton intensity belongs to 
the electric dipole transition. That is, the assumption 
that the entire electron intensity, 16%, belongs to 
the M1-E£2 transition coupled with the smallest 
conversion coefficient expected for an M1-F2 transition 
[that of a pure M1, for which a(L)=70] leads to the 
conclusion that the maximum photon intensity of the 
M1-E2 transition is ~0.1% or only about one-tenth 
of the observed photon intensity. Since it has not been 
possible to determine conversion coefficients for the 
F1 transition, no comparison can be made with theoret- 
ical values. 


1m, 84- and 42-kev Transitions—Lifetime 


The half-life of the 84-kev state has been measured” 
as (2.0+0.3)10~* second. If we take the measured 
conversion coefficient of the 84-kev transition, the 
theoretical value for the 42-kev transition, and the 
relative intensities of the two photons, we calculate 
gamma-ray half-lives for the 84-kev and 42-kev transi- 
tions to be (2.6+0.5)10- second and 5X 10-* second, 
respectively. These values correspond to retardation 
factors over the single-particle estimates of (1.3+0.3) 
X10 and 3X 10", respectively. 


Pu”? 


P#". 106.1-kev Transition. Total and 
Subshell Coefficients 


This transition, observed from the decays of Np™ 
and Cm**, has been interpreted as an electric dipole 
on the basis of the L-shell conversion coefficient™® 
and total conversion coefficient.” Its position in the 
Pu* level scheme is well known, and is shown in Fig. 4. 


7D. W. Engelkemeir and L. B 
135 (1955). 

* Asaro, Thom 
1957 


Magnusson, Phys 


Rev. 99, 


pson, Stephens, and Perlman (unpublished data, 
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Ewan, Knowles, and MacKenzie® have obtained the 
most precise values of a(Z;) and a(Zy) from their 
study of the beta decay of Np™. Their values are: 
a(L;) =0.062+0.007 and a(L1,) =0.071+0.007. It was 
not possible to measure a(/i11) because of interference 
by an intense electron line of another transition. 
These authors noted that their values were distinctly 
higher than the point-nucleus theoretical coefficients. 
These and the finite-size values are shown in Table VIII 
for comparison with the experimental data. Ewan 
et al. also pointed out that the discrepancies could not 
be explained by M2 admixture. 

Pu™, 61.4-kev Transition 

The conversion coefficients for this transition (see 
Fig. 4) have not yet been determined with accuracy, 
but something can be said about the JL; subshell 
coefficient. It will be seen that the value we adopt is 
a(L;)~0.4, which is to be compared with the theoretical 
values for finite-size nucleus, 0.13 (Sliv and Band) or 
0.10 (Rose). 

Photons and electrons of this transition have been 
observed in studying the decay of Np’. Using electron 


TABLE VIII. Absolute L-subshell conversion coefficients of 
the 106.1-kev transition in Pu™. 


a(L1) (Lu 
Experimental 
Theoretical 
Point-nucleus 
Finite-size nucleus 
(Sliv and Band 
(Rose) 


0.062 +-0.007 0.071+0.007 


0.042 0.024 0.021 
0.041 


0.035 


0.026 
0.021 


0.021 
0.021 


intensities of Fulbright® and photon intensities of Day,” 
Engelkemeir estimated that the 
total L-conversion coefficient lies in the range 0.40.9 
and classified the transition as £1 on this basis. How- 
ever, Baranov and Shlyagin™ showed that the Ly and 


and Magnusson*® 


Ly lines are masked by electron lines of other more 

intense transitions. Hollander, Smith, and Mihelich® 

also came to this conclusion but were able to obtain 

an approximate measurement of the J; line intensity. 
hi a Ly 


The conversion coefficient is given in terms of 


the following expression 
a Ly 6 


The intensity ratio of the Z; line of the 61-kev transition 
to the L lines of the 57-kev transition is given by 


%® H. W. Fulbright (unpublished data), reported by Engelkemeir 
and Magnusson.” 


uP. P. Day 
Magnusson.”8 

#S. A. Baranov an 
(1956). 

8 Hollander, Smit 


unpublished data), reported by Engelkemeir and 


K. N. Shilya aya Energ. 1, 52 


h, and Mihelich, Phys. Rev. 102, 740 (1956 
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Hollander and co-workers as ~0.012. The next ratio 
in the foregoing expression is the conversion coefficient 
for the 57-kev £2 transition for which the theoretical 
value (a,=170) is adopted. The photon intensity 
ratio was measured by Jaffe™ as y57/7e,:=0.20. From 
these data, a(L1)g:=0.4. Because of the’ uncertainty 
in the conversion electron intensity ratio, this figure is 
probably reliable to little better than a factor of two. 
Partially independent calculations of a(Li)e, can be 
made using other data, but these are probably even 
more uncertain. 


Pu™, 106.1-kev Transition—Lifetime 


The half-life of the state which de-excites by the 106- 
and 61-kev transitions has been measured by Engel- 
kemeir and Magnusson*’ as 1.9310-’ seconds. In 
order to obtain the partial half-life for the 106-kev 
photon, correction must be made for decay by internal 
conversion and by the competing 61-kev transition. 
An intensity ratio ye:/yi0e was sought in the alpha 
decay of Cm* by observing y—y coincidences with 
277 and a value <0.06 was obtained.** Similar measure- 
ments with Np as the source gave the value 0.04 
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Fic. 5. Partial level schemes of Pa™' and Pa™ 
+0.02.*% From this value and 0.15 for the conversion 
coefficient of the 106-kev transition, the photon 
half-life is 2.4X10-7 second. This value is 2.4% 10® 
times longer than the half-life calculated for a single- 
proton transition. The retardation with respect to the 
half-life calculated for a single-neutron transition'® 
would be somewhat smaller. 


Pa”! and Pa? 


The low-lying excited states of these two isotopes 
have certain similarities both in their energies and in 
their decay properties, as shown in Fig. 5. Hence Pa™! 
and Pa™ are discussed together in this section. 

The energy levels of Pa™' have been studied from 
the beta decay of Th™ and from the electron-capture 
decay of U™ by Hollander, Stephens, Asaro, and 
Perlman.** Those of Pa were examined by Stephens, 
Asaro, and Perlman® by means of the Np*’ alpha 


“H. Jaffe, Ph.D. thesis, University of California Radiation 
Laboratory Report UCRL-2537. April, 1954 (unpublished). 

* Asaro, Stephens, and Perlman (unpublished data). 

** Hollander, Stephens, Asaro, and Perlman (to be published). 

7 Stephens, Asaro, and Perlman (unpublished data). 
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decay. The spin assignments in both cases are based 
upon energy-level spacings, transition multipolarities, 
and half-lives. Also, in Pa™', Newton®™ has observed 
the 58-kev E2 photon by Coulomb excitation. 

Pa™, 84.2-kev Transition 


Total Conversion Coefficient 


The 84-kev photon is prominent in the spectrum of 
Th™ and U™', and the conversion lines of this transition 
are strong. Coincidence studies** indicate that 
essentially all of the Th™' beta decay processes go 
through the 84-kev level and the intensity of the 
photon is (7.2+1)% relative to total Th™ decay 
intensity. [The U™ electron-capture decay apparently 
proceeds by the same path because the photon intensity 
noted was (7.3+1)%.] With this information on the 
decay scheme and some additional intensity data, the 
total conversion coefficient, a(7)s4.2, may be calculated 
by the following expression : 


a(T)s4 2= (1.00—ya4— ess) /Yss 
[ (1.00/54) — 1.]/[1+ (ess /te4) |, 


where sq is the intensity of the photon and égs and ég4 
refer to the /otal intensity of conversion electrons of 
the 58- and 84-kev transitions. The validity of this 
expression is based upon the fact that the 58-kev 
transition is £2, hence és represents substantially all 
of the events which depopulate the 84-kev state in the 
cascade process (Fig. 5). 

The ratio ¢s4/és was measured in a photographic 
recording spectrograph as 3.6 and 3.5 from Th and 
U™* decay, respectively.** A similar measurement on 
Th** using Geiger-counter detection™ was 3.7. We take 
an average value, 3.6+0.3; the limit of error is chosen 
to be +10% in view of the usual uncertainty in such 
intensity measurements. With these data, the total 
conversion coefficient, a(7")s4 2, is 2.8+0.4. 


also 


Pa™, 84.2-kev Transiltion—L-Shell and Subshell 


Conversion Coefficients 


The total L-shell coefficient, a(L)ss2, is readily 
obtained from the value of a(7T)s42 and the ratio 
e(L)ss.2/és4.2. This ratio was found by Hollander and 
co-workers®* to be 0.76 and 0.72 from Th* and U?#! 
decay, respectively; and Juliano” reported the value 
0.69 from Th*™® decay. The value we will adopt is 
0.72+0.04. The L-shell coefficient, a(L)gs2, then 
becomes 2.0+0.3, which is more than an order of 
magnitude greater than the theoretical value, 0.14. 
As seen in Table I, this transition has the greatest 
factor of discrepancy yet noted for E1 conversion. 
The experimental! value (2.0) is actually closer to the 
theoretical M1 coefficient (~6) than it is to the £1 
value, but the transition almost surely involves parity 


%* J. O. Newton, Nuclear Phys. 3, 345 (1957); 5, 218 (1958). 
* J. O. Juliano, Ph.D. thesis, University of California Radiation 
Laboratory Report UCRL-3733, April, 1957 (unpublished). 
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1X. Absolute L-subshell conversion coefficients of 
the 84.2-kev transition in Pa™, 


PABLi 


j 


a( Lit) a(Li) a(l 


Experimental t0.2 0.654+0.15 0.046+0.014 2.0+0.3 
Theoretical 
(Rose 


Sliv and Band 


0.055 
0.064 


0.039 
0.039 


0.131 
0.145 


0.037 
0.042 


the 58.5-kev and 25.7-kev transitions 
are, respec tively, E2 and F1. 

The L-subshell coefficients are readily obtained from 
the data of Hollander and co-workers** and Juliano” on 
electron line intensities. Hollander et al. found the ratio 
e(L;)/e(Li1) = 1.6 from measurements on U*! decay and 
1.9 from Th*', Juliano reported the same ratio as 2.5 
from Th*' decay. We shall adopt the average value 
2.0+0.5. Similarly, Hollander ef al. reported e(Ly1)/ 
e(L;) =0.03540.009. Employing a(L)=2.0+0.3, the 
following subshell coefficients result: a(/1)=1.3+0.2, 
a(Ly1)=0.65+0.15, a(Li1)=0.046+0.014. As seen 
from Table [X, both a(L1) and a(Ly) are much higher 
than the values, whereas a(/411) 
agreement. 

M2 admixture can, 


change becaus« 


theoretical is in 
in this case also, be shown not 
to be the cause of the anomalously high ZL; and Ly 
If the the 
experimental Ly coefficient consistent with the error 
limits, 0.060, and the theoretical £1 coefficient, 0.039, 
find the contribution of M2 radiation to be at the 
most 0.02%. With this amount of M2 admixture, the 
theoretical mixed /1-M2 coefficient for the Ly shell 
becomes 0.13, still a factor of ten lower than the 
experimental value. The effect on the Ly coefficient of 
this amount of admixture is negligible. 

Hollander eft al. obtained intensities of the M, NV, 
and O lines from U*' decay. The values are shown in 
Table _ 

As in the case of the 59.6-kev transition in Np”’, 
a(My1) is not far from the corresponding theoretical 
number, while a(M;,) a(My) are in distinct 
disagreement. It might be worthwhile to note that 
both a(Ny) and a@(O;) are larger than the theoretical 
value for a(M;). Brysk and Rose“ showed for the 
electron-capture process 


coefficients. we take maximum value of 


we 


and 


in a nonrelativistic approx- 
imation) that the transition probability for s, electrons 
should vary approximately as the probability density 


X 


N, and O conversion coefficients for 
the 84.2-kev gamma. 


TABLI V, 


Shell Mr Mi Min Ni O1 


Experimental values 0.34 0.21 0.009 0.17 


Theoretical unscreened 
point-nucleus values 


0.031 


0.021 0.014 0.014 0.009" 0.005 


* These values are 


Mi 


Brysk and : tevs. Modern 


“H 


(1958 


Phys. 30, 1169 
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of the radial wave functions (of a hydrogenlike atom) 
within the nucleus. If we ma 


the internal conversion process 


ke the same assumption for 


+} 
I 


1e conversion coefh- 


cients would vary as the inverse cube of the principal 


if 0.021 for a My) 


for a 


quantum number. With the value « 


as the basis, the nonrelativistic va V1) and 
a(O;) are given in Table X 
As 


conversion 
and p, shells with 


high 
the 54 
> pi shell. 


discussed previously, inomalously 


coefficient appears to rinat in 


lot 


no detectable 


Pa™, 25.7-kev Transitt efficient 


A value can be calculat version coefficient 
ise of the 26.4-kev 


neasured*® 


in the same way as was 
Np , 


54 7 


transition in 
intensity, 12.522%, and from our kno that 
essentially all of the beta rh** gives rise to 
the 84-kev level, we calcul +.8+1.0. If the 
assumption of 100% 84-kev state is 
incorrect yme direct popula- 
tion of the 58.5-kev state then the act 
conversion coefficient’ will 
here. The sum of the tl 


photon 


] 
wledge 


popu tion he 
for example, if 
ual value of the 
calculate 
V coefficients 


be lower than we 


eoretical L and 


raBLe XI. M-su 


_ 


the £5 


Hollander et al.*" I ecay ).45/0.83/1.00/0.23/0.22 
Juliano” 1 69/0.74/1.00/0.3/0.3 
Hollander et al.** { 8 /0.61/1.00 
Theoretical (unscree 


point nuc leus)é 


0.38 /0.38 


ber 
is Hi 
50-fold 


is 4.5, in good agreen nt wit ( Kp nental num 
There seems little doubt 


the next lo vest 


transition 


because about 


greater. 


Only M-subshell rati 
energy transition. The 
Table XI. 

The measurement on decay should be the 
listorted 
‘T h 31 


most 


accurate because the electr 
by source thickness as was the se with the 

ig this 
are known to ab 


ratio may be different fr 


sources. Ac cept il 
- 


ait =< 
ul 


Pa*™., Lifetimes of id 26-kev Transitions 


the 84-kev 


state have been mad m T] lecay, Strominger 
and Rasmussen‘ +.1+0.4)x10-% 


Several measurement 


“1D. Strominger and | Rasmusset iclear Phys. 3, 197 


(1957 
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second and Mize and Starner“ reported (4.5+0.3) 
X10-* second. From U™' decay Hollander, Stephens, 
Asaro, and Perlman*® obtained the half-life 4.1 10-* 
second, and Hoff, Olsen, and Mann® reported (3.7+-0.4) 
X10-* second from Np™*® decay. We shall adopt the 
average of these values, 4.1 10~* second. 

With the photon intensities as given above, the 
partial half-life of the 84-kev photon is 5.7X10~’ 
second and that of the 26-kev photon is 3.3107" 
second. These lifetimes are longer than the single- 
particle estimates'® by factors of 2.8 10° and 4.5 10, 
respectively 


Pa®™, 86.3-kev Transition—Total Conversion Coefficient 


As seen in Fig. 5, this transition is analogous to the 
84-kev transition in Pa™'. In the present case, the 


level structure has been determined from the study of ' 


Np”? alpha decay. 

The absolute abundances of the conversion electrons 
of yse.3 are not known, but the ratio of electron inten- 
sities of the 86-kev transition to the 57-kev £2 transition 
has been measured. From this ratio and the intensity of 
the 86-kev photon as well as some knowledge of the 
decay scheme, the 
determined. 

Magnusson and co-workers,“ studying the alpha 
decay of Np*’, found the intensity of yss to be 0.14 
of the total alpha particles and the intensity of K x- 
rays, 0.05. (Consistent with these values are the 
results of Stephens and co-workers,“* who found the 
combined K x-ray~yss peak to have an intensity of 
0.18.) We assign, somewhat arbitrarily, a limit of error 
of +25% to the gamma-ray intensity. Stephens ef al.” 
have interpreted most of the low-energy levels of Pa™ 
in terms of three rotational bands. This interpretation 
coupled with the alpha particle abundances and 
reinforced with gamma-gamma coincidence measure- 
ments* led to the figure 902+5% for the amount of 
alpha disintegrations which give rise to the 86-kev 
state. It is estimated™ that the 57-kev 
receives 3% population by paths other than from the 
decay of the 86-kev state. Since the 57-kev state is 
essentially completely de-excited by internal conversion, 
it is possible to derive the following expression for the 
conversion coefficient of the 86-kev transition : 


conversion coefficient can be 


also state 


alT as =[ (0.93 Ys) _ 1] [1+ (es7/ess) ]= 1.9+0.7 


[The intensity of yss used here has already been 
mentioned and the value for the conversion electron 
ratio (€s7/ess) was found®’ to be 2.0+0.6. ] 


J. P. Mize and J. W. Starner, Bull. Am. Phys. Soc. I, 171 
1956). 

® Hoff, Olsen, and Mann, Phys. Rev. 102, 805 (1956). 

“ Magnusson, Engelkemeir, Freedman, Porter, and Wagner, 


Phys. Rev. 100, 1237A 

‘“*F. S. Stephens, Jr., 
Radiation Laboratory 
published). 


1955). 
Ph.D. thesis, University of California 
Report UCRL-2970, June, 1955 (un 
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Tasie XII. L-subshell conversion coefficients of the 
86.3-kev transition in Pa™. 


a(L1) a(Lu) a(Lin) 
Experimental 
composite 
Theoretical 
Rose) 
Sliv and Band 


0.35+0.15 0.5740.26 0.08+0.08 1.0+40.4 


0.052 
0.060 


0.034 
0.039 


0.036 0.122 
0.036 0.135 


The ratio of L-shell conversion to total conversion 
in this case was found to be 0.54+0.11," hence the 
coefficient a(L)s¢ is 1.0+0.4. The theoretical value for 
a(L) is 0.135; thus there is a large discrepancy, although 
not as large as for the corresponding transition in Pa™', 
The question of whether this transition in Pa™ is 
indeed £1 should be answered. The evidence is good 
that the cascading 29.3 and 56.9 kev are, respectively, 
FE1 and £2; therefore, the 86.4-kev state is of opposite 
parity from the ground state, and with a measured 
a(L) of 1.0 only an F1 assignment is possible. 


Pa™., 86.3-kev Transition—Subshell 
Conversion Coefficients 


The L-conversion ratios have been measured by 
Stephens et al.” as L1/Liy/Lin=4.2/6.9/1. There are 
several sources of large error here: the Ly line is not 
resolved from a conversion line from the daughter 
isotope U*, Assigning limits of error on this basis, 
the subshell coefficients are calculated and compared 
with the theoretical values in Table XII. 

If we assume 0.26% M2 admixture a(L;) and a(Ly11) 
can be brought into agreement but a(Jy1) is raised 
only to 0.05. One can, therefore, say that a(1i1) is 
definitely high by at least a factor of ten, a(Zy) is 
probably high, and that a@(Zy1) is consistent with 
theory within a large limit of error. 


Pa™., 29.3-kev Transition. Total Conversion Coefficient 
The 


calculated exactly as was that of the 26-kev transition 


conversion coefficient of this transition is 


in Pa, The photon intensity has been measured by 
Stephens ef al.** as 0.11 and by Magnusson ef al.“ as 
0.14; we shall use the average value, 0.125+0.02. From 
this, from the fractional population of the 86-kev 
state (0.90-+-0.05), and from the conversion coefficient of 
the 86-kev transition (1.9), the conversion coefficient 
of the 29-kev transition is calculated to be 3.0+0.8. 
The theoretical a(L)+a(M) value for an F1 transition 
is 3.2 with the LZ values of Sliv and Band or 2.5 with 
those of Rose; both are in agreement with the experi- 
mental number. Any assignment for this transition 
other than £1 is the conversion 
coefficient would be more than 50-fold greater than that 


ruled out because 


measured. 
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Pa®®, 29.3-kev Transition 


M-Subshell Ratios 


The L-conversion lines have energies which are too 
low to permit them to be measured readily, but Stephens 
el al.*’ were able to see the M lines from a long exposure 
(9 months) of a Np”? source in a permanent-magnet 
spectrograph. The relative intensities on the photo- 
graphic plate were compared visually, and the values 
for M;/My:/Min/Miy+My are 0.8/0.9/1.0/0.6. The 
corresponding theoretical values are 0.72/0.79/1.00/ 
0.79. The experimental intensities are reliable only to 
within about a factor of two because the lines were 
broadened by sample thickness. Within the limits of 
uncertainty, the experimental and theoretical values 
are seen to be in good agreement. 


Pa™. Lifetimes of the 86- and 29.3-kev Transitions 


The half-life of the 86-kev state was determined by 
Engelkemeir and Magnusson“ to be 3.7 10~* second. 
The partial lifetimes of the 86- and 29.3-kev photons, 
2.6X10-* second and 3.0X10~" second, correspond, 
respectively, to retardation factors of 1.4X10* and 
7.210 over the calculated single-proton F1 lifetimes. 


Ra™ 


Ra®™., 50.0-kev Transition—Total Conversion Coefficient 


This gamma ray is well known in the decay of Fr*™ 
and Th?’ and was shown to be an F1 transition by 
Pilger.” The level structure of Ra** is extremely 
complex and only the part pertinent to these discussions 
is shown in Fig. 6. As reported by Hyde,** Stephens had 
found that the 50-kev photon was in coincidence with 
a prominent photon of 236 kev. Pilger showed by 
coincidence counting that there were 0.6(+0.1)50-kev 
photons per 236-kev photon and that the 50-kev state 
probably decays only to the ground state. The total 
conversion coefficient for yso is therefore [ (1—0.6)/0.6] 
=0.7+0.2. The theoretical value of a(L)+a(M) is 
0.75 (Sliv and Band L values) or 0.61 (Rose), both of 
which agree well with the experimental value. 


*[T). Engelkemeir and L. B. Magnusson, Phys. Rev. 94’ 
1395 (1954), 


7 R. C. Pilger, Ph.D. thesis, University of California Radiation 


Laboratory Report UCRL-3877, 1957 (unpublished). 
48 FE. K. Hyde, Phys. Rev. 94, 1221 (1954). 
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Ra***, 50.0-kev Transition—Subshell 
Conversion Coefficients 


The L-subshell ratios were measured by Pilger as 
L1/Ln/Lin=1.07/0.85/1.00. The precision of the 
intensity measurements is here about +20%, but 
because of the possibility that there are transitions of 
the daughter isotope Ra®” which were unresolved from 
the lines under discussion, the accuracy of these 
intensities is in doubt. Bearing in mind this uncertainty, 
the experimental values are in excellent agreement with 
the theoretical ratios for an /-1 transition: Ly/Ly/Lin 
= 1,00/0.91/1.00 (Sliv and Band) or 0.93/0.85/1.00 
(Rose). 


Ra*, Lifetime of 


The half-life of the 50-kev transition has been 
measured by Vartapetian® to be (6.3+40.7)«1C-” 
second. This value represents a photon half-life of 
1.1X10-* second, and a retardation factor of 1.1 10* 
over the single-proton lifetime 


50-kev Transition 


Ac 


Transition—T otal Conversion Coefficient 


This transition has been observed in studies of the 
alpha decay of Pa™' and the beta decay of Ra*’. It 
was assigned as E1 by Teillac, Riou, and Desneiges,™ 
who obtained the value 7 for the conversion coefficient. 
The L-shell conversion coefficient was determined by 
Stephens, Asaro, and Perlman® by comparing the 
intensities of the 28-kev photon with the L x-rays from 
the internal conversion of this transition. This could be 
done by measuring alpha-photon delayed coincidences 
in the decay of Pa™' in view of the measurable lifetime 
of the 27.5-kev state (see . The figure 0.52 was 
taken as the L-shell fluorescence yield and with the 
coincidence data a(L) turned out to be 
2.8+0.3. This is to be compared with the theoretical 
a(L) of 2.66 (Sliv and Band) or 1.74 (Rose). There is a 
discrepancy between the 
theoretical value of Rose 


bel yw 


the value 


experimental value and the 


Ac*"", 27.5-kev Transition—Subshell 


Conversion Coefficients 


The M-subshell conve rsion ratios are aval able, and 
they do not agree in detail with the theoretical expecta- 
tions for an F1 transition. However, in this case, it is 
possible to bring about agreement by assuming 0.003% 
M2 admixture. This comparison is summarized in 
Table XIII. It will be noted that My>My experi- 
mentally but for a pure £1 transition the reverse 
should be true. Although the precision of the measure- 
ments is limited (~+25%), a qualitative observation 
of this kind is probably reliable. It can therefore be 


“ H. Vartapetian, Compt. rend. 246, 1109 (1958). 
© Teillac, Riou, and Desneiges, Compt. rend. 237, 41 (1953 
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said that if there is no M2 admixture the theory and 
experiment do not agree in detail but that the dis- 
crepancy can be eliminated by assuming a small M2 
contribution. However, as pointed out below, there may 
be difficulties in reconciling this explanation with the 
lifetime of the transition. 


Ac™, Lifetime of 27.5-kev Transition 


The half-life of the state which de-excites by the 
27.5-kev transition has been measured by Teillac et al.” 
as 4.2 10-* second and by Foucher ef al." as 3.7 10-* 
second. No limits of error were stated, so we shall 
use the average value, 4.0X10-* second. With the 
assumptions that the measured delay is that of the 
27.5-kev transition and that there are no other transi- 
tions from this state, we calculate the photon lifetime 
to be 2.0X10~ second {a total conversion coefficient 
of 4.0 was used, which assumes a(L)/[a(L)+a(M)--- ] 
=0.7}. This photon lifetime is longer than the single- 
preton F1 value by the factor 3.3X 10*. If, as mentioned 
above, there may be 0.003% M2 admixture, the 
corresponding M2 half-life would be ~10~* second, 
which is just the calculated single-proton value. 


TaBLeE XIII. M-subshell conversion coefficient ratios of 
the 27.5-kev transition in Ac™’. 





M1/Mu/Min/Miv +My 


Experimental 
Theoretical 

(E1) 
(E1+0.003% M2 


0.9/0.5/1.0/0.6 


0.61/0.77/1.00/0.96 
0.85/0.62/1.00/0.75 


However, the few measured M2 lifetimes which have 
been reported are delayed by factors of 100 or more. 


Ac” 
Ac***, 40.0-kev Transition—Total Conversion Coefficient 


This transition was observed by Perlman, Stephens, 
and Asaro™ and by Magnusson, Wagner, Engelkemeir, 
and Freedman™ from the beta decay of Ra®® and 
assigned the multipolarity £1 on the basis of its small 
conversion coefficient. The value 0.9” was obtained for 
the L-conversion coefficient by a comparison of photon 
and L x-ray intensities in the scintillation counter 
spectrum, which contained only these two radiations. 
An L x-ray fluorescence yield of 0.5 was assumed in 
the calculation. The value 0.9, accurate to 30%, is in 
close agreement with the theoretical L-conversion 
coefficients of 1.01 (Sliv and Band) or 0.83 (Rose). 


® Foucher, Dick, Perrin, and Vartapetian, J. phys. radium 17, 
581 (1956). 

® Perlman, Stephens, and Asaro, Phys. Rev. 98, 262A (1955). 
See also reference 45. 

Magnusson, Wagner, Engelkemeir, and Freedman, Argonne 
National Laboratory Report ANL-5386, January, 1955 (un- 
published), 
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TABLE XIV. L-subshell conversion coefficients of the 
40.0-kev transition in Ac™. 





a(L1) a(Lu) a(Li) a(L) 


Experimental 
composite 
Theoretical 
(Rose) 
(Sliv and Band) 


0.23+0.07 0.2640.09 0.4140.13 0.9+0.3 


0.21 
0.29 


0.25 0.37 0.83 


1.01 


{<2*, 40.0-kev Transition—Subshell 
Conversion Coefficients 


The L-conversion ratio was measured™ to be L;/L11/ 
Lin =0.55/0.64/1.0, with a precision +25%. The 
resulting absolute L coefficients are shown in Table 
XIV and are seen to be in good agreement with the 
theoretical values. 


Ac, Lifetime of the 40-kev Transition 


The state which de-excites by this transition hasa half- 
life less than 4X10~* second according to Rasmussen 
and Stephens.“ Using the L-conversion coefficient 0.9 
and the: value a(L)/[a(L)+a(M)+---]=0.7, we 
calculate a maximum photon half-life 9X10~ second, 
which corresponds to a maximum delay over the single- 
proton lifetime of 4.7 10. 


DISCUSSION 


We have presented in the foregoing sections a detailed 
account of experimental data on L-shell conversion 
coefficients of low-energy electric dipole transitions 
observed in the decays of odd-A nuclei of high atomic 
number. In every case in which L-subshell coefficients 
could be determined, the experimental data are 
consistent with the interpretation that the £1 conver- 
sion coefficients in the Ly: subshell agree with the 
theory. In the case of the 106.1-kev transition in 
Pu, the J conversion coefficient is not available. 

In three cases where the L-conversion coefficients are 
known with relatively small error, it is definitely 
established that the experimental L; and Ly coefficients 
are substantially larger than the theoretical values. 
These transitions occur in Np”’, Pa™', and Pa™. In 
the most striking example, the 84.2-kev transition in 
Pa, the L; and Ly coefficients are 21 and 15 times 
larger than the theoretical values,” respectively, and in 
the 86.3-kev transition of Pa™, the same factors are 
6 and 15. These two cases are further interesting 
because, despite the fact that the two transitions 
appear to take place between the same intrinsic odd- 
proton states, the L;/ly; ratios differ by more than a 
factor of three. For the 59.6-kev transition of Np”’, 
the experimental coefficients are factors 1.7 and 3.8 
greater than the theoretical for the Z; and Ly shells, 
respectively. 


“J. O. Rasmussen and F. S. Stephens (unpublished data, 
1954) reported in references 52 and 45. 
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Gamma-ray retardation 


n coefficient anomaly vs gamma-ray retardation 
theoretical single proton half-life 


half-life 


Analysis of the data indicates a definite correlation 
of the anomalies with the lifetimes of the £1 photons; 
the more retarded the electromagnetic radiation, the 
greater the disparity between experimental and 
theoretical coefficients for the L; and Ly shells. 

The existence of anomalies of this type was predicted 
by Church and Weneser®’ in a theoretical discussion of 
magnetic dipole matrix elements. They point out that 
the finite nuclear size can give rise to additional nuclear 
matrix elements for the process of electron ejection 
which are different from that for gamma-ray emission. 
The connection with the correlation noted in this study 
is that the electron-ejection matrix element need not 
vanish when that for gamma-ray emission does, hence 
the anomaly in conversion coefficients may be related 

Li ex 


a Ly theor| T 


> 


Because there seems to be no anomaly in Ly; conversion, 
the last term in f is equated to zero. We have evaluated 
this factor for each of the transitions discussed here, 
and we plot these factors against the photon retardation 
factors (lexp/ttheor single-proton) In Fig. 7. (In the use of 
the Moszkowski single-proton formula for photon 
lifetimes, the statistical factor was taken to be unity.) 
It appears from this graph that the conversion anomaly 


56 FE. L. Church and J. Weneser, Phys. Rev. 104, 1382 (1956). 


ally exp a Lit) theor 


Retardation 


to the retardation in lifetime for the radiative transition. 
The theory for this problem for /1 transitions has been 
dealt with in some detail by Nilsson . 
Since the anomaly in conversion coefficients is nuclear 
model dependent, it surprising that a complete 
description will, of necessity 
selection rules appropriate to 

In Fig. 7 we have plotte da function of the L-subshe 
st the retardation 


ind Rasmussen 


be complex and involve 
the nuclear model. 

HI 
conversion coefficient anomalies again 
of the photon lifetime. 

We have been 
trends in the deviations of 
individually. Hence in 
graphically as a function of photon transition probabil- 
ity we define the following “total anomaly factor’’ 


unable to discern an 
the Ly and 


presenting these 


y systemati 
Ly subshells 


deviations 


+ | a(Litt)ex 


to the photon 
used in the 


as defined here is roughly 
retardation. The theor: 
calculation were those of S| 
In several where 
coefficients 
“total anomaly factors” 


M-shell 


the 


perimental 
evaluated 


Cases 


are aval ible. A | ive 


from M-subshell ratios alone, by 
equating the experimental Min relative electron inten- 
ion coeffic ient. This 


sity to the theoretical Mrm convers 
is unsatisfactory in the sense that the 
unscreened, point-nucleus M-subshell ratios may not be 


theoretical 
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valid, but it is the only direct comparison with theory It is not possible to justify fully such a simple function 
one can presently make. The errors shown in Fig. 7 have in terms of the theory developed by Church and 
been derived from the error limits quoted in the text Weneser®® and by Nilsson and Rasmussen.* Barring 
by standard statistical methods, with the assumption fortuitous cancellations, this relationship does seem 
that all errors are standard deviations. to mean that for the cases examined the anomalous 

It is seen that in those cases for which the information part of the electron-ejection matrix element does not 
is most reliable (high retardation factors and large change rapidly when that for gamma-ray emission 
anomalies) the relation is linear with a slope of unity. becomes severely attenuated. 
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Nuclear Magnetic Moments from Hyperfine Structure Data 


N. J. Ilonesco-PALLas 
Rumanian Institute for Atomic Research, Bucharest, Rumania 
(Received June 1, 1959) 


The nuclear magnetic moments determined from the hyperfine structure of the 4S, and *P, states are 
systematically smaller than those determined by methods of magnetic resonance. The Breit-Crawford- 
Schawlow correction, which takes into account the finite dimensions of the nucleus, together with the 
Bohr-Weisskopf correction which takes into account the spatial distribution of nuclear magnetism, succeed 
in explaining at least the order of magnitude in the preceding difference. However, in the two corrections, 
certain factors are determined graphically, while others are to a certain extent erroneous, owing to incomplete 
solving of the Darwin-Gordon differential system. All these difficulties are removed in the present paper 
and the final result is a completely analytical expression for the total correction. The numerical calculations 
made for gHg™ starting from the ground state *S, (Hg 1) fall in good agreement with the value of the 
nuclear moment determined by magnetic resonance. 


I. INTRODUCTION (1) are for almost all nuclei smaller than those deter- 
ETERMINATION of the nuclear magnetic mined by nuclear magnetic Tesonance, and the difference 
moment from the hyperfine structure of a certain is on ac count of the assimilation of the atomic nucleus 
element is made with the greatest accuracy in the with a point magnetic dipole. Setting } for the factor 
following circumstances: < which takes into account the finite extension of the 
(1) Considering only the *S,; and ?P; states, the [™ leus and the distribution of nuclear magnetism, D 
hyperfine splitting is maximum for the 2S; ground state. for the diamagnetic factor, and ur for the magnetic 
(2) If the element studied does not normally contain Moment determined by resonance, we must have the 
the necessary electronic configuration, a suitable ioni- following equality : 
zation must be produced, as the Fermi-Segré formula po/Y =ue/D, (1,3) 
is rigorously applicable only for atoms with a single 
valence electron. where D has approximately the expression 


Under these circumstances, the magnetic moment is D= (1—3.19X10-*Z,4), (1,4) 
given by the formula 


’ while Y is the product of the Breit-Crawford-Schawlow 
(2) ne Ia, correction (Q) and that of Bohr and Weisskopf (A): 
-Mo= 
g 





— ————giy, (1,1) 
R, (1—da/dn) Z:Z'x(3,Z,) Y=QA. (1,5) 


Me 


where ag is the interval factor of the *S, state, while In the following we shall establish a rigorous analytic 
x (4,Z,) is the relativistic correction of Racah: expression for the Q factor which should meet the 
requirements of a precision determination as is the case 

x(4,Z,) = ——; p=(i—¢!: «= ha (1,2) in the magnetic resonance method. First of all we shall 
p(4p?—1) 137 solve very precisely the Darwin-Gordon differential 

system for the wave functions inside the nucleus and 

the rest of the notations being the usual ones. The we shall perform by a particular method the integrals 
subscript o refers to the fact that the moment is obtained on the perturbed electronic wave functions outside the 
by an optical method. nucleus, which leads us to the explicit expression of the 
The magnetic moments determined from the formula magnitude of Y in the Breit-Crawford-Schawlow 





506 N. 


theory. After obtaining the accurate value of Q, ob- 
taining the Y does not offer outstanding difficulties. 


Il. ELECTRONIC WAVE FUNCTIONS 


For the space region outside the nucleus we shall use 
the perturbed electronic wave functions of Rosenthal 
and Breit' obtained by solving the Darwin-Gordon 
differential system in the (—«¢/m,c?<1) approximation, 
where ¢ is the quantized energy of the valence electron. 


d) acC.Jo, 


b2=Cy{ (k—p)J2p(2V/y) + (9) ap41(2V'¥))} 
tC_{ (k— p)J—26(20/y) — (y)*J—2p+) (2V'¥))} 


(24/y)+aC_J_2,(2+/y), 
(II,1) 


The notations those in the above-mentioned 


paper of Rosenthal and Breit, namely: 


are 


LZe*/hc: 
[kl = (j+4). 


y=(2Zr)/an, p=(R—a’)!; a 


The passage from the (¢:,¢2) components of the wave 
function to the (7,G) components in the more current 
notation, is made by taking account of their different 
normalization : 


. 
(F,G) — —— -(¢1,¢2) ; ix f (F?+-G*)r*dr = 1. (11,2) 
(49)! r 0 


Finally, the determination of the C,, C_ coefficients 
from the normalization and continuity conditions on 
the nuclear surface gives us 


an 
(4xr)}, 


22; 


Cy, =y,(0) 


= (11,3) 
I'(1—2p) [1+ (k—p)f« | 


ae 
C, r(1+2p) [1+ (k+p)te] 


where {,=—F(r0)/aG(ro). The functions of the *5, 
state are obtained for the particular case k= —1. 

For the space region inside the nucleus, we suppose 
a homogeneous distribution of the nuclear charge as 
well as the —U(ro)/m.2>1 (ro~1.216K10-%A! cm) 
condition, which is fulfilled for heavy nuclei. In this 
case we have to solve the following differential system 
for the small (/) and large (G) components of the wave 
function: 


dF F 
+ (1—k)—= — fa(1—}2°)G, 
dx x 


dG G 
+ (1+) 


dx x 


= +§a(1—}x*)F; 


here x=1/fo. 


! J. Rosenthal and G. Breit, Phys. Rev. 41, 459 (1932). 
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For the S,; (k= —1) electrons, the solutions of the 
system (II,4) obtained by the development in series are 
Fy (x)= —G(0)[0.5ax— (0.1¢+0.112 4984")? 

+- (0.048 213a?+-0.009 040a°)a 

— (0.006 942a?+-0.005 9154 

+-0,000 378a7)x?4 
0.001 5614 


0.000 379a* 
+-().000 3274 

+0). 000 OO7 a") x? 
O.la 


0.008 3334 


+G(0)[1—0.375a?x?+4 
+0.042 187a*)x4 
+-0.021 428a*+0.002 260a‘ 
+ (0.004 315a*+-0.001 674a' 
+0.000 0714a*)x® 
+0.000 530a°+0.000 068a* 

+0,000 0014") x!4---- 


0.000 40444 


The G(0) constant, as determined from the condition 
of sticking to the nuclear surface of the interior and 
exterior wave-function components has the 


following 


expression in the approximation yo1: 


Yo . . 2p 
G?(0) ~y,2(0) | | 
T?(1+2p)t1 (1—p)t 


where 


q(a) = 1—0.406 666a?+-0.072 975a* 
0.0007 4414°+-0.000 4974a° 
¢(a) = 2{1+-0.106 233a?+-0.016 649a4 
+0.002 788a*°+0.000 479a*4 
Ill. THE BREIT-CRAWFORD-SCHAWLOW 
CORRECTION 


The hyperfine splitting is—in the relativistic theory 


proportional to Jo” FGdx. By setting the subscript zero 
for the wave functions corresponding to a point nucleus 
atom, the Q correction factor is defined by the ratio* 


Q f Gas / f F Gaodx 


As FoGo< FG, the following transformation may be 


made: 
o= f FoG ax / f F (Goda 
x 0 
x 2 
-1-| f PGi | f Pde 
0 0 


76, 1310 


III,1 


(IIT,2) 


2M. Crawford and A. Schawlow, 1949 
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By using the following mathematical formula for 
calculating the integrals from Bessel function products, 


* T()I(8) 
asthe 
J - 


P(A)E 4 (ut+-v—A+1) 
x 
Ph (u—v+rA4+ 103 (ut o+A4+ 103 (—pt+v+rA4+1) 


ITT,3) 


the expression of Y becomes 
2p(4p?—1) x?! 


= (1+ )- yor? ' 
31'?(1+ 2p) 2p—1 


QO=j41- (IIT,4) 


The undetermined parameter x from (III,4) is 
graphically estimated and is found to be about one 
unit. We shall now show that indeed x~1 and that 
moreover it does not depend on the nuclear radius but 
only on Z, Let us now introduce the following notations : 

F=Ft+F- G=G+t+G- for x 

F=F wy G=Gw% for x 


’ 


1 
a 


and (2 
(III,5) 
and << 


where F* is proportional to C,, F- to C_ [according 
to (II,1) and (II,2), etc.]. The integral between 
infinite limits from F G (III,1) is now decomposed into 
a number of integrals which may be performed 
separately : 


a) b ) 1 
f FGdx= f F+Gtdx -f F+Gtdx 
0 0 0 


1 2 
+f FoGoodrt f [F+G- +F ‘Gt dx 
0 1 


+f F-G-dx. (III,6) 
i 


In the following we refer only to s; electrons. 
The first integral is identical with that in the de- 


nominator of the expression of Q in (III,1)—its evalu- 
ation being made without any difficulty by using 
(III,3) 


? 


nD 
3 
f Ft+Gtdx= — ay,°(0)—— yo'. (III,7) 
0 2p(4p?— 1) 
The second integral is obtained very simply by the 
development in series of Bessel’s functions and by 
stopping at the first term 


1 (1+ )) 
Jf Pretar~— on 10 — one ee 
ri T?(1+2p) (2p—1) 


yo 2 e) 


. (IIT,8) 


The third integral may be evaluated term by term 
by using the analytical expressions in (II,5) for the 
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wave functions. The calculations are very tedious but 


not intricate. One obtains 


9 


1 9 p 
f F yGrnda ay,*(0) 
. 10 r'(1+2p) 


(1 T a’t?) 
yo 2 "E(a), (IIT,9) 


x 
[i-(1—p)¢ P 
where £(a) is given by the development 


£(a)=1+0.162 675a*+-0,025 192a* 


+-0.004 446a°+0.001 047a5+---. (TIT,10) 


We want to emphasize that the various developments 
involving the electronic functions the 
nucleus are determined within a relative error of about 
10-*, even for the extreme case Z= 137. 

The two integrals can no longer be 
integrated in the relatively easy way used for the 
others. For them we shall have to consider the following 
auxiliary mathematical theorem, whose demonstration, 
being so simple, will not be reproduced here. 

Let us take two functions f(x) and fo{x) which meet 
the following conditions: 


wave inside 


remaining 


(1) lim f(x4)=+; lim fo(x) 
20 z—0 


(2) lim{ f(x)/ fo(x)} =1; 
z0 


im f f(x)\dx=+~; lim f fo(x)\dx=+@ ; 
zg*0 z0 rr) « 20 


( 


» x 


a) f f(x)dx¥0, ~ ; f o(x)dx¥0, « 
z0 z0 


for xX, D2, 
From the above properties it results that 


n 


J fi x \d re -f fo! x \dx if xy 1. 
rg z 


0 


the theorem is satisfied and it allows us 
to estimate the integrals we are interested in by taking 
only the first term in the various Bessel functions which 
appear. 

Thus the fourth integral will be 


f (F+G-+F-G*)dx 
1 
C,7T(14+2p)P(1—2p) Sy y?’ 


2 1—(1+p)¢ 
yo 2-»), = (TTT, 11) 
1—p)t 


In our case, 


*(1+2p) 1- 
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In a quite similar way we perform the last integral 


wn 


f F-G-dx 
1 


yo _[C-? (i-s) ¢* dy 

ee (a 
4ary? ca I'?(1—2p) vo yr Ate) 

= ( 1 | Vo 2(1—p 


- . (IIT,12) 
(1+ 2p) 


(1—p) 41 
caine) 
Ir'(1—2p)L1—(1—p)¢ 


Now we add up all integrals and, considering (III,1) 
and (III,6), we obtain the following expression for the 
Q correction factor (Breit-Crawford-Schawlow) : 


2p(4p?— 1)  & 
- (1+ p) 
3T?(1+2p) (2p—1) 


Q=1 yer, (111,13) 


9 (2p-—1) (1+<a7f*) 
—p?——- —£(a) 
10 (1+ ) [1—(1—p)t? 
(2o—1) 1— (1+ p)t 1—p2p—1 
a) we 
(1+p) \1—(1—p)¢t 1+ p 2p+1 


1— (1+ p)¢\? 
x( —- — )}. (IIT,14) 
1—(1—p)t 


Now, comparing (III,4) with (III,13) we obtain an 
analytic formula for the undetermined parameter x 


eel mee. (111,15) 


Obviously, it does not depend on the nuclear radius 
but only on Z. For p-—>1 the limiting value ? is 
obtained. 


IV. THE BOHR AND WEISSKOPF CORRECTION 


Taking into account the spatial distribution of 
nuclear magnetism as well as its double origin (intrinsic 
spin magnetic moment and orbital magnetic moment) 
leads to the necessity of another correction. In brief, 
their theory is the following: 

We write the separate interation of the optical 
electron with the two parts of the nuclear moment? 


W=WstWi= f Y*ealAs(r)+Az(r) dr 
16 
=+—reesl f p(R){asqstargr} dre 
< r) 
+ (754) state 
» (IV,1) 
— (?P;) state 


where p(R)=¢*(R)g(R)=const for a homogeneous 
* A. Bohr and V. Weisskopf, Phys. Rev. 77, 94 (1950). 


IONESCO 


PALLAS 


distribution of nuclear magnetism, and for R< Ro; 
p(R)~0 outside the nucleus. By inserting the explicit 
values for the gs and g,, we obtain the expression of the 
A correction factor. 


A= f p(R){asns 
( 


r) 


Ta nrjdrr, (IV,2) 


where 


R a 
ns=1-| f FGdr /{ Pdr}, 
Je i a, 
R P Pe 
nL -|f (: - .)rear / f Pedr], 
0 R' 


or, in its better known form,‘ 


A=1—(asestarze 
where 


r) ~} R 

€és= | f FGdr | ( [ FGdr) 
@ 1 R r 

€L= | f FGdr (f (: )PGdr), 
4 ) \J, R 


Here the averages are taken with the real distri- 
bution of the magnetism in the nucleus which is in fact 
unknown. These averages can be performed in a rela- 
tively simple way for a homogeneous distribution. For 
a distribution which does not differ very much from the 
homogeneous one, we shall be able to use the following 
approximation, somewhat equivalent with the result of 
Bohr and Weisskopf 


( f ; flax) FGdx ) 
“ML 10), 


if f(0,x)=1. 
By using (IV,5), (1V,6 


(IV,6) 


w hom .distr. 


as well as the accurate value 
of the integral in the denominator of the (IV,5) ex- 
pression, as results from (III,7) and (III,13) we 
express the A factor in a quite analytical way 


can 


9 
2p)? 


2p(4p?— 1) 


[1—(1—p)xPT*(1+2) 30 


30—C«S R\? 
Puareyy 
280 3 Ro Ay 


A2(a) | 
x ast ( 1-0.387 016 — Ja, 


A1(a) 


(IV,7) 


‘H. Kopferman Kernmomente (Akademische Verlagsgesellschaft, 
Frankfurt a Main, 1956), second edition, Sec. 73 
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here 


Ai (a) = 140.225 063a?+-0.037 471a* 

+0.005 381a°+-0.000 7670+ --- 
A2(a)= 1+0.149 762a*+-0.019 2324 

+-0.002 852a*+-0.000 641a*+---- 


We want to emphasize that by obtaining the factor 
Q in Sec. II, accurately, it was no longer necessary to 
use the inaccurate value in the Bohr-Weisskopf paper 
for the integral in the denominator of (IV,5). 

The appearance of Q in the A factor as well as the 
proportionality of (1—A) with yg? enables us to join 
the two corrections Q and A in a single one, Y=QA, 
which will have the following expression : 


2p(4p?— 1) 
31?(1+2,) 


(ite%)f 2p t 
iter "ey “ yy : Reais 
(i+) Li-(1—p)r Ry 280 


39 
+( om rs(0) Ja ° 
280 


We also make a point of emphasizing that according 
to the (IV,6) formula, the ratio between the coefficient 
of a, and that of as is not a constant value but depends 
on Z; indeed 


(f (1-5) rai) / Cf roar) 


66 
i(a)— 


(IV,8) 
1225 


1 1 
~f (i—x#[1-—3 ine )PGde / f (1—2*)FGdx 
0 0 


Aa(a) 
= (1-0387 ne), (IV,9) 


di (a) 


while in the above-mentioned work 
Weisskopf this ratio is 0.62. 


of Bohr and 


V. THE Y FACTOR FOR p, ELECTRONS 


Apart from the s, electrons, only the p, electrons are 
those for which the Y structure correction is important, 
on account of the proportionality between (1—Y) 
the (2o—1) power of yo. 

In order to obtain the Y(,) structural factor, we 
shall first establish general relations between the 
integrals which are included in the definition of Y (s,) 
and the corresponding ones for Y(;). As a final result, 
Y (p,) is expressed in terms of Y (s,). 

From an examination of the Darwin-Gordon differ- 
ential system for the electronic wave functions inside 
the nucleus, we can write the following relation: 


and 


MOMENTS 


FROM hfs DATA 


f S(®) LF oGww Jemyieydx 


— LF A)G (1) Jemtiny 
~ EP(1)G(1) Jaya) 


(\k|—p) ¢' 
ee oe | f(®) LF @Ga)em—mdz, (V,1) 


where f(x) is an arbitrary analytic function. 

By direct integration we also obtain the corre- 
sponding relations between the other kinds of integrals, 
for the states k= +|k| and k= —|k|: 





f S(O) LF MG ew Jemdx 


f CF+G* Jey jadx 
0 


(2|k| —1) 


one f CF+Gt},—yu\dx, 
(2|k| +1) 46 


1 
f LFtG* Jens ei dx 
; ss 


p 


[F+G-+ F-G* payed 
_ (kl -e) 
(RI +p) 


f [F-G~ Jennie 
1 


(|k| —p) 
= Ge |p 141d. 
sores Ue be 


Considering all these relations as well as the defi- 
nitions of the Q factor, we obtain the following binding 
relation : 


f [F+G- +F “Gt ), 202, 


(V,5) 





ki)—-1 2\k| +17 |k|- 
OC+|e)—1_ 21k] +1 74 wo 


Q(—|k|)—1 2|k|—1\|R|+p7° 


Further on, according to the definition of the A 
correction factor, we derive the relation for its trans- 
formation by means of Q: 


O(+|k|)C1—A(+|k])] 2] 4] +1 (|| 9) 
Q(—|k|)[1—A(—!k])] 2|k|—1 ([k] +0) 


From (6) and (7) one obtains without any difficulty 
the relation of transformation for the product Y=QA, 
which is the one we had sought: 


¥(+|ki)—1_ (2)k| +1) (1k -0) 
¥(—|k|)—1 (2|&|—1) ([k| +0) 





(V,7) 





(V,8) 
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In particular for |k 
corrections are significant), we have 


(2) 


VI. COMPUTATION OF THE NUCLEAR 
MAGNETIC MOMENT OF Hg" 


1 (the only case for which the 


l—p 


3 1— ¥(s;) }. (V,9) 


1+ p 


\s an illustrative example, we shall compute the 
nuclear magnetic moment of go>Hg™ starting from the 
of the gsHg' 1 ion. For this state, 
the quantities involved in the (I,1) formula are: 
n+=1.703 396; Z;=80; Zo=2; x($,80)=—2.257 306; 
(1—da/dn)= 1.236 539 (determined by the method of 
finite differences and by the extrapolation of the 
the basis of the D’Alembert 
The interval factor és determined 
is 1.358 cm. With these 


data, we find the following value for Mo: 


ground state 6s 7S, 


resulting series on con- 
vergence < riterion 


by the hyperfine structure® 


0.442 149uy. (VI,1) 


57, 207 (1940 


- 
‘, 


Excited Leve 


N. 


O-PALLAS 

take int 
solig'™ 

in Schmidt’s diagram. 


in the 


» account the fact 


In order to compute Y v 
that the nuclear state of 
neutron p; and that sHg™ fits 
The characteristic ih 
expression of Y 


cm, (5/3){((R/R 


ve 


given by the odd 


values which are included 


ire: ay 


1.216 10-"%A! 


Y¥ =0.879 825 (VI,2 


On the other hand, the magnetic resonance test gives 


0.4993 3 


Lk 


while the diamagnetic correction D 


D=0.990 348. 


By using the ratios (1,3 


values for the momer 
(1 


From hyperfi 


f 


bi 


) 
(2?) 
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of thermal neutrons from the Argonne CP-5 reactor 
irradiates a thin Mn target and the delay between 
following capture gamma rays is measured with a fast 
time-to-amplitude converter of the kind described by 
Green and Bell.® 


Il. EXPERIMENTAL SETUP 


The neutron beam from the Argonne CP-5 reactor 
is collimated by means of lead and brass cylinders with 
holes 3 in. in diameter and Cd slits with holes of the 
same size. A Pb absorber about 3 in. thick is placed in 
the beam to reduce the gamma-ray background from 
the reactor. The target is a thin Mn foil, 3 cmX3 cm 
and ~15 mg/cm’ thick, set at approximately 45° to 
the direction of the beam. 

Two scintillation counters are set 5 cm apart on a 
line perpendicular to the neutron beam. Lead bricks 
shield the counters from the gamma-ray background 
in the room and from the radiation from the reactor. 
In addition, paraffin and Cd are used between the 
reactor and the counters (Fig. 2). To detect the 
“prompt” gamma ray, a plastic scintillator 14 in. high 
and 2 in. in diameter is used with an RCA-6342 photo- 
multiplier. The “delayed” gamma ray is detected by a 


_ PARAFFIN 


Fic. 2. Experimental setup 


(not to scale). PLASTIC Wel (TE) 


Mn TARVET 
lL. BEAM 
CATCHER 


Nal(Tl) crystal, } in. thick and 1} in. in diameter, 
viewed by an RCA-6810A photomultiplier. The time- 
to-amplitude converter is essentially like the one 
described by Green and Bell. It is based on a 6BN6 
tube working at unusually low electrode voltages. A 
supervisory diode coincidence avoids double-valued 
time-to-amplitude conversion. A fast-slow coincidence 
system allows the energy selection of the pulses from 
the two photomultipliers. The pulses from the time-to- 
amplitude converter are amplified and recorded in an 
Argonne-type 256-channel analyzer. 


Ill. RESULTS 


As a check on the equipment, the half-life of the first 
excited level of W'*® was measured by use of a Ta'™ 
sample obtained by irradiating Ta'* with thermal 
neutrons. The value obtained is 1.4+0.2 musec, in 
agreement with a previous determination. Then the 
half-lives of the first three excited levels of Mn** were 
measured. 

An energy spectrum of the gamma radiation from 
the Mn target under neutron bombardment is given in 
*R. E. Green and R. E. Bell, Nuclear Instr. 3, 172 (1958). 


*V. S. Dzelepov and L. K. Peker, Atomic Energy of Canada 
Limited Report AECL-457, 1957 (unpublished) 
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3. Energy spectrum of the gamma radiation from the Mn 
target. (Data obtained with Nal crystal.) 


Fig. 3. It was obtained with the NaI(Tl) crystal. The 
energy scale was calibrated by means of the radiation 
from Mn and from the Ta'™ source used for the initial 
check of the equipment. Three of the four peaks in 
Fig. 3 were attributed to the 26-, 83-, and 210-kev 
gamma rays from Mn. The peak at about 140 kev 
was probably due to gamma rays from neutron capture 
in the iodine of the NaI(TI) crystal. That it was not 
due to gamma rays from the Mn target was proved 
with an absorption measurement. The peak at 83 kev 
was completely absorbed by 5 mm of Pb, while the one 
at about 140 kev was very slightly affected. Absorption 
measurements with thin Pb absorbers definitely proved 
that the 26-kev peak was due to gamma rays from the 
Mn target. 

After these preliminary measurements, an attempt 
was made to measure the half-lives of the first three 
excited levels of Mn®*. In each case it was required 
that the energy spent in the NaI(TI) crystal by the 
“delayed” gamma ray should be within a fairly narrow 
window centered at 26, 83, and 210 kev, respectively. 
A comparison run was always made with a “prompt” 
source which was either a Co source inserted in place 
of the Mn target, or the gamma background in the 
room, which gave ‘“‘prompt”’ coincidences when a high- 
energy gamma ray suffered a Compton scattering in 
the plastic scintillator and the scattered gamma was 
detected in the NaI(T1) crystal. The energy spent by 
the “prompt” gamma in the plastic scintillator was 
required to be above a few hundred kev. 

The half-lives of the first and second excited levels 
were measured in two different ways: (a) from the 
slope of the “delayed” curve far from the “prompt” 
peak, and (b) by an extension of Newton’s’ method to 
the case in which the recorded coincidences are due to 
a superposition of a “prompt” and a “delayed” source. 
The decay constant of the delayed radiation is given in 
such a case by 

(F(x;)— 
\= on 


“" 
f (F(x) — P(x) }dx 
70 


’T. D. Newton, Phys. Rev. 78, 490 (1950), 


F (xo) |—A ALP X,) — P(x») | 


, 
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ratio of delayed to prompt coincidences strongly 
decreases. 

The first excited level has been analyzed in a similar 
: way. Newton’s method gives a half-life between ~8 
Pity 3 oe es and ~11 musec. From the slope of the “delayed” curve 
(solid curve and experimental far from the “prompt” peak one gets 7,;=10.742 
points). (b) “Prompt” curve for muyusec. This value might be somewhat high because 

the first excited level of Mn* : , , 
(dashed curve). the first excited level is sometimes fed through the 


where the notation is the same as in Newton’s paper, 
and Az is the fraction of the total radiation which is 
“prompt.” In Figs. 4(a) and 5(a) are given the results 
for the first and the second excited levels of Mn**; 
Figs. 4(b) and 5(b) are the corresponding ‘‘prompt” 
curves. The results shown in Figs. 6 and 7 were obtained 
under the same conditions as for Figs. 4(a) and 5(a), 
except one of the two pulses feeding the time-to- 
amplitude converter was delayed to observe the very 
end of the tail of the “delayed” distributions, far from 
the “prompt” peak. Analysis of the data for the second 
excited level gives a value of 7y=4.9+0.6 musec, when T "7 as gs 58 
looking at the slope of the curve in Fig. 7. Newton’s CHANNEL 

method would give a half-life between ~ 4.8 and ~5.8 Fic. 6. “Delayed” curve for the first excited level of Mn®. 


RATE (Arbitrary Units) 


COUNTING 


musec. The fairly close agreement between the two One of the two pulses to the time-to-amplitude converter is 
determinations seems to indicate that the measured *tificially delayed 

half-life is indeed that of the 83-kev radiation and not 
of a higher energy radiation which suffered an energy 
loss of ~83 kev in the crystal. To exclude this possi- 
bility, however, the same runs were repeated as in 
Figs. 5(a) and 5(b), except that the window of the 
pulse-height analyzer for the energy of the “delayed” 
gamma ray was moved a few channels above the peak 
at 83 kev. The results of the measurements for the 
“delayed” source and for the “prompt” source are 
given in Figs. 8(a) and 8(b), respectively. It is im- 
mediately obvious, by comparison of Figs. 5(a) and 
8(a), that a few channels above the peak at 83 kev the 
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Fic. 7. “Delayed” curve for the second excited level of Mn*. 
One of the two pulses to the time-to-amplitude converter is 
artificially delayed 
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de-excitation of the second level, which has a half-life 
of 4.9 myusec. The correct for this effect can be 


calculated easily for the h the first level is 


NTING RATE 


OUNTING RATE 


ce 


fed by the 83-kev gamma ray and the “prompt” 
gamma is from de-excitation of the capture state. For 
such a case, which obviously represents a limit to the 
actual situation, the “true” half-life of the first level 
(b) “Prompt” curve for the second excited level of Mn*™, would be about 1 mysec smaller than the value observed 


“1G. 5. (a) “Delayed” curve for the second excited level of Mn*™. 
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as described above. Thus one may reasonably assume 
that 7;=10.7*3 mysec for the first level. From Figs. 
9(a) and 9(b) one can obtain an upper limit of ~0.5 
mysec for the half-life of the third level. The ratio of 
the intensity of the “delayed” to that of the “prompt” 
radiation at ~210 kev is too small to allow a smaller 
upper limit than the one above. 


Iv. CONCLUSIONS 


The results of Sec. III allow an assignment of the 
spins and parities of the first three excited levels of 
Mn**, The levels at 109 and 210 kev are fed directly 
from the capture states. The 7046- and 7152-kev 
transitions are most likely £1 transitions. The parities 
of the 109- and 210-kev levels, therefore, should both 
be positive. From the relative intensities of the transi- 
tions observed after neutron capture in manganese 
resonances, it appears that the 109-kev level is fed 
predominantly from the 2- capture state and the 
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(a) (b) 
Fic. 8. (a) “Delayed” curve with the window of the pulse-height 
analyzer of the “delayed” gamma slightly above 83 kev. (b) 


“Prompt” curve. The window of the pulse-height analyzer is the 
same as in (a). 


210-kev level from the 3- level. The 109-kev level 
could then be either a 1*, 2+, or 3+ state, andthe 
210-kev level a 2+, 3*, or 4* state. According to Weiss- 
kopf’s* predictions, the 83-kev transition from the 
109-kev to the 26-kev level, with a half-life of 4.9 
muysec, is very likely an M1 transition. The same should 
be true for the 26-kev transition, with a half-life of 
10.7 mysec. These statements are supported by the 
fact that, in this region of the periodic table, half-lives 
for M1 transitions are fairly close to Weisskopf’s 
predictions.* The 109-kev transition from the 109-kev 
level to the 3* ground level has not been observed. 


* J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), p. 627. 
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Fic. 9. (a) “Delayed” curve for the third excited level of Mn™. 
(b) “Prompt” curve for the third excited level of Mn®. 


This fact supports the view that the 109-kev level is 1*. 
The 26-kev level, decaying through an M1 transition, 
could be a 2+, 3+, or 4+ state. The transition to it from 
the 109-kev level is M1 so the only choice seems to be 2*. 

For the third excited level one finds 7,<¢0.5X10~* 
sec. The transition from the 210-kev to the ground 
level, between two states of positive parity, cannot be 
E1. The half-lives for the 210-kev transition predicted 
by Weisskopf’s formulas for M1 and £2 transitions are 
~2X10-" sec and ~5X10~* sec, respectively. These 
values may well be smaller than the actual ones 
(perhaps as small as a hundredth of them), but it is 
unlikely that they are greater. It would then seem 
reasonable to assume that the 210-kev transition is M1. 
If the transition from the 210-kev to the 109-kev level 
were an £2 or a higher multipole (the next possible 
would be an M3), it probably would not be observed 
at all because the 210-kev level decays through an M1 
transition of higher energy (210 kev). If it is assumed 
that the transition from the 210-kev to the 109-kev 
level is M1, then, because the 109-kev level is 1*, the 
only possibility left for the 210-kev level would seem 
to be 2+. 

In conclusion, a fairly plausible assignment of spins 
and parities to the first, second and third excited levels 
of Mn** would seem to be 2*, 1*, and 2*, respectively. 

It should be noted that the technique described in 
this paper might turn out to be useful in all those cases 
in which, as in Mn**, the excited levels of an unstable 
nucleus cannot be reached directly by beta decay. 
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lhe scintillation properties of crystalline BaF; have been investigated. It was fou 
yields a reasonably well-defined photopeak when exposed to gamma rays from Na”™ 
and 6292 photomultipliers, the signals from BaF; are about } to yy as strong as t 


BaF, crystal as a target, the excitation function for 
from an apparent threshold near 3.2 Mev up to E, 


the F(n,a)N" reaction v 
=(6 Mev. Several new res 


region. The cross section generally increases with increasing neutron energy 


to 200 mb near 6 Mev 


INTRODUCTION 


HE excitation function for the reaction F'8(n,a)N"® 

has been previously reported from this labora- 
tory' and in a more complete study made by Marion 
and Brugger.? In both cases, the neutrons were incident 
on CaF,. In the first case,! the activity induced by 
neutron bombardment of a CaF, ring was measured by 
using a separate detector; in the second case,? a CaF, 
crystal served both as a target and as a detector of 
induced N'® activity. The absolute value for the cross 
section for the F'(n,av)N'® reaction measured? 
with an accuracy of +40% and with a resolution which 
varied between 30 and 100 kev. 

In the present work, we have made use of a BaF; 
crystal as a target for neutron bombardment and as a 
detector of the induced N' activity. This detector 
shows a maximum at the photopeak position for gamma 


was 


rays and hence it may find additional uses in the 
laboratory. 

The purposes of the present study were: (1) to obtain 
specific information on the scintillation properties of 
BaF», both for the general value of such an investigation 
and for the purpose of using a BaF;, crystal in the 
F*(n,a)N'® excitation study; (2) to measure with in- 
creased accuracy the absolute value of the F'(n,a)N'® 
cross section from threshold to about 6 Mev; and (3) to 
examine more closely the resonances which appeared in 
earlier work. 


SCINTILLATION PROPERTIES OF BaF; 


The scintillation properties of a BaF, crystal were 
first reported* from this laboratory several years ago. 
In the present work, we have made additional specific 
comparisons of BaF, and NalI(Tl). For this purpose, 


a single crystal of presumably unactivated barium 


* Assisted by the U. S. Atomic Energy Commission 

t Now at Oak Ridge National Laboratory, Oak Ridge, Ten- 
nessee. 

t Now at Texas Nuclear Corporation, Austin, Texas 

1 Bostrom, Hudspeth, and Morgan, Phys. Rev. 99, 
(1955). 

* Jerry B. Marion and Robert M. Brugger, Phys. Rev. 100, 69 
(1955). 

* Bostrom, Hudspeth, 
(1955). 


643(A) 


and Morgan, Phys. Rev. 100, 973(A) 


Absolute accuracy of cross-section measurements was 


fluoride in the form of a right circular cylinder was 
obtained from the Harshaw Chemica! Company. The 
crystal surfaces (except for the face to be joined to the 
photomultiplier) were roughened with emery paper to 
provide diffuse reflection. These surfaces then 
thickly coated with MgO by exposing them to burning 
magnesium. A thin polystyrene ring was placed on the 


were 


top of the crystal, and a polystyrene annulus was 


placed at the base of the crysta 
stability. 


to insure positional 
Chis assembly was then wrapped with Scotch 
electrical tape in such a way that the tape itself did not 
come in contact witl ny irface ch was covered 
with MgO. Both DC-200 and Celvacene were used for 
optical coupling, but a tendency of a crystal 


creeplil 
mounted with either substance made it 


renew the MgO and the crystal mo 


necessary to 
inting periodically. 
Inasmuch as the spectrum of fh yield from 


lorescence 
barium fluoride was unknown, it thought desirable 
to mount the 
allow for the possibi 
near the ultraviolet 1 the present case, 
K 1306 tube was used 

Pulse-height 
from Nal(TI 
from Na”. The spectra 
conditions of tube 


crystal on pecia pl 
ts spectrum peaked in or 
a DuMont 


otomultiplier, to 


tra were obtained from BaF, and 
rays 


ired under identical 


sper 


under irradiation with gamma 
vere meas 
voltage and amplifier gain, save for 


a change: of linear amplifier gain of 8. The spectra 
measured in this way are shown in Fig. 1. The positions 
of the corresponding photopeaks give as the ratio of 
intrinsic pulse heights in NaI(Tl) and BaF, a value 
of about 10.3. This result may be compared with earlier* 
rough estimates which gave a ratio, with a DuMont 
6292 tube, of observations, it 
appears that the ultraviolet portion of the BaF; spec- 
trum is not appreciable, but no specific 


about From these 
measurements 
were made. Marion and Brugger* report a pulse-height 
ratio of about 10 for NaI(Tl) and CaF, mounted on an 
EMI 6255 BaF, possesses an 
CaF, of exhibiting a ibly listinct photopeak 
which serves as the basis for energy calibrations 


tube. advantage over 


reason 


EXPERIMENTAL PROCEDURE 
The F(n,a)N'*® reaction 


crystal by bombarding it with d-d 


was produced in a BaF; 


neutrons. Neutrons 
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F'®(n,a)N'* 
of energies up to about 6 Mev were thus obtained from 
The University of Texas Van de Graaff generator. The 
specific energy of the neutrons was calculated from the 
known energy of the incident deuterons; the deuteron 
energy was determined by a nuclear moment fluxmeter 
in the gap of the analyzing magnet of the accelerator. 
The fluxmeter was calibrated through observation of 
some of the well-known F"(p,ay) resonances and the 
Li’(p,m) threshold. Absolute values of our bombarding 
energy are precise to about 0.2% or less. 

The deuterium gas target was contained at about 
25-cm pressure in a cell of depth 2.23 cm; deuterons 
passed into the cell through a 0.025-mil nickel foil. 
Each nickel foil was individually weighed and the 
stopping power calculated. 

The neutron activation of F”® in the BaF, crystal! 
was measured by following the delayed activity of the 
residual N'*. Competing reactions include F"(n,p)O” 
(for neutrons of energy greater than about 4.5 Mev), 
which produces 29-second beta-radiation ; C"(d,n)N™, a 
contaminant reaction arising from carbon deposits in 
the target cell, which yields 10-minute N™ annihilation 
radiation; and Si?*(m,p)Al?*, which takes place in the 
glass of the phototube and gives 2.3-minute Al** beta- 
radiation. Preliminary bombardments with the baseline 
of the detecting equipment set at about 2.8 Mev 
established that the background of delayed activity 
above that energy accounted for a negligible fraction 
of the counts recorded during the first several N'® 
half-lives. Accordingly, the relative data for an excita- 
tion curve were taken at that baseline setting by count- 
ing the delayed activity over a thirty-second interval. 
The target was made a part of a “leaky integrator” 
circuit,‘ with the RC value equal to the mean life of N"*. 
Observations at a given bombarding energy were made 
alternately with deuterium gas in the cell, then with 
the gas pumped out. The integrator network, which 
included a 3-uf capacitor, was in each case charged to 
1.3 volts (as read with an electrometer) and counting 
was begun at 1.0 volt. Each run was repeated five times. 

The absolute cross section was measured at several 
energies and under several different sets of conditions by 
biasing the detector very near zero and making an 
analysis of the decay curve of the observed activity. 
For this purpose, a Sanborn recorder was connected to 
the output of the scaler, the resultant tape was divided 
into a series of ten-second intervals, and the total 
number of counts in successive intervals determined. 
The “gas out” data exhibited little or no evidence of 
short-lived activity; a smooth curve was accordingly 
drawn through the neighborhood of the “gas in” points 
and a background value, chosen by inspection, was 
subtracted from it. The number of N"* atoms at the 
beginning of the counting was then determined, and 
the absolute cross section for the F(n,a)N"® reaction 
was calculated from these data. To check the validity 


*S. C. Snowdon, Phys. Rev. 78, 299 (1950). 
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Fic. 1. Comparison of pulse-height spectra obtained with a 
Nal (TI) crystal and with a BaF, crystal mounted on a DuMont 
K 1306 phototube. Note difference in gain settings 


of this procedure, bombardments were also carried out 
with settings of the bias control at successively smaller 
values approaching zero. The resulting yields were 
plotted against the bias setting, and a smooth curve 
drawn through these points showed a horizontal plateau 
at approach to zero bias. The zero-bias ordinate of this 
curve was taken to be the correct total yield. 

The net counts (“gas in’’-“‘gas out”) were corrected 
for gas pressure variations and for the change in the d-d 
cross section with bombarding energy. The latter was 
accomplished by dividing the pressure-corrected count 
at each energy by the 5° d-d cross section at that energy 
as obtained from graphical data. The 5° data were 
chosen, since this is approximately the :nean effective 
angle subtended by the BaF, crystal. The effective 
solid angle subtended by the crystal was obtained by 
graphical analysis. 


RESULTS 


The final excitation function for the F"(n,a)N"* re- 
action is shown in Fig. 2. The relative curve was 
normalized to an average of three absolute measure- 
ments, performed at 4.48 Mev and indicated in the 
figure by triangular symbols. Two of these determina- 
tions were made with the cylindrical barium fluoride 
crystal at target-crystal distances of 3.0 inches and 
5.0 inches. The third was made with an irregularly 
shaped barium fluoride crystal at a distance of about 
five inches. The resulting value for the cross section at 
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Fic. 2. Excitation function for F(n,«)N*. Absolute measure- 


ments were taken with different BaF, crystals and with various 
geometries. 


4.48 Mev is probably reliable to within about 10%, in 
consideration of the uncertainty of about 5% in the d-d 
cross section and the possible errors incurred in the 
evaluation of the effective crystal solid angle. Slight 
drifts in the baseline settings and in the electrometer, 
together with statistical errors, limit the over-all reli- 
ability of the normalized curve to about 15%. 

The agreement of the present work with that of 
Marion and Brugger’ is quite good, insofar as the rela- 
tive shape of the curve is concerned. Marion and 
Brugger, using p-/ neutrons, reported the resolution of 


AND HUDSPETH 


TABLE I. Resonances observed in the reaction F¥®(n,a)N™. 





Present work 


3.75+0.05 


4.08+0.05 

4.36+0.05 
4.52 

4.79+0.05» 


Reference 2 


3.4 
3.61+0.05 
3.69+0.05 
3.77+0.05 
4.11+0.05 
4.42+0.05 


4.86+0.05 


5.15+0.05 
5.40" 
5.9" 5.9 +0.1 


® Resonance not resolved. 
>» Evidence for neighboring resonance about 0.2 Mev beyond this energy. 


the peak near 3.7 Mev into three distinct peaks, but 
their resolution at higher energies was inadequate to 
observe some of the resonances reported here. For the 
sake of completeness, we included in Fig. 2 the earlier 
work of this laboratory near 3.7 Mev, although the 
work of Marion and Brugger exhibits higher resolution. 

The data above 5.7 Mev were taken near the limit of 
stable operation of the electrostatic generator at that 
time. The shape of the curve in this region is therefore 
less dependable, and only the general trend has been 
indicated by the solid line. The dotted curve shows a 
reasonable interpretation of the data; the relative data 
of Bostrom also showed indications of two maxima in 
this region. 

A summary of our data and those of Marion and 
Brugger is shown in Table I. Our resonance energies 
are consistently lower but are within the estimated 
errors of measurement. The apparent threshold in each 
case lies near E,=3.2 Mev; the threshold calculated 
from mass values is approximately 1.5 Mev. The yield 
just beyond the calculated threshold is strongly sup- 
pressed by the low penetration function for alpha 
emission. On this basis it is to be expected that the 
experimentally observed threshold would be near 3 Mev 
or more and that the rise in yield beyond this value 
would show the general trend which is observed. 





PHYSICAL REVIEW VOLUME 


117, 


NUMBER 2 JANUARY 15, 1960 


Radioactive Decay of Lutetium-174 


R. G. Witsow anp M. L. Poor 
Department of Physics and Astronomy, Ohio State University, Columbus, Ohio 
(Received July 20, 1959; revised manuscript received September 17, 1959) 


Ytterbium oxide enriched to 98.4% in the 174 mass number was irradiated with 6-Mev protons. An 
activity of approximately 165-day half-life was produced and assigned to Lu'” by the identification of the 
ytterbium K x-ray and of the activities produced by similar proton irradiations of the other enriched 
isotopes of ytterbium. The observed activity of Lu'™ consists of the L and K x-rays of ytterbium and 76.6- 
and 1228-kev gamma rays which are in coincidence. Because no beta radiation exists in the activity of Lu, 
the mode of decay is solely by electron capture to Yb'*. Approximately 31% of the disintegrations of Lu'™ 
are to the ground state of Yb'”*. In addition to the 76.6-kev level of Yb'", there is a 1305-kev level with a 
spin of 0+. The transitions of Lu’ to the 1305-kev level of Yb'™ are by LZ capture only and the percentages 
of electron capture to the 76.6- and 1305-kev levels of Yb'" are approximately 59 and 10, respectively. A spin 


of 1- is assigned to the ground state of Lu’. 


INTRODUCTION 


N activity of half-life 16545 days has been 

assigned to lutetium-174 and-from absorption 
measurements it was concluded that the mode of decay 
of this activity is approximately 80% by electron cap- 
ture and approximately 20% by 0.6-Mev 8~ emission. ' 
From conversion electron measurements following the 
proton irradiation of natural ytterbium oxide, a 76.6- 
kev, E, (2+ — 0+), transition was assigned to Lu'”*.? 
In a long half-life activity found in samples of natural 
lutetium oxide irradiated with 16- and 24-Mev betatron 
bremsstrahlung, 8 activity of maximum end-point 
energy 1.2 Mev was found and attributed to Lu'™ and 
to the naturally radioactive Lu'” existing in the 
samples.’ The gamma energies assigned to Lu'™ were 
77, 84, 113, 176, 230, 275, 990, and 1245 kev. The 77- 
and 1245-kev gamma rays were in coincidence. Gamma 
energies of 84, 203, and 306 kev were in coincidence 
with beta energies greater than 250 kev. The 203- and 
306-kev gamma rays were, attributed to the natural 
Lu'’* in the samples and the 84-kev transition was 
assigned to Hf'” as its first excited level populated by 
the B- decay of Lu™. 


EXPERIMENTAL RESULTS 


Ytterbium oxide enriched to 98.4% in the 174 mass 
number was irradiated with 6-Mev protons. The com- 
position of the remaining portion is as follows in percent : 
0.01 Yb'*, 0.03 Yb'”, 0.13 Yb'7!, 0.33 Yb'”*, 0.78 Yb'”, 
and 0.36 Yb'"*, The atomic number of the activity was 
determined by the identification of the ytterbium K 
x-ray which was compared with the known K x-rays 
of europium, terbium, thullium, ytterbium, lutetium, 
and tantalum emitted from radioactive Gd'*, Dy’, 
Yb'®, Tm'”, Hf'®, and W'*!, respectively. Ion-ex- 
change separation was deemed unnecessary. 

In order to determine the mass number of the 


! G. Wilkinson and H. G. Hicks, Phys. Rev. 81, 540 (1951). 

? Mihelich, Harmatz, and Handley, Phys. Rev. 108, 989 (1957 

* Dillman, Henry, Gove, and Becker, Phys. Rev. 113, 635 
(1959). 


activity, similar proton irradiations were performed on 
each of the other enriched stable isotopes of ytterbium 
and the resulting activities intercompared. Because the 
165-day activity was not found in any of the other 
resulting activities, its assignment to the 174 mass 
number is confirmed. Also observed with the 165-day 
activity was a very small amount of a longer half-life 
activity corresponding to the only long half-life activity 
resulting from the similar proton irradiation of ytter- 
bium oxide enriched in the 173 mass number. This 
weaker activity is therefore attributed to the small 
amount of Yb!” existing in the enriched Yb", 

L and K x-rays were detected with a Geiger tube 
used with aluminum and beryllium absorbers. Figure 1 
shows the observed gamma-ray spectrum of Lu’ 
which includes 76.6- and 1228+3 kev gamma rays in 
addition to the previously mentioned ytterbium K 
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Fic. 1. The gamma-ray spectrum of the activity produced by 
proton irradiation of ytterbium oxide enriched to 98.4% in the 
174 mass number and containing 0.78% of the 173 mass number 
is shown by the solid line. The dashed line shows the spectrum 
after subtraction of the activity produced from the 173 mass 
number. 
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x-ray. Fortunately, the latter gamma-ray energy lies 
between the two accurately known gamma-ray energies 
of Co™, 1332.54+0.3 and 1172.8+0.5 kev.‘ No evidence 
of beta activity was found in Lu!” by the method of 
plastic scintillation spectrometry nor by the use of 
Geiger tube with aluminum and beryllium absorbers. 
No annihilation radiation exists in the gamma-ray 
spectrum. The 76.6- and 1228-kev gamma rays were 
shown to be in coincidence by the use of a gamma- 
2r=1.5 
™ After 


ratios of 


gamma coincidence circuit of resolving time 
usec. Therefore a 1305-kev level exists in Yb! 
correction for crystal counting efficiency, the 
the number of radiations emitted by Lu'” are K x-ray: 
76.6-kev y:1228-kev y = 100:6.2: 10.7. 

The conversion electron data mentioned in the intro- 
duction give the relative number of K, 1, Le, 13, and M 
conversion electrons resulting from the 76.6-kev transi- 
tion. The K, L;, Le, Ls, and M internal conversion 
coefficients, 1.52, 0.17, 2.80, 2.87, and 2.71, respectively, 
for a 76.6-kev E, transition in ytterbium were obtained 
from the internal conversion coefficient data calculated 
by Rose.® The above two sources of information yield a 
value of 11.2 for the ratio of the number of 76.6-kev 
transitions to the number of 76.6-kev gamma rays. 
Therefore the ratio of the number of conversion elec- 
trons to the number of gamma rays resulting from the 
76.6-kev transition is 10.2. Also obtained is the value 
of 7.37 for the ratio of the total number of 76.6-kev 
transition to the number of K-converted transitions. 

The ratio of the number of counts under the spectral 
distribution of the AK x-ray in coincidence with the 
1228-kev gamma ray to the number of 76.6-kev gamma- 
ray counts also in coincidence with the 1228-kev gamma 
ray was 1.5. The theoretical K-conversion coefficient 
for the 76.6-kev transition is 1.5. There is some error 
associated with both the experimentally measured and 
the theoretically calculated ratios but within these 
errors the two ratios are the same. This implies that 
no K x-rays precede the 1228-kev transitions and hence 
that the electron capture transitions of Lu'™ to the 
1305-kev level of Yb'* are by ZL capture only. The 
above factor 11.2 for the 76.6-kev transition was used 
to obtain the ratio of the number of K x-rays: 76.6-kev 
transitions: 1228-kev transitions= 100: 69.5: 10.7. Inter- 
nal conversion of the 1228-kev transition may be con 
sidered negligible. If the probability of Z capture to the 
76.6-kev level of Yb!" is considered small relative to K 
capture, 69.5—10.7=58.8 K x-rays result from electron 
capture transitions to this level. The 69.5 76.6-kev 
transitions yield 69.5/7.37=9.5 K x-rays from internal 
conversion. If the probability of Z capture to the ground 
state of Yb'™ is also considered small relative to K 
58.8—9.5=31.7 K x-rays 


which are attributable to electron capture to the ground 


capture, there remain 100 


‘Lindstrém, Hedgran, and Alburger, Phys. Rev. 89, 1303 


(1953). 
5M. E. Rose, Internal Conversion Coefficients (North-Holland 
Publishing Company, Am 1958 


sterdam, 
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state. It follows that t ages of electron capture 
are approximately 31 to the ground state, 59 to the 
76.6-kev level, and 10 to the 1305-kev level. The ratio 
of the number of L to K x-rays in tl 
is approximately 1.4 


he percent 
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that a spin of 1— should be assigned to the ground 
state of Lu’. 

An isomeric state in Lu'™ of 75-usec lifetime and 
133 kev above the ground state has been observed.’ 
It seems possible that this is the other member of the 


predicted doublet. 
M. G. 
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Nuclear Orientation of Mn°°;* 
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The angular distribution and circular polarization of the gamma rays emitted from 2.6-hr Mn, polarized 
at low temperatures in cerium magnesium nitrate, have been measured. Comparing the angular distribution 
results with angular correlation data it is possible to establish the spins of the 2.65- and 2.98-Mev excited 
states of Fe®* as 2 uniquely. The amplitude mixing ratios 6(£2/M1) for the 1.81- and 2.13-Mev y-rays 
are shown to be +0.11+0.06 and —0.27+0.03, respectively. Gamma anisotropies from aligned Mn* in 
the same cooling salt have been studied; the results are compared with other Mn alignment experiments. 


From a simultaneous measurement of the angular distribution of the y-rays from polarized Mn™ and Mn*, 


the ratio of the nuclear g-values 
The results of the circular polarization experiment 


I. INTRODUCTION 


XPERIMENTS by the nuclear cryogenics groups 
in Oxford and Leiden have shown that manganese 
isotopes incorporated in the lattice of cerium magnesium 
nitrate crystals can be oriented by the low-temperature 
method. Grace and co-workers’ have applied both the 
Gorter-Rose method of nuclear polarization and the 
Bleaney method of alignment to the relatively long- 
lived Mn™; Huiskamp and collaborators** have used 
both techniques to orient Mn®, Huiskamp? has pointed 
out that there exists a discrepancy in the alignment 
data when comparing the results from the two Mn 
isotopes in the same cooling salt. 

The purpose of the present work was to extend the 
magnetic hfs orientation methods to the investigation 
of the short-lived 2.6-hr isotope Mn**. The spins of the 
levels and the multipolarity of the y rays were deter- 
mined from the study of the anisotropy of the 7 rays 
emitted, which also yielded information about the 
magnitude of the magnetic dipole moment of Mn”. 


t This work is supported in part through a U. S. Atomic Energy 
Commission contract, by funds provided by the U. S. Atomic 
Energy Commission, the Office of Naval Research and the Air 
Force Office of Scientific Research. 

* The research reported in this paper forms part of a Ph.D 
thesis submitted by R. W. Bauer. 
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Severiens, Miedema, and Steenland, 


(gs2/gs6) =0.47+0.05 has been determined, giving pss 


3.354+0.35 nm 


cetermine pss to be positive. 


The sign of this moment was measured by the obser- 
vation of the circular polarization of the gamma rays. 


Il. DECAY SCHEME AND FORMALISM 


The principal features of the decay scheme of Mn" 
are well established (see, for instance, Strominger et al.*) ; 
Fig. 1(a) is based on this together with the results of 
the present experiment. Investigations of the y spec- 
trum by Cook® revealed additional high-energy y rays 
of 2.52 and 3.39 Mev, not shown in the decay scheme. 

From Coulomb excitation® and angular correlation 
and polarization correlation experiments’ the 0.845-Mev 
state of Fe®* has a spin of 2+. y-y angular correlation 
measurements by Metzger and Todd® and by Stimag 
et al.’ show 2 and y; to be mixed dipole-quadrupole 
transitions, the spin of the 2.98-Mev state being 3 or 2, 
and that of the 2.65-Mev state being 2. 

Childs using the 
magnetic resonance technique, have measured the spin 
of Mn* to be 3. Thus only Gamow-Teiler beta transi- 


g 
t 


and Goodman,” 


atomic beam 


tions can take place to the excited states of Fe®® with 
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Fic. 1. Decay schemes of (a) Mn™ and (b) Mn®. The energies 
are given in kev, the intensities in percent of disintegration. For 
the beta transitions the log ft values are indicated. 


spin 2. The possibility of a GT-Fermi mixture exists 
only if the 2.98-Mev state has spin 3. 

The spin assignments given in Fig. 1(a) for the 2.65- 
and 2.98-Mev excited states are those established by 
the results of the present experiment. Recently pub- 
lished results of y-y angular correlation and nuclear 
orientation experiments by Dagley et al." show agree- 
ment with the findings from our experiment. 

The expression for the angular distribution of a y 
ray with respect to the axis of orientation of an oriented 
spin system can be written in the form: 


W (@)=1-44 p 


mm2, 4++- 


B,U.F.(L)P,(cos6), (1) 


where F,(L) is a function of the angular momenta of 
the y transition, U, is a similar function for any 
intermediate unobserved transition, and B, is an orien- 
tation parameter. For a definition of these quantities, 
see Blin-Stoyle and Grace.” P,(cos@) is the Legendre 
polynomial of order n. 

The y radiation from an ensemble of oriented nuclei 
is in general partially polarized. Since a beam of 
partially polarized photons can be considered as an 
incoherent superposition of a beam of completely 
polarized photons and of a beam of unpolarized photons, 
we can characterize the degree of polarization by one 
single number P, defined by the ratio of the intensity 
of the polarized beam to the total intensity of the 
beam, where 0< P<1. 

Using the notation of Eq. (1), the expression for the 
degree of polarization P of a y ray emitted from a 

UDagley, Grace, Gregory, and Hill, Proc. Roy. Soc. (London) 
A250, 550 (1959). 

%R. J. Blin-Stoyle and M. A. Grace, Handbuch der Physik, 
edited by S. Fliigge (Springer-Verlag, Berlin, 1957), Vol. 42, p. 555. 


system of oriented nuclei with rotational symmetry can 
be written in the general form 


(? 


Z) 
where the polarization vectors of the 7 
same as introduced by Tolhoek and Cox 
of circular polarization / 


rays are the 
rhe degree 


1 
Fe 
W (6 


and the degre« 


C(LLn,11 


LLn, 1 


j 
P,?(cos@), 


for electric, 
transitions. C(Lin,11) are 
P,2( ost 


where the minus sign 
magnetic 
coefficients, 


the plus sign for 
Clebach-Gordan 
associated Legendre poly 
nomial of order m. Expressions (1), (3), and (4) 
easily be expanded to cover mixed y transitions of 
multipole order L and L+1 (see, for 
treatment. by Blin-Stoyle 


1s the 


can 


instance, the 
il d Csrace 


Ill. APPARATUS AND EXPERIMENTAL PROCEDURE 


In earlier experiments by Grace ef al.' and Huiskamp 
et al.?* the successful use of cerium magnesium nitrate 
CezaMg3(NOs3) 2: 24H.O for nuclear orientation of Mn 
isotopes has been reported. A discussion of the orien- 
tation mechanism has been presented by these authors. 
The reason for selecting this cooling salt for our experi- 
ment is that by adiabatic demagnetization with the 
facilities available a temperature of about 0.003°K can 
be reached, this giving rise both to nuclear alignment 
in zero external magnetic field due 
the S, states of the Mn ion 
Hamiltonian for this case’*) and to nuclear polarization 
with an external field H, of several hundred gauss 

Mn* was produced at the M. I. T. cyclotron by 
neutron capture and resulting reduction of (MnO, 
in solution to Mn**O, which was separated by filtration 
By this method about 5 mC of Mn* in less than 1 mg 
of stable Mn® were obtained, enough activity to allow 


to the splitting of 
see discussion of the spin 


several half-lives for source preparation, mounting in 
the cyrostat and cooling to about 1°K. The assembled 
cryostat, the polarizing magnet, and the 
geometry are shown in Fig. 2. 
With 100-150 uC of Mn** at the 
demagnetization experiments, the angular distribution 
of the intense y rays, ¥1, Y2, and 3, was observed as 
the double nitrate crystals warmed up after each cooling 


counter 


beginning of the 


process. Measurements were made both with a polar- 


3H. A. Tolhoek and J. A. M. Cox, Physica 19, 101 (1953) 
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izing field H, of 450 gauss along the trigonal axis of 
the nitrate crystals, and with no external field. Two 
scintillation counters were used (see Fig. 2), the polar 
counter measuring W(@=0) consisted of a 3-in.X3-in. 
NalI(TI) crystal on a DuMont 6363 photomultiplier 
tube, the equatorial counter measuring W(@=x/2) 
consisted of a 2-in. X 2-in. NaI(T]) crystal on a DuMont 
6392 tube. Thus an anisotropy defined by 


e=[W (x/2)—W (0) /W (x/2) (5) 


was measured for the three y rays as a function of the 
warmup times. It was found that the warmup was 
mostly due to radioactivity heating, especially when 
working with an activity of 50 uC or more of Mn". 
The external heat-leaks were estimated to be below 
10 ergs/min. 

The gamma spectra from both counters at successive 
time intervals after demagnetization were recorded in 
a multichannel pulse sorter at the LNS Data Center. 
The pulse-height distribution of Mn** from the polar 
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Fic. 2. Schematic diagram of the experimental arrangement for 
the measurement of the angular distribution of the 7 rays. X are 
the Ce-Mg-nitrate crystals containing the Mn®™ activity, sus- 
pended with nylon threads N from guard salts G (manganous 
ammonium sulfate). S indicates —— of glass rod; 7; and 7; 
are glass capillaries to support the sample in the Pyrex salt 
chamber P. D, is a He Dewar, D2 a nitrogen Dewar. H, is the 
polarizing field produced by the solenoid, SW are solenoid wind- 
ings, and SC is the solenoid cooling jacket. The direction of the 
demagnetizing field /7, is indicated. 
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Fic. 3. Pulse-height distribution of the 7 rays from Mn and 
Mn® using a 3-in.X3-in. NaI (T1) scintillation spectrometer. 


counter is given in the lower curve of Fig. 3. The 
relative contributions of yz and ys; were determined 
with the help of Y* and Na™ in similar geometry. 

For the measurement of the ratio of the nuclear 
g-values of Mn** and Mn™, both isotopes were grown 
into the same crystal. The same amounts of Mn™ were 
used as above, with the addition of about 50 yC of 
Mn™. The latter was produced in the M. I. T. cyclotron 
by (d,2n) on a chromium probe; a chemical separation 
of Mn was made, and none of the other Mn isotopes 
produced were abundant enough to disturb our meas- 
urements. The Mn®™ spectrum is given in the upper 
curve of Fig. 3. For the comparison measurements 
the angular distributions of the 1.46-Mev 7 ray of Mn® 
and of v2 and y; of Mn** were studied. The method of 
data accumulation was the same as above. 

The decay scheme of Mn™ with all the spin assign- 
ments is well established (see, for instance, Strominger 
et al.4); Fig. 1(b) is based on this. The F-GT mixture 
in the beta decay has been measured"; the magnetic 
moment of Mn® is known to be 3.08 nm from para- 
magnetic resonance experiments.'® Thus Mn® is well 
suited as our “thermometric”’ isotope for the measure- 


ment of the magnitude of the magnetic dipole moment 
of Mn*. 


4 Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 110, 
787 (1958). 

6 Abraham, Jeffries, Kedzie, and Leifson, Bull. Am. Phys. Soc. 
2, 382 (1957). 
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Fic. 4. Schematic diagram of experimental arrangement for 
the measurement of the circular polarization of the y rays using 
forward Compton scattering. The source holder, salt chamber, 


and Dewars are not show! 


The sign of the magnetic moment of Mn" 
determined by the analysis of the circular polarization 
of the 0.845-Mev y ray. Calculations from Eq. (3) 
showed that the degree of circular polarization of this 


y ray slightly reduced (by about 10%) because of 


was 


depolarization in the high-energy gamma-ray transi- 
tions feeding the 0.845-Mev excited state, but still 
large enough for detection. The y polarization was 
analyzed by forward Compton scattering of the circu- 
larly polarized y ray with polarized electrons (in 

similar to the method 
group.'*? Our geometry, 
different from that of the Leiden experiments, is shown 
in Fig. 4. The 
experiments was replaced by the scattering magnet and 
1 y-ray detector. 
W (é ; 


The scattering magnet was similar in construction to 


magnet ally saturated iron 


introduced by the Leiden 
polar counter used in the previous 


rhe equatorial counter measuring 
7/2) was retained to monitor the temperature. 
described by Schopper.'”? The detector consisted 
2-in. highX1}-in. diam Nal(Tl) crystal, a 6-in. 
logarithmic spiral Lucite light pipe, mounted on a 
RCA 6655 photomultiplier tube. 


those 


of a 


16 Wheatley, Huiskamp, Diddens, Steenland 
Physica 21, 841 (1955 
17H, Schopper, Nuclear Instr. 3, 158 


Tolhoek 


and 


1958) 
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The method of data accumulat 
one described above using the 


ion was similar to the 

multichannel analyzer. 

Thus gain shifts of the photomultiplier and the associ- 

ated electronic equipment could easily be observed and 

corrected for. A typical pulse-he 

scattered radiation of Mn 

is given in Fig. 5. The 

about 0.62 Mev, while 

peaks. 
For the 

observe the effect E define: 


ght distribution of the 
geometry of Fig. 4 
ak of v1 


appears at 
observed in 


analysis 


where - is the numbe r ol otons wi en the 
polarizing field Hs of the soler used for the nuclear 


ulyzing fhe ld H, in 


the iron scatterer are antiparallel; V, is the number of 


polarization experiment 
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circular-polarization-dependent, 


linear-polarization-dependent, and 


scattered photons when thi fields are 
dor, and do» are the 
polarization-inde- 
pendent parts of the Compton cross section, 


respec- 
tively, which are discussed in a recent review by 
Schopper.!” The degrees of polarization are 
Eqs. (3) and (4). The frac 
electrons is a property of the 
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geometry are (do./doo)4=+0.35 and (do,/doo). 


—Q.21, giving in Eq. (6) 


N.—-N, 0.050P, 


1(N+N,) 1—0.21P; 


In our geometry P, is less than 4% of the anisotropy 
« defined in Eq. (5); thus we can neglect the P, term 
in tne denominator. 

During one warmup period, the polarizing field H, 
was kept in the same direction; reversing the analyzing 
field H, between counting intervals, the effect E was 
calculated by taking successive differences between the 
counting rates per interval. During a cycle of four 
demagnetizations the two field directions with respect 
to each other were changed systematically. The circular 
polarization apparatus was tested on polarized Co®. 
The experimentally observed effect agreed with the 
calculated values of the effic iency. 


IV. RESULTS 


Three experiments were performed with sources 
containing Mn* alone, during which the anisotropies « 
of the three intense y rays were observed. Both the 
measurements with a polarizing field (450 gauss 
no polarizing field are given in Fig. 6. It is seen that the 


anisotropy is positive for all three y rays. The curves 


and 


r ——-y7— 
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Fic. 6. The observed anisotropy ¢ of the y rays from Mn™ 
with and without polarizing field is plotted against warmup time 
units). The curves are those calculated on the basis 
of certain spin assignments and mixing ratios (see text). Statistica! 
errors are sho NT 
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TABLE I. Alternative values of 6(£2/M1) deduced from the 
nuclear polarization experiment of Mn“. The signs are appro- 
priate for the first member of a y-y cascade. Lg=0 corresponds 
to a Fermi transition, Lg=1 to a Gamow-Teller transition in the 
preceding beta branch. 


(3-2-0) 
iflg=1 


(—0.40+-0.06) 
(—6_6**) 


3-2-0) 
»-2-0) {lg=0 


0.35+0.04) 
10_.**) 


+-0.11+0.06 
3.0 +06 


0.27+0.03 (—0.65+0.04) 
1.2 +0.2 (—2.5 +0.5) 


(—1.0+0.1) 
(—1.9+0.2) 


are those calculated on the basis of J=3 for Mn", 
using the anisotropy of y: (pure £2) as reference for 
the degree of orientation having corrected for the 
disorientation due to the preceding y rays, and using 
the amplitude mixing ratios 6(£2/M1) for yz and ys 
with the respective alternative spin assignments as 
given in Table I. 

From the alternative values of the mixing ratios in 
Table I, we can eliminate the bracketed values by 
comparison with Table II where we have listed the 
mixing ratios as obtained from published y-y angular 
correlation experiments. It is to be observed that the 
sign of 6 has to be reversed if one is to compare values 
of 6 obtained from the nuclear orientation experiment 
where y2 and ¥; are in effect the lower members of a 
cascade, with values of 6 obtained from angular corre- 
lation experiments where the mixtures are the upper 
member of the cascade (see, for instance, addendum 


to the paper by Linqvist and Heer'*). This change of 


sign has been made on the values of 6 given in Table I. 

Thus, by this comparison, our experiment uniquely 
determines the spin of the 2.98-Mev state in Fe to be 
2+, the mixing ratios of the 1.81- and 2.13-Mev y rays 
+0.11+09.06 and —0.27+0.03, respectively. 
These results have also been derived in a recently 
published nuclear orientation experiment by Dagley 
et al. who aligned Mn" in nickel fluosilicate containing 


to be 


TABLE IT. Values of 5(£2/M1) deduced from published y-y7 
angular correlation experiments of Mn*® for the possible spin 
sequences 


)~2-()) 3(2-2-0) y3(3-2-0) 


+-0.15+4-0.08 —0.18 +0.06 
+-1.55+0.08 red 


‘ ; 0.29+0.06 
e yer and ode 
Metzger and Todd* 163 40.06 
, {+0.06+0.02 

+-2.0 +0.02 


—0.27+0.02 


—0.018+0.02 
+5.9 +0.02 eee 


Stimag ef al 


+-0.19+0.02 
+1.42+0.02 


—0.28+0.02 


—0.18 +0.02 
+6.1 +0.02 eve 


Dagley ef al.* 


See reference 8 
See reference 9 
© See reference 11 
4 For +2(3-2-0) only the small value of 8 has been listed. The large 
lue, wi ?.9, turns out to be compatible with the nuclear orienta- 
ment (Table I), but leads to an angular correlation function 
1 is inconsistent with the experimental points of the angular correla 
ns measured by the authors quoted above. 


sT Lindqvist and E. Heer, Nuclear Phys. 2, 680 (1957). 
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Fic. 7. The simultaneously observed anisotropies of the y rays 
from Mn and Mn®. The curves are those calculated for given 
ratios > of the nuclear g-value of Mn® to that of Mn". Statistical 
errors are shown 


about 1% Mn which was activated after the crystal 
was grown from inactive solution. 

The results of the anisotropy measurements in zero 
external field (alignment), given in Fig. 6, show that 
the values of « are appreciably lower than the values 
obtained with polarized nuclei. The relative decrease 
of the initial anisotropy as a function of the warmup is 
less in the case of aligned nuclei; thus our results show 
general agreement with the findings of Huiskamp et al.?4 
in the case of Mn. We did not find a considerable 
increase in the anisotropy as the temperature increased, 
as was reported by Grace et al.' to be the case in Mn™ 
(about 30% increase during the warmup from 0.003 to 
0.010°K). 

The smaller initial anisotropy in the case of aligned 
Mn" is thought to be caused by the internal fields due 
to the cerium ions which in these crystals are very close 
to the divalent ions. Thus there exists the possibility 
that not all nuclear spins have the same preferred axis 
of alignment, since it is known that there are two 
different magnetic complexes of Mn ions in these 


crystals (see, for instance, Trenam"™) for which the 


magnetic properties have been measured only in dilute 


19 R. S. Trenam, Proc. Phys. Soc. (London) A66, 118 (1953 


AND 


0.845 Mev 4 
of Mn>® 


a oe 


4 


Normalized Counting Rote 


Anisotropy Effect 


izotion Effect 


Polar 


’ 


Fic. 8. The angular distribution W(90°) and W(15°), the 
anisotropy effect, and the polarization effect E, observed on the 
0.845-Mev y ray emitted from Mn", as a function of the warmup 
time (in minutes). Statistical errors are shown. 


salts. This coupling mec} 
be broken in the polarizat 
anisotropies are observed 
Two experiments carried out with sources 
containing both Mn*® and Mn™, during which the 
anisotropies of y2 and y; of Mn*® and of the 1.46-Mev 
gamma ray of Mn® measured runs were 
carried out with polarized nuclei only. The experimental 
Fig. 7. The 


inism, however, might easily 
yn experiment where larger 


were 


were [hese 
results are given in families of curves 
represent the calculated anisotropies ¢« on the basis of 
the spin assignments given in Fig. 1 and the mixing 
ratios determined above. The parameter 7 is the ratio 
of the nuclear g-values of Mn™ to that of Mn**. The 
experimental points scatter around the theoretical 
curves of y=0.47+0.04. The quoted error, larger than 
that arising from statistics, includes an estimate of 
systematic errors arising from experimental uncer- 
tainties. With a g=0.514 for Mn® and a spin of 3 for 
Mn’**, the nuclear magnetic dipole moment for Mn*® is 
calculated to be 3.35+0.35 nm. This method of meas- 
urement is independent of temperature, but it depends 
to a large degree on the assumption that no disturbances 
and reorientations of the relative populations of the 

levels take 
was rec ently 


beam magneti 


magnetic substates of the intermediate 
place. The magnetic moment of Mn* 
measured, using the atomi 
tec hnique,” to be 3.53+0.01 nn 


resonance 


% Childs, Goodman, and Kieffer, Ph 
(1958). 





NUCLEAR 


Two scattering experiments were carried out where 
the circular polarization of the 0.845-Mev y ray was 
investigated. The results of these experiments are given 
in Fig. 8. The counting rate of the temperature monitor 
counter W (@=90°) is given together with the counting 
rate in the Compton-scattering peak (energy range 
0.54-0.72 Mev, see Fig. 5) from the incident 7 ray, 
giving W(@=15°). The effect Z, defined in Eq. (6), is 
given in the lowest curve of Fig. 8. We find that the 
effect as defined above is E=+(0.040+0.005) at the 
lowest temperatures; thus the counting rates in the 
scattering counter are larger, when the polarizing field 
H, and the analyzing field H, are opposite in direction, 
than in the case of the fields in the same direction. 
From the analysis of the angular momenta in the decay 
of Mn*, the sign of the hyperfine coupling constant of 
the Mn ions (see, for instance, Trenam'*), and the 
sign of the circular-polarization-dependent part of the 
Compton scattering cross section, we get a positive 
magnetic moment for Mn*. 
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It is found that the circular polarization effect in 
Mn* drops faster than the anisotropy of the angular 
distribution of the y rays. This is thought to be due 
to the magnetic hfs level sequence of Mn in cerium 
magnesium nitrate, where nuclear magnetic substates 
m, of opposite sign (from different fine-structure groups 
ms) have a level spacing of the same order of magnitude 
as the magnetic substates m,; within one level group ms. 
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The scattering of alpha particles from helium has been experimentally studied in the energy range 5 to 
9 Mev by the measurement of three excitation functions at the center-of-mass angles 30° 33’, 54° 44’, and 
70° 7’. A phase-shift analysis has been performed which indicates that only the S- and D-wave phase shifts 
are necessary to fit the data in this energy region. Only the well-known D state at approximately 2.9 Mev 
in Be* was observed. The D state has been compared to the single-level dispersion theory and level param- 
eters have been extracted which are compatible with the alpha-particle model of Be* 


INTRODUCTION 


HE scattering of alpha particles by helium has 

been studied for many years. The first alpha- 
alpha scattering experiment was reported by Rutherford 
and Chadwick in 1927,' and their work was repeated 
and extended by other investigators. This early work 
was summarized in 1941, by Wheeler.? Unfortunately, 
the accuracy of these early experiments was limited by 
the necessity of using natural alpha-particle sources. 
The most recent, and precise alpha-alpha scattering 
experiments have been performed by Heydenburg and 
Temmer® at the Carnegie Institution in the energy 


* Supported in part by the U. S. Atomic Energy Commission. 


t Now at National 
Tennessee. 

1 E. Rutherford and J. Chadwick, Phil. Mag. 4, 605 (1927) 

2 J. A. Wheeler, Phys. Rev. 59, 16 (1941). 

+N. P. Heydenburg and G. M. Temmer, Phys. Rev. 104, 123 
(1956). 


Oak Ridge Laboratory, Oak Ridge, 


range of 0.15 to 3 Mev; by Russell, Phillips, and Reich‘ 
at the Rice Institute in the energy range 2.5 to 5.5 Mev; 
by Nilson, Jentschke, Briggs, Kerman, and Snyder‘ 
at the Univeristy of Illinois in the energy range 12 to 23 
Mev; and by Burcham e/ al.’ at the University of 
Birmingham in the energy range 23 to 38.4 Mev. 
Phase-shift analyses have been performed on all of 
these recent data and it is found that the only nonzero 
phase shifts needed to fit the data to a laboratory 
energy of 35 Mev are those corresponding to /=0, 2, 4, 
6, and 8. Furthermore, only three states are observed 


* Russell, Phillips, and Reich, Phys. Rev. 104, 135 (1956), 

* Nilson, Jentschke, Briggs, Kerman, and Snyder, Phys. Rev 
104, 1673 (1956). 

* Nilson, Jentschke, Briggs, and Kerman, Phys. Rev. 109, 846 
(1958). 

7Burcham, McKee, Gibson, Bredin, Evans, Prowse, and 
Rotblat, Comptes Rendus du Congres International de Physique 
Nucléaire Interactions Nucléaires aux Basses Energies et Structure 
des Noyaux, Paris, 1958, edited by P. Guggenberger (Dunod, 
Paris, 1959). 
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in the compound nucleus Be® in this energy range; a 
narrow 0+ ground state at approximately 190-kev 
bombarding energy, a broad 2* state at approximately 
2.9 Mev in Be’, and an even broader 4* state at approxi- 
mately 11 Mev in Be’. Since the alpha particle is a Bose- 
Einstein particle, it is impossible to observe states in 
Be® of either odd angular momentum or odd parity 
through alpha-alpha scattering. However, there is no 
evidence from the study of the reactions Li®(He’,p) Be*,® 
Li’ (d,n)Be*,? B"(p,He*)Be®,”” and B'(d,He*)Be* © for 
the presence of other states in Be* in the energy regions 
from 0 to 12 Mev. 

In the present experiment the work of Russell, 
Phillips, and Reich has been extended to 9 Mev using 
the He*** beam from the Rice Institute 5.5-Mev Van 
de Graaff accelerator. Phase shifts have been extracted 
and the 2.9-Mev state has been studied using the single- 
level dispersion theory. No new states in Be*® were 
observed. 


EXPERIMENTAL DATA 


The large volume scattering chamber used in the 
present experiment has been described in detail by 
Russell e¢ al. 

The data presented in this paper consists of three 
excitation curves measured in the energy range 5 to 9 
Mev. The center-of-mass angles chosen for these 
excitation 30° 33’, 54°44’, and 70° 7’. 
These angles were chosen because the first and third 
are zeros of the fourth Legendre polynominal and the 
second is a zero of the second Legendre polynominal. 


curves were 


These excitation curves are shown in Fig. 1. Also shown 
in Fig. 1 are points representing the fit from the phase- 
shift analysis. The present data are also shown in Fig. 2 
with the data of Heydenburg and Temmer, Russell 
ef al., and Nilson ef al. Smooth curves have been 
arbitrarily drawn through the data points in this figure. 

The estimated rms errors in the data due to geometry, 
detection efficiency, and current integration are 3.3% 
for the 30° 33’ data, and 2.9% for the 54° 44’ and 70° 7’ 
data. Due to the necessity of using the weak doubly 
charged alpha beam the statistical errors in the data 
are rather high. In particular, the lowest point in the 
minimum of the 70° 7’ curve near 5 Mev has a statistical 
error of 17%. However, with the exception of the seven 
points near this minimum the 70°7’ data have a 
statistical error of less than 3%. The 54° 44’ data have 
a statistical error which ranges from 2% at 5 Mev to 
7% at 9 Mev. The statistical error in the 30° 33’ data 
varies from 0.8% at 5 Mev to 0.3% at 7 Mev. 

The energy scale was established by performing a 
Li’(p~,m)Be’ neutron threshold experiment using the 
HH* beam from the Van de Graaff accelerator with the 
same geometry as was used in the scattering experiment. 

D. Moak and W 
(1956). 
*C. C. Trial and C. H. Johnson, Phys. Rev. 95, 1363 (1954 
Holland, Inglis, Malm, and Mooring ,Phys. Rev. 99, 92(1955). 


R. Wisseman, Phys. Rev. 101, 1326 
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The threshold energy for this reaction was taken as 
1.8814 Mev."' The bombarding energy is estimated to be 


accurately known to within 20 kev 


PHASE-SHIFT ANALYSIS 


The first step taken in the analysis of the data was 
the extraction of experimental nuclear phase shifts. 


The center-of-mass cross section o 8) can be ex- 


pressed” in terms of the nuclear phase shifts 6, by 
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Here & is the wave number, »v is the velocity of the 
incident alpha particles, @ is the center-of-mass scatter- 
ing angle, and P,(cos@) is the Legendre polynomial of 
order 1. 

The phase shifts were extracted in the following 
manner. It was first assumed, on the basis of previous 
experiments, that the data could be fit with only do, 42, 
5,. An IBM-650 digital computer was then programmed 
to calculate o¢.m.(@) at a given energy for the three 
scattering angles used in the experiment. Assumed trial! 
values of these three phase shifts were employed. The 
computer then found an error function, >> E, defined by 
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Fic. 2. Alpha-alpha scattering center-of-mass cross sections 
plotted versus the laboratory energy. Data from the present work 
at the center-of-mass angles 30°33’, 54°44’, and 70°7’ are shown 
along with data points of Heydenburg and Temmer, Russell ef ai., 
and Nilson ef al. Arbitrary curves have been drawn through the 
data points 


where o¢x(9) is the center-of-mass experimental cross 
section, @eai(@) is the center-of-mass calculated cross 
section, and v¢ is a confidence factor. The computer then 
minimized this error function by successive computation 
of the ooai(8) with different values of 50, 52, and 54. The 
o(@) computation part of the program was checked 
with an accurate hand calculation, while the minimizing 
logic was checked by means of several graphical 
solutions. 

The program was first run with vg=1 for all 6’s and 
energies. It was found that the phase shift fits to the 
excitation curves were in general good except near the 
maximum of the 30° 33’ and 70° 7’ curves. This diffi- 
culty was rectified by adjusting the v’s so as to produce 
a roughly equal miss in all of the curves. The cause of 
the misfits may be due to inaccuracies in the data 
caused by the weakness of the He** beam, which was 


ENERGY 


RANGE 5§ 





EXPERIMENTAL PHRASE 





Fic. 3. Alpha-alpha scattering phase shifts derived from the 
present experiments, in degrees, plotted as a function of laboratory 
energy. 


typically about 5X 10~* microampere. The phase shifts 
derived in this way are shown in Fig. 3. It should be 
noted that in this energy range 4, is identically equal 
to zero. The theoretical fits to the excitation curves 
calculated from these phase shifts are shown in Fig. 1. 
An estimate of the errors to be associated with the 
phase shifts was made in the following way. By a series 
of cross-section calculations at 1-Mev intervals, it was 
determined how much variation in the S-wave phase 
shift was necessary to produce a 54° 44’ cross section 
which deviated from the cross section predicted by the 
derived phase shift by more than the experimental error 
associated with the experimental cross section at that 
energy. This deviation was called the “‘basic’”’ error in 
the S-wave phase shift. This basic error was +1° for 
the entire energy range. This procedure was then 
repeated for the D-wave phase shift at 1-Mev intervals 
for each integral value of the S-wave phase shift lying 
within the basic error. In this second series of calcula- 
tions, however, the results were compared with the 
30° 33’ and 70°7’ cross-section predictions of the 
derived phase shifts. In this way, a basic error for the 
D-wave phase shift was established. This proved to be 
approximately +1.5° at 5 and 6 Mev, and +3° at 7, 8, 
and 9 Mev. To obtain a final estimate of the phase- 
shift errors, it was found necessary to multiply these 
basic errors by a factor of 3 in consideration of the poor 
fits to the data produced by the derived phase shifts. 
The phase shifts derived in the present work are 
shown in conjunction with those derived by Heyden- 
burg and Temmer, Russell ef a/., and Nilson ef al. in 
Fig. 4. As can be seen, the D-wave phase shift shows a 
typical resonant behavior near a laboratory energy of 
6 Mev. Likewise, the beginning of a typical resonant 
behavior is also seen in the G-wave phase shift. The 
S-wave phase shift is presumed to rise very rapidly to 
180° at an energy corresponding to the very narrow 
ground state and, as can be seen, decreases monotoni- 
cally, passing through zero at approximately 20 Mev. 
It will also be noticed from Fig. 4 that the S- and 





JONES, 





+ 


Fic. 4. Alpha-alpha scattering phase shifts derived in the 
present work are shown with those derived by Heydenburg and 
Temmer, Russell et al., and Nilson et al. The phase shifts are shown 
in degrees plotted as a function of laboratory energy. Arbitrary 
smooth curves have been drawn through the data points 


D-wave phase shifts of Nilson et al. at the laboratory 
energies 12.3 Mev and 15.2 Mev do not seem to agree 
with a smooth curve drawn through the other S- and 
D-wave phase shift data points. In an attempt to under- 
stand this discrepancy, the angular distributions of 
Nilson ef al. at these two energies were re-analyzed 
with the technique described above. The re-analysis 
yielded essentially the same phase shifts as reported by 
Nilson et al. 

In addition two angular distributions were calculated 
from assumed phase shifts. The first of these angular 
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Fic. 5. Alpha-alpha angular distribution at a laboratory energy 
of 8 Mev calculated with phase shifts compatible with extrapola 
tions of those derived by Ni \lso shown are experimental! 
data points from the present work. The cross section and angles 
are expressed in the center-of-mass system. 


son ef 7 
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distributions was calculated for a laboratory energy of 
8 Mev with phase shifts which are compatible extrapola- 
tions of the derived phase shifts of Nilson ef al. This 
angular distribution is 5, with experi- 
mental points from the present work. The second an- 
gular distribution was 
of 12.3 Mev 
extrapolations of the pha 


shown in Fig. 


calculated for a laboratory energy 
that are reasonable 
shifts derived from the 
his angular distribution is shown in 
points of Nilson ef al. 
two figures shows that there is 
not much difference between the angular distributions 
phases and the experi- 
This in turn indicates that the cross 
strongly varying function of the phase 


using phi shifts 


present work 

Fig. 6 with the experimental 
Examination of thes« 
from the assumed 
mental points. 
section is not a 


calculated 
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Fic. 6. Alpha-alpha angular distribution at a laboratory energy 
of 12.3 Mev calculated with phase shifts compatible with extrapo- 


lations of those derived in the present work. Also shown are experi- 
mental data points of Nilson et al. The cross section and angles are 
expressed in the center-of-mass systen 


shifts in this energy region. It thus appears that more 
measurements will have to be 
made before it can be decided whether the phase shifts 
extracted in the present work or those of Nilson and 
Jentschke more accurately represent the true phases. 
In any case the disagreement is not large. 


accurate cross-section 


SINGLE LEVEL DISPERSION THEORY ANALYSIS 


In order to extract level parameters for the D state, 
the single level dispersion theory of Wigner and 
Eisenbud" was used to fit the D-wave resonance. 

rhe nuclear phase shift 6; can be expressed in terms 
of the dispersion theory in the following form: 


6 } o:. b tal G 


43 E. P. Wigner and L. Eisen! Phys. Rev. 72, 29 (1947). 
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In these expressions, E..m.=energy of the center-of- 
mass system, Mev, £,,=constant expansion param- 
eter, Mev, F,=regular Coulomb wave function, G,=ir- 
regular Coulomb wave function, p= kr, k= wave number 
=V2(uE..m./h*)', R= nuclear radius in cm, ,?=center- 
of-mass reduced width (constant) in Mev, I’, ,=center- 
of-mass laboratory width, Mev, ¢,= hard-sphere phase 
shift, and 6,,2=resonant phase shift. The resonance 
energy E, is defined as that energy where 6), r= 90°. 
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Fic. 7. Dispersion theory fits to variation of the D-wave phase 
shift versus laboratory energy. The points representing the phase 
shifts of the present work are taken from a smooth curve drawn 
through the actual derived phase shifts shown in Fig. 3. Note that 
there is good agreement between fit B and the experimenta! phase 
shifts at laboratory energies below 6 Mev. 


The D-wave phase shift was calculated as a function 
of energy for various sets of parameters with the use of 
the Coulomb wave function tables of Bloch, Hull, 
Broyles, Bouricius, Freeman, and Breit.“ Some of the 
poorer fits are shown in Fig. 7 and the best fit is shown 
in Fig. 8. 

The parameters used in the best fit and the Wigner 
limit'® for these parameters are given below. 


Excitation in Be’: 3.1 Mev (c.m.), 


Reduced width: 3.5 Mev (c.m.) 


Hard-sphere radius: 3.5X10~-" cm=3.5 f, 


“4 Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Revs. 
Modern Phys. 23, 147 (1951). 
1 T. Teichmann and E. Wigner, Phys. Rev. 87, 123 (1952). 
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Fic. 8. The best dispersion theory fit to the D-wave phase shift 
variation versus laboratory energy. The points representing the 
phase shifts of the present work are taken from a smooth curve 
drawn through the actua! derived phase shifts shown in Fig. 3 
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The extreme width of the state in comparison with the 
Wigner limit, 34°/2ya*, indicates that the D state in Be*® 
is of almost wholly alpha-alpha parentage. 

It is of interest to consider this calculation in the 
light of what is known about the alpha-alpha potential. 
Russell ef al.* have shown that if the interaction between 
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Fic. 9. Qualitative features of the alpha-alpha potential as 
derived by Russell ef al. The potential is plotted in the center-of- 
mass system. The solid line represents the S-wave potential while 
the dashed line represents the D-wave potential. 
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two alpha particles can be described by a scalar poten- 
tial and if the Be* nucleus is considered to be composed 
of two alpha particles at low excitation energies, this 
scalar potential will have the quantitative shape shown 
in Fig. 9. Since we are considering an interaction with 
nonzero angular momentum, a centrifugal potential 
term, /(/+1)#*®/2yr’?, must be added to this potential. 
The sum of the scalar and centrifugal potentials, for 
l=2, is indicated by the dotted line. Now it will be 
noticed that the dispersion theory fit requires a hard- 
sphere radius which is quite small. In particular, the 
dispersion theory fit yields a hard-sphere radius of 
3.5 {1 fermi(f)=10-" cm], while Russell’s arguments 
based on the D-wave phase shift at lower energies would 
indicate a hard-sphere radius of approximately 5.5 f. 
A possible explanation for this discrepancy is that at 
higher energies some of the hard-sphere scattering does 
not occur at point A but rather at point B (see Fig. 9), 
and thus the dispersion theory fit yields a radius which 
approaches the radius of the hard core at higher energies 
of bombardment. This argument is supported by the 
fact that the low-energy D-wave phase shift (with 
E\a»<6 Mev) is fitted very well with a radius of 5.2 f 
(see Fig. 7). As the energy increases, a smaller radius 
must be used to fit the phase shift (see Fig. 8). These 
arguments indicate that the dispersion theory calcula- 
tions are compatible with a repulsive core, scalar, 
alpha-alpha potential. 

It should be noted that the Wigner limit is also 
altered from the usual definition by this potential. The 
Wigner limit may be thought of as the uncertainty in 
energy due to the confinement of the nuclear system 
within a specific volume (defined by R). Since there is a 
hard core to this potential, the system is more or less 
confined to a spherical shell of outer radius A and 
inner radius B so that the uncertainty in energy is 


greater than if the system were confined in a sphere 
of radius A. 


DISCUSSION 


\s has been indicated before, the experimental phase 
shifts indicate only three states in Be*® at excitation 
energies below 12 Mev; a 0* ground state at approxi- 
mately 190-kev bombarding energy, a 2* state at 
approximately 3 Mev in Be’, and a 4* state at approxi- 
mately 11 Mev in Be*. Unfortunately, this level 
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structure is predicted by both the shell model’*® and the 
alpha-particle model.’ However, the extreme widths 
of these states indicate that they are alpha-particle 
states and lend credence to the latter model. 

With regard to the alpha-alpha potential, very inter- 
esting calculations have been performed by Humphrey"* 
in which he has attempted to fit the experimental phase 


shifts with a Margenau potential” given by 


and a Haefner potential," given by 
V (r) = —D+h?? 


= 4e*/r, 


2ur*, r<r 


T>T». 


Quite good fits were obtained with the Haefner 
potential but, unfortunately, these fits were obtained 
by using different values of D for different values of /. 
He was unable to find one potential of this form which 
would fit all the phase shifts. It is hoped that work of 
this nature can be continued with more sophisticated 
potentials. 

It appears there is a need for a type of dispersion 
theory which would be more suitable for hard core 
potentials. In terms of Fig. 9, such a theory might 
consider the hard sphere scattering as composed of 
two parts. A certain fraction, f, of the hard-sphere 
scattering would occur at radius B, while the rest of the 
radius A. This 
viewpoint, however, presents two difficulties. The first 
is that the fraction f would be a sensitive and probably 
complicated function of ¢ nergy. The se ond problem 
is the effect of the potential between A and B on the 
hard-sphere scattering at B 
problems is not evident. 


hard sphere scattering would occur at 


\ simple solution to these 
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Alpha particles scattered from a helium gas target at an incident energy of 7.56 Mev have been observed 
in nuclear emulsions. The differential cross sections measured can be fitted with phase shifts of 8=70° and 


6, = 100 


HE problem of the interactions of two alpha 

particles has been of interest for many years. 
Its current status has been well discussed by Nilson 
and co-workers.! The present work was undertaken to 
obtain information in the gap between the data below 
6 Mev taken at Rice and the data above 12 Mev 
analyzed at Illinois. 

A beam of 8.1-Mev alpha particles from the Yale 
cyclotron was magnetically analyzed and then colli- 
mated by two 2-mm circular slits. The first slit was 
covered with a }-mil Mylar foil window to retain the 
helium gas in the scattering volume. The scattered 
particles were detected in Ilford E-1 nuclear emulsions 
arranged at 5° intervals on either side of the beam axis. 
The scattering angle was defined by a system of three 
l-in. by y-in. collimating slits. The plane of the 
emulsions was inclined at an angle of 5° relative to 
that of the slits. The beam collimation allowed extreme 
trajectories of +4°. The scattering angles likewise were 
defined by the particle slits to within extreme values 
of +4°. . 

The beam was monitored by means of a Faraday 
cage external to the scattering volume. A dc bias of 190 
volts was used to suppress secondary electrons from 
leaving the monitor and also from reaching it from the 


Fic. 1. Cross section 
vs center-of-mass angle 
) denotes points from 
short ional angle run; 
(A\) forward angles, long 
run; (+) backward an- 
gles, long run 
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exit window of the scattering chamber. Gas pressures of 
the order of 0.1 atmosphere were*used. The actual 
values were determined to about 1% by means of an 
oil manometer. 

The beam energy at the scattering center was deter- 
mined by measuring the alpha ranges in the emulsion at 
each angle and correcting for gas absorption prior to 
detection. The range distributions obtained were not 
significantly broader than expected for straggling alone. 
This would indicate a beam spread of no more than 
about 160 kev. In addition to this the uncertainties in 
the absorber correction limit definition of the mean 
incident energy to of the order of +20 kev. The purity 
of the scattering gas was also checked by the range 
distribution, since all contaminants except hydrogen 
will give rise to significantly more energetic recoils. 
At no angle was such a longer range group observed 
which accounted for more than 1% the total tracks 
measured. Nevertheless only tracks clearly in the 
helium scattering distributions were accepted. At the 
forwardmost angles the groups were not clearly distinct 
and a correction was attempted based on the symmetry 
of the distribution. No protons were observed, ruling 
out hydrogen containing contamination. The ranges 
were measured and tracks counted using a micro- 
projector system previously described.? The counting 
statistics were in all cases at least 2%. Two runs were 
made under equivalent conditions using exposures 
differing by a factor of about 100 in order to obtain 
data as far forward as possible. This resulted in plates 
with sufficient track density to duplicate data at angles 
from 15° to 22°. 

The data obtained, after conversion to center of mass 
and correction for varying target thickness, are given 
in Fig. 1. The points for lab angles backward of 45° 
have been folded onto those for the forward angles. It 
should be remembered that the points represent in each 
case an average over about 1° in lab angle and probably 
100 kev in incident energy. The relative cross sections 
are probably accurate to +2%. The absolute values, 
however, could be systematically off by as much as 6%. 
The curve plotted is the expected yield for the phase 
shifts given. Actually almost no perceptible difference 
of fit was obtained for variations of the indicated phase 
angles by +5°. The center of the region of close fit was 
chosen. These values agree reasonably well with the 
general trend indicated by Nilson et al.’ 


2H. S. Plendl and F. E. Steigert, Rev. Sci. Instr. 27, 239 (1956) 
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Differential cross sections have been obtained for production of the four highest energy | 


yroups 


in the B"(d,p)B" reaction at Eg=170 to 250 kev and for the highest energy group at 140 kev laboratory 


angular range from 0° to 140° was covered by the scintillation spectrometer technique 
crystal. Gamow plots of the total cross sections yield slopes approximately equal to the value ant 


from the Coulomb barrier penetration factor. 


I. INTRODUCTION 


NGULAR distribution measurements! of protons 
from the B"(d,p)B" reaction exist for most of 
the lowest dozen levels of B" at one or more bombarding 
energies up to 15 Mev. A few investigators? have studied 
the reaction with deuteron energies of six to eight Mev, 
at which the Butler stripping theory*® without Coulomb 
or nuclear interaction corrections gives a rather good 
description of most of the observed angular distribu- 
tions. The poorer fits among the low levels include the 
reactions going to the first and third excited states. 
Other measurements! exist at deuteron energies 
between 0.8 and 4 Mev. The situation is in general 
much more complicated near or below the Coulomb 
barrier and the simplest forms of the theory are not so 
applicable. In addition to anticipated distortions 
because of Coulomb effects, there appear to be competi- 
tion from and possible interference with compound 
nucleus reactions. Nevertheless, at these lower energies 
in special cases of some nuclei with low Q values, the 
usual stripping approximations may be applicable.‘ 
At deuteron energies far below the Coulomb barrier, 
the proton angular distributions do not appear a 
useful tool for determination of nuclear level spins and 
parities. Direct interaction does appear to contribute to 
some reactions, as shown in the work of Paris et al.° on 
the B'(d,p)B"™ reaction at deuteron energies between 
200 and 650 kev. Calculations of stripping theory in 
this energy range, including Coulomb and nuclear 


effects and interference with compound nucleus 


* This work was supported in part by an equipment loan from 
the U. S. Atomic Energy Commission. Some of the results were 
presented briefly in Bull. Am. Phys. Soc. 2, 356 (1957) 
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Soc. (London) A66, 1032 (1953); O. M. Bilaniuk and J. C. Hensel, 
Bull. Am. Phys. Soc. 3, 188 (1958). 

*S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951); 
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using a 
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formation, are very complex. They would be of interest, 
however, for a better understanding of the observed 
distributions. 

By use of nuclear emulsion, Paris ef al. measured the 
angular distributions of protons going to the four 
lowest levels in B". They supplemented these measure- 
ments with differential cross sections at 120° taken with 
a scintillation counter. For the results of this report, 
obtained at energies between 140 and 250 kev, the 
scintillation counter method was used for all angular 
distribution and cross-section measurements. 


Il. EXPERIMENTAL METHOD 


A magnetically analyzed mass-two ion beam from 
a Cockcroft-Walton accelerator consisted of greater 
than 99% deuterons. This beam impinged on a boron-10 
target located at the center of a reaction chamber as 
shown in Fig. 1. The chamber was equipped with a 
fixed detector arm for monitoring, at an angle of 58°, 


Fic. 1. Reaction chamber. The me 
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continuously variable in positior 


from 0° to 140°. 
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Fic. 2. Differential cross sections of the B(d,p)B" reaction leaving B" in the (a) ground state and (b) first, 
(c) second, and (d) third excited states. The absolute cross sections of Paris, Valckx, and Endt as plotted have no 


meaning. 


and a movable detector arm, which could be rotated 
from 0° to 140° with respect to the incident deuteron 
beam without breaking the vacuum. The target 
pedestal holding up to eight target foils could be 
externally rotated through 360°. 


Various methods of measuring the ion beam current 
were used. These included measurement of collimated 
beam current to the target pedestal held at a voltage 
sufficient to suppress electron emission, use of the 
entire chamber as a Faraday cage, and, for purposes of 
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lic. 3. Total cross sections of the B"(d,p)B" reaction 


as a function of deuteron energy. 


comparison, measurement of current to a Faraday cup 
attached to the movable detector arm in the forward 
position with the ion beam passing completely through 
the reaction chamber. 

Several target deposits of near 60 and near 26 uwg/cm* 
were prepared on aluminum backings. These target 
foils were oriented at 45° with respect to the deuteron 
beam. 

As detectors, CsI(Tl) crystals of one mm and of 
0.25-mm thicknesses were covered with 1.66-mg/cm? 
aluminum foil and mounted on light pipers attached 
to RCA 5819 photomultipliers. Each detector had a 
resolution of approximately 8% for 5.3-Mev alphas. 
The one-mm thick crystal showed a linear energy 
response to protons between 1.7 and 8.5 Mev. 

With appropriate choice of absorber thickness placed 
in the path of the reaction products, the protons leading 
to the four lowest levels of B" gave completely resolved 
peaks in the pulse-height spectrum with the absence of a 
background of continuum alpha particles or gamma 
rays. Angular distributions were obtained by integral 
counting of the protons in the peaks. 


III. RESULTS AND DISCUSSION 


The differential cross-section data for protons leading 
to the four lowest levels of B"™ are shown in Fig. 2. 
The effective deuteron energies were determined by 
weighting according to the variation of cross section and 
stopping power through the boron deposits. Total loss 
of deuteron energy in the thicker and thinner targets, 
respectively, were approximately 50 and 25 kev. 
The data of Fig. 2(a) (b), and (c) are fitted with curves 
using Legendre polynomial series. There is rather 
pronounced peaking at the higher energies for all the 
proton groups. The data of Paris, Valckx, and Endt® 
at 290 kev and 180 kev are presented for comparison 


SCHMIDT 


AND CURTIS 
and agree well in angular distribution with the present 
data. 

In our low-energy region, the usual forms of stripping 
theory with simplifying assumptions are unlikely to 
be valid. Therefore, the fact that one is able to fit 
approximately all the observed data in Fig. 2 by 
assuming an nucleus reaction 
combined with a noninterfering, conventional stripping 
contribution of suitable /, values has little significance. 

The believed values ' for spins and parities of the 
ground through third excited states of B 
tively, $-, 4-, ¥-, 4 Higher energy data® at 8 Mev 
indicate that}the neutron is captured for all these 
levels with /,=1, in conformity with shell-model 
theory® giving excitation within the p shell. Since the 


; 


spin of B™ is 3, the spin of 4 cannot be reached with 


isotropic compound 


are, respec- 


1,=1 by normal stripping. The angular distribution for 


Fic. 4. Gamow plots 


the first and third « ates is also somewhat 


anomalous at the 
i for the first excited state can be 
| 


trinning 
~ win 
LTIp} ny 


correct spin of 


higher energies. The 


reached by nucleon 
exchange® or other spin-flip’ Polarization 
measurement!" of the emitted this 
gives evidence to support one of these mechanisms. 

It will be noted that the data 2 are rather 
strongly peaked forward for the ground and second 
excited states but peaked backward for the first and 


proton for state 


in Fig. 


third excited states. It is not possible to say whether 
} 


this difference may be caused in part by the relative 
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DIFFERENTIAL AND 
difficulty for direct interaction to take place in the case 
of the latter states. The total cross sections, obtained 
by integration of the differential curves, are somewhat 
lower for these states, as seen in Fig. 3. 

That Coulomb barrier penetration is an essential 
factor affecting the reaction at these low energies is 
indicated in Fig. 4. Gamow plots are made of the total 
cross sections of the four proton groups for s-wave 
deuterons. By neglecting the correction for the finite 
height of the barrier, one obtains a theoretical slope of 
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TOTAL 


CROSS SECTIONS 535 
218 compared with an observed value for the combined 


proton groups of 215+7(kev)'. 
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The reaction Al?7(a,n)P® has been studied at 8.15-Mev bombarding energy using nuclear emulsions as 
detectors. Neutron groups corresponding to Q values of —2.70, —2.96, — 3.59, —4.43, and —4.96 Mev were 
observed. Comparison of the resulting energy level structure in P™ with that obtained by other reactions 
suggests the possible inversion of the two isobaric spin ground states 


ELF-CON JUGATE odd-odd nuclei in the light mass 

region provide very favorable subjects for the study 
of isobaric spin, since they alone have more than one T 
value among their low-lying states. Of special interest 
is the study of their level structures to determine the 
position of the lowest T=1, J=O* state. P®, for in 
stance, has been investigated by several authors.’ 
The results from S*(d,a)P*! and Si*(p,y)P®* in par- 
ticular tend to identify the ground state as T=0, with 
the lowest T=1 level at 680-kev excitation. However, 
when these results are compared with those of several 
repeated Al*’(a,m)Si® reactions,*~* it is seen that the 
level structures disagree beyond the limits of experi- 
mental error. The present investigation was an attempt 
to clarify this situation by a fourth analysis of this 
same reaction to check the previous data. 

A thin aluminum target of 0.16 mg/cm? was bom- 
barded with a collimated beam of magnetically analyzed 
alpha particles from the Yale cyclotron for a total 
integrated beam current of 7.5 millicoulombs. All 
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charged particles were stopped in a 10-mil thick tan- 
talum shield lined with 28 mg/cm? of high-purity gold 
foil. This latter served to reduce the probability of 
secondary (a,m) reactions being initiated by elastically 
scattered alphas in the absorbing ring. 

The reaction neutrons were detected as proton recoils 
in 50 w Ilford C-2 emulsions placed at scattering angles 
of 0° back to 162.5° at either side of the beam axis. 
The apparatus used has been previously described. 
The detectors were placed normal to the scattering 
plane and inclined at 5° to the radius, which is the 
nominal particle direction. For most of the plates 
exposed, an auxiliary radiator of }-mil Mylar foil (0.86 
mg/cm*) was placed immediately outside the absorber. 
The knock-on protons induced in this foil were then 
collimated by appropriate slits prior to detection in the 
emulsions 

The emulsions were scanned using a Leitz micro- 
projector at 500 magnification. Only proton recoils 
ending in the emulsion and making an angle of no more 
than 10° with respect to the nominal neutron direction 
were accepted. An average of 1500 tracks were measured 
on each of the nineteen angles analyzed. A typical 
proton recoil spectrum is shown in Fig. 1. This par- 
ticular spectrum was chosen since it illustrates all 
groups discussed below most clearly. To improve the 
counting statistics in the region of interest, additional 
areas of each plate were scanned, measuring only those 
tracks longer than a given minimum range, such as 
6O uw in the case of Fig. 1. 


*H. S. Plendl and F. E. Steigert, Phys. Rev. 116, 1534 (1959). 
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Fic. 1. Histogram of proton recoil spectrum at 102.5°. Groups 
labeled a, b, d, f, g are identified with Al?’ (a,n)P®. Group labeled c 
is identified with A?’(d,n)Si®*. Questionable group at e is un 
identified. Dashed region corresponds to higher excitations not 
analyzed in this experiment 


The ranges of the observed recoil groups are plotted 
as a function of laboratory angle in Fig. 2. Comparison 
of these experimental loci with Q value-parametric 
curves for the various possible reactions serves to 
identify the target mass to about 10%. Both likely 
impurities within this span, Mg™ and Si**, have Q 
values sufficiently negative’ so as not to effect the 
present data. The groups labeled a, 5, d, f, g may thus 
be identified with the Al?’(a,n)P™ reaction with some 
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Fic. 2. Ranges of proton recoils ts laboratory angle. Solid curves 
correspond to expected ranges for average Q values. Groups are 
identified in Table I 
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degree of confidence. Group c, on the other hand, 
shifts in accordance with a target mass of about 40. 
Any likely impurities in this region are again ruled out 
on the basis of highly negative Q’s. A second possible 
source of confusion would be small deuteron contamina- 
tion of the cyclotron alpha beam. Since (d,m) cross 
sections are in general so much higher than (a,m) on 
the same target, as little as 1 particle in 10° might 
prove troublesome. Fortunately, the only group from 
Al?7(d,n)Si?* which falls in the region of interest is that 
corresponding to 9.3-Mev excitation.* This would give 
the dashed curve in Fig. 2. On the basis of the fit 
shown, group c is tentatively explained as arising from 
deuteron beam contamination. Its relatively weak in- 
tensity, in fact nonoccurrence on several plates, would 
further tend to confirm this identification. 

Additional groups were seen on some plates, such as e 
in Fig. 1. However, their location was uncorrelated 
with angle and their intensities such as to make even 
their identification as a legitimate group questionable. 
Groups at higher excitation were also visible, as in the 
dashed portion of Fig. 1. These were not analyzed, 
however, because of the necessity of background sub- 
tractions and possible further (d,#) interference. 


Fic. 3. Compari- 
son of level structure 
in P® is obtained in 
S*(d,a)P® (b) with 
present work, (a) as- 
suming T=0 ground 
state, and (c) as- 
suming T=1 ground 
state. All excitations 
0 are given relative to 
0.26 T =0 ground state. 

The Q values obtained in this analysis are given in 
Table I. They agree reasonably well with those pre- 
viously reported.® It should be noted however that this 
earlier work includes several groups (such as ¢ and e) 
which are now considered either erroneous or arising 
from contaminants. In addition the ground-state group 
had not been found, and energy levels quoted were 
hence based upon mass value calculations. The present 
level structure is compared to that reported by Endt 
and Paris! in Fig. 3. 

It is evident that if the two ground states are to be 
considered equivalent, the level structures still do not 
agree. However, if the level structure as obtained from 
this reaction is depressed about 260 kev, so as to align 
the first excited state with Endt and Paris’ ground state, 
then all of the succeeding levels line up reasonably well. 
Group d would then actually correspond to the known 
doublet at 0.680 and 0.708 Mev. It is unlikely they 


would be resolved in the present experiment. 

This rather curious feature may be explained if one 
simply assumes that the ground state of P® has an 
isobaric spin of T= 1 rather than the usual T7=0. In the 
limit of strong isobaric spin selection rules this would 
inhibit a transition to this state in the S"(d,a)P™ 
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reaction. It is unfortunate that decays to this level were 
not seen in the Si”(p,y)P™ reaction.’ It is possible, 
however, that they were overlooked in the necessarily 
complex fitting of de-excitation gammas into the level 
structure known from the (d,a) reaction. 

Such an inversion as proposed would really not be 
unusual in P®, Similar inversion is known in Cl*,” and 
suspected in K**"-? and Sc®." Actually the cross- 
over is expected soon after mass 26." Final confirmation 
of this suggested interpretation must await a careful 
re-examination of Si”(d,n)P® and P®(8*)Si® now being 
undertaken. 

The Si®-P® mass difference calculated on the basis 
of the ground-state Q value of the Al?’(a,p)Si® and 
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TaB_e I. Q values obtained in this analysis. 





Excitation 


Group Reaction O (Mev) (Mev) Probable T 


AF" (a,n)P®” —2.70+0.06 
— 2.96+0.06 
—3,59+0.06 
—4.43+0.04 
4.96+0.04 

0 


0 

0.26 
0.89 
1.73 
2.26 


1,0 

0 
0 

AF" (d,n)Si** cee 


Al’ (a,n)P® reactions is 4.30+0.06 Mev. This compares 
quite favorably with the reported P®(6t)Si® QO value 
of 4.26 Mev.’ 
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The photoproduction of neutral x mesons from hydrogen has been studied at the California Institute of 
Technology Synchrotron Laboratory by detecting recoil protons from a liquid hydrogen target irradiated 
by the synchrotron bremsstrahlung beam. The recoil protons were detected by a five-counter telescope. 


Data were taken at proton laboratory angles of 19 


, 30°, 40°, 50°, and 60° at proton energies corresponding 


to photon energies of 600, 700, and 800 Mev. Angular distribution data are produced at these three energies 
and fitted with functions of the form: A+B cos#,’+C cos,’. These functions are qualitatively like those 
at lower energies; B is small and — A/C is roughly 1.25. The total cross section is found to have a minimum 
at about 600 Mev, being slightly larger at 700 and 800 Mev. 


I. INTRODUCTION 


HE photoproduction of + mesons from hydrogen 

has been the subject of extensive study at this 
laboratory and elsewhere.' The predominance of a single 
state of total angular momentum # and isotopic spin 4 
in the pion-nucleon interaction and use of the scattering 
phase shifts from pion-nucleon scattering data in a 
phenomenological model have made possible a satis- 
factory understanding of meson production by photons 
up to about 400 Mev.? A meson theory calculation by 
Chew and Low’ has also been successful in explaining 
the general features of the process in this energy region. 
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The experiment described here was carried out to 
extend the existing data on x’ photoproduction in 
hydrogen to higher energies. Little theory currently 
exists which attempts to explain pion phenomena above 
about 400 Mev. Still, it is worthwhile to have higher 
energy data for phenomenological comparisons with 
charged meson photoproduction and pion-nucleon 
scattering. Briefly stated, the results of this experiment 
are that up to 800 Mev the angular distributions are 
qualitatively the same as at lower energies. The total 
cross section does not continue to fall rapidly with in- 
creasing energy but goes through a minimum at about 
600 Mev, and then rises slightly at 700 and 800 Mev. 


Il. EXPERIMENTAL TECHNIQUE 


The method used in this experiment was to count 
the recoil protons from the reaction y+p— p+-7° by 
means of a_ counter telescope. This method has a good 
counting rate and is simple, but suffers from the fact 
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Fic. 1.Proton kine- 
matics for single and 
double pion photo- 
production. The pair 
production curve is 
calculated for the 
case where the two 
pions go ofl together. 
The rectangle repre- 
sents a typical tele 
scope “window.” The 
outer rectangle indi- 
cates the full width 
of the angular resolu 
tion, while the inner 
rectangle indicates 
the angular resolu 
tion width at half- 
height. About 85% 
of the counting rate 
comes from the inner 
rectangle 


that protons may come from reactions other than the 
desired one. From hydrogen, the offending reactions are: 


Yt Pp >Pry 
>pPrr’+T 
> p++ 

— p4 


The Compton process has a small enough cross section 
to be an unimportant source of error; the multiple pion 
process cross sections are much larger, but by taking 
suitable precautions and making corrections based on 
available data, the 


; 


3 or more mesons. 


error introduced is not excessive. 
These reactions will be considered more quantitatively 
later. 

Figure 1 shows some pertinent kinematics of the 
photoproduction reaction. Since a counter telescope 
counts protons in specified angular and energy ranges, 
a given telescope setting defines a rectangle on this 
diagram. The probability of being counted is not 
necessarily the same for protons from all points inside 
the rectangle if the rectangle size includes the effects of 
a target of finite size. The solid lines represent the 
single production process, y+ p — p+7°, and the dotted 
lines represent pair production, y+ p—> p+ (2m), where 
the parentheses mean that the two pions go off together. 
This case is drawn since it is the case requiring the 
minimum gamma-ray energy for a given proton energy 
and angle. Thus, for synchrotron energy Eo, protons 
from the single process are energetically possible at all 
points below the k= £p line for single production and 
protons from the pair process are energetically possible 
at all points below the k= Zp line for pair production. 
l'o operate without a contamination by the pair process, 
then, the rectangle defined by the telescope must fit 
between the single production curve and the pair pro- 
duction curve for the particular machine energy chosen. 
It must lie above the pair curve so that no protons from 
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the pair process can be present, and below the single 
production curve so that the desired protons will be 
present. 

As can be seen from the figure, it would be very 
difficult to operate in this manner. Decreasing the 
angular and energy resolution sufficiently would make 
he counting rate prohibitively low. For this reason, it 
was decided to operate in a more conventional manner 
using angular resolutions of 8 to 14 degrees (full width) 
and proton energy resolutions of 10 to 30 Mev. Assuming 
a thin-target bremsstrahlung spectrum, 
optimally have been set so that the k 


would 
E> line for single 
production intersected the upper right-hand corner of 
the telescope rectangle, 
tamination without 
tion. 


thus minimizing the pair con- 
interfering with the single produc- 
However, at the ti experiment the 
spectrum was not a sharp cutoff. In 
addition, E by compromise so 
that several experiments could 
turned out to be about 

energy being measured, 

cover the resolution of the 


time of the 
known to hi 
had to be determined 
run simultaneously. It 
120 Mev above the average 
hich was usually enough to 
teles« ope while keeping the 


pair contamination down a reasonable value. The 


Fic. 2. Plan view of counter t I 5 nati A, B,C, and 
D are absorbers. 1, 2, 3 nd § t in the 
direction of the arrow 


ns trave 


magnitude of this contamination and correction for it 
will be discussed in more detail later 

The telescope consisted of five counters and associated 
absorbers as shown in Fig. 2. Counters 2, 4, and 5 make 
up a standard three scintillation counter telescope which 
operates as follows: the range of a counted partic le is 
determined within a certain AR by placing counters 2 
and 4 in coincidence and counter 5 in anticoincidence. 
Protons producing the proper coincidence event are 
identified by their specific ionization in counter 2. 
Counter 3, the Cerenkov counter, is sensitive to elec- 
trons and is placed in anticoincidence to discriminate 
against multiple electron events which are capable of 
producing proton-like pulses in a counter telescope. 
Counter 1 is placed in coincidence with a minimum of 
absorber in front of it. By demanding a proton-like 
pulse it serves two purposes: (1) It 
against mesons making the proper coincidence event, 
which, due to the Landau distribution in energy loss in 
counter 2, appear to be protons, and (2) it discriminates 
against secondary protons made in absorber B by un- 
charged or lightly ionizing particles. Calculation shows 


discriminates 


that the pion and recoil neutron flux produces enough 
stars in absorber B with proton prongs to cause appreci- 
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able error if no precautions are taken. The experimental 
area arrangement, liquid hydrogen target, and beam 
monitoring equipment have been discussed elsewhere‘ 
and need not be discussed further here. 

Defining U'=Mev/BIP* and E£o=bremsstrahlung 
upper limit, the number of photons/BIP at energy & in 
an interval dk is V(k)dk= (U/Eo) B(k,Eo)dk/k. B(k,Eo) 
contains the deviations in the spectrum from a 1/k de- 
pendence and is normalized so that /;®* B(k,Eo)dk= 1. 
On the basis of pair spectrometer measurements by 
Donoho, Emery, and Walker,’ B(k,Eo) is assumed 
constant with a value 0.90 for values of k/Ey between 
0.6 and 1.0. This is a simple approximation to the 
theoretical thin-target spectrum and gives results indis- 
tinguishable from the latter for an experiment with an 
energy resolution as poor as the present one. The pair 
spectrometer measurements were of limited accuracy 
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Fic. 3, Proton pulse-height spectrum in counter 2. Proton energy 
is 332 Mev and proton laberatory angle is 30°. 


because of a troublesome background, but showed that 
the spectrum was much closer to that expected for a 
thin target than to that expected from a target of the 
nominal thickness (0.2 radiation length) of the one 
in the synchrotron.’ 

The beam intensity distribution over the target was 
measured by Vette by exposing in the beam electron- 
sensitive nuclear emulsion plates whose positions rela- 
tive to the target cylinder were known. After develop- 
ment, measurements were made with a densitometer 
and a beam intensity distribution function determined 
for several different machine energies. The role of this 


*J. I. Vette, Phys. Rev. 111, 622 (1958). 

* BIP stands for “beam iniegrator pulse” and is used as the 
unit of integrated beam energy. 

* Donoho, Emery, and Walker (private communication) 

7 More recent measurements, stil! incomplete, confirm the earlier 
thin-target results 
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function in the calculation of cross sections is discussed 
later. 

Since the photoproduction reaction is a two-body 
process, the laboratory photon energy and center-of- 
mass meson angle may be calculated when the proton 
laboratory energy and angle are known. The proton 
energy determines the range.* Absorbers A, B, C, and 
D (Fig. 2) were chosen as follows: Absorber D was 
arrived at by a compromise between high counting rate 
(counting rate varies linearly with D) and good energy 
resolution. Absorber C was chosen to give close to 
optimum separation of meson and proton peaks as seen 
in counter 2. Absorber A was a low-Z material such as 
CH; or aluminum to minimize scattering and secondary 
proton production; only enough was used to keep the 
counting rate in counter 1 down to a reasonable figure. 
Last of all, absorber B was chosen to bring the total 
mean range up to the desired value. Copper blocks, 4 in. 
square, were used for absorbers B, C, and D. 

A typical pulse-height spectrum from counter 2 as 
recorded by the pulse-height analyzer is shown in Fig. 3. 
The absence of the meson peak is due to the high bias 
setting on counters 1 and 2. About a third of the width 
can be ascribed to the proton energy spread acceptable 
by the telescope; the rest is due to the resolution of the 
counter. At larger proton angles, the peak to valley ratio 
was slightly better and at smaller angles it was some- 
.what worse. 

Data were taken with and without hydrogen in the 
target at proton energies corresponding to photon 
energies of 600, 700, and 800 Mev and proton laboratory 
angles of 19°, 30°, 40°, 50°, and 60°. Run lengths were 
divided between fuil target and empty target to give 
minimum statistical errors for a given total number of 
BIP’s. At 19°, 30°, and 40° enough data were taken to 
give approximately 5% statistics; at 50° and 60°, 7% 
statistics were obtained. The machine energy Eo and 
the ion chamber pressure and temperature were moni- 
tored so that all runs could be corrected to STP and 
corrected for variations in Ey from run to run. 

The ratio of empty target counting rate to full target 
counting rate varied between 15% and 50%, with the 
higher values occurring at the forward proton angles. 
At proton angles of 50° and 60°, it was possible to erect 
lead walls which prevented protons produced in the 
Mylar vacuum window from being counted. 

To maintain the contributing photon energy interval 
at a reasonable value, the energy and angular resolution 
of the telescope had to be changed as a function of 
proton angle and energy. The angular resolution, pro- 
duced both by the width of the defining counter in the 
telescope and by the finite size of the target, was 
changed by varying the distance from the target to the 
defining counter and by using defining counters of 
different widths. The proton energy resolution was 
changed by varying AR as described earlier. 


* Rich and Madey, University of California Radiation Labora 
tory Report UCRL-2301, 1954 (unpublished). 
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Fic. 4. Typical result of measurement made to determine the 
effect of pion pair production on proton counting rates. Different 
sets of points correspond to different values of the parameter a 
Since the correction is proportional to (1+a), a= —1 is used to 
label the uncorrected data 


Ill. DATA REDUCTION 


Ihe result of the teles« ope operation is a set of proton 
counting rates: counts/BIP as a function of proton 
energy and angle. The first step in the data reduction is 
to apply to these raw data corrections for various effects 
which cause differences from the “true” counting rate. 
These corrections, which will be discussed below, are: 
(1) absorption, (2) pion pair process contamination, 
(4) scattering, and (5) accidental 
coincidence and dead time. 


(3) Compton process, 


The correction for absorption of protons in the 
absorbers and counters was calculated (assuming ther 
entire proton path to be in copper) from the results of 
Fernbach, Serber, and Taylor? who considered the 
problem of scattering of a neutron wave by a sphere of 
material characterized by an absorption coefficient and 
in index of refraction. Using the np and pp scattering 


Fic. 5. Photon energy 
resolution functions for 
proton laboratory angle 


of 40° 


* Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949) 
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cross sections quoted by Rossi 
tion for the presence of the 
as calculated by 


and including a correc- 
target nucleon in a nucleus 
Goldberger,'' the absorption cross 
section for protons in copper was calculated as a func- 
tion of energy. These cross sections are consistent with 
Millburn et al.” The 
calculated cross section was integrated to obtain the 


the measured values quoted by 


fraction of protons of a given range that come to rest in 
copper without being absorbed 
Our knowledge of the pion pair process at the present 


is rather fragmentary, due both to lack of any high- 


energy pion theory and the difficulty of obtaining ex- 
perimental data on three-body reactions. However, the 
results of Bloch” for the process y+p— pt+at+r 
provide a basis for calculating a correction to the data 


of this experiment. Bloch obtained w~ energy spectra 


TABLE I. Experimental results. Columns are: proton laboratory 
angle in degrees, central photon energy in Mev, differential cross 
section in c.m 10-” cm*/sterad, Type I error 
in percent, Type II error in percent, combined Type I and Type II 
errors, pair process correction factor (multiplying by this factor 
gives uncorrected bsorpti correction factor 
(dividing by this factor gives 


system in units of 


cross sectior 


ross section 
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at two angles for four values of 
limit. By subtraction, these data 
@o/dTx-dQ’ at 


angles. Integrating over the 7 


the bremsstrahlung 
yield the 


cross section 


for each of the two 
energy gives do/dQ’ 
isotropic in the c.m 


tion of k between 660 and 


three energies 


which, within the statistics, is 
system and is a constant fun 
1000 Mev. Multiplying by 
section of 5X 10~-** cm? with about 

The desired information, for purposes of making the 
correction, is the proton energy spectrum as a function 
is known 
about the interaction one must begin by making assump- 


for gives a total cross 


25‘ ; Statistical error. 


of angle and machine energy. Since so little 


1B. Rossi, High-Ener Part 
York, 1952), p. 347 

11M. L. Goldberger, Phys. Rev. 74, 1 

2 Millburn, Birnbaum, Crandall, ar 
1268 (1954) 
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Prentice 
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Schecter. Pt 95, 
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tions and determine later their reasonableness. The 
assumptions used here are: (1) the proton angular 
distribution is isotropic in the c.m. system, and (2) the 
matrix element for the photoproduction process is 
independent of proton energy so that the proton energy 
spectrum is proportional to the phase-space factor. With 
these assumptions and the total cross section of Bloch, 
the proton counting rate due to the process y+p— p 
+++ is calculable. Using the phase space factor 
calculated by Berman, Vette and Walker have devel- 
oped a code to enable the Datatron digital computer 
to evaluate the integrals necessary in calculating the 
counting rate. 

The process y+p— p+2’+ 7° also produces recoil 
protons and must be taken into account. No experi- 
mental data exist for this process, so the same assump- 
tions are made as for the r*, x~ process. Thus, to take 
the x, x° process into account, Bloch’s total cross 
section or, is replaced by or,(1+a), where a is a 
constant which must be determined experimentally 
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Fic. 6. Angular distribu- 
tion in center-of-momentum 
system at laboratory photon 
energy of 600 Mev. Errors 
on points are combined 
Type I and Type IT as de- 
fined in text. Curves are 
least-squares fits of the form 
1+B cos#+C cos 


i 
eee a 
0° 30° 60° 90° 120° 150° 160° 


PION CM ANGLE 


To check the model and determine a value for a, a 
series of measurements was made to determine the 
effect of pair production on proton counting rates. This 
was done by setting the telescope for a given energy 
and angle and making runs with different values of Eo, 
the machine energy. Figure 4 shows the results of one 
of the two sets of runs converted into cross sections 
with and without the pair correction. The other set of 
runs shows the same effect. On the basis of these measure- 
ments, it was decided that a=1 should be used in 
making corrections to the data. This is in disagreement 
with Vette,‘ who concluded that a=0 should be used 

As far as the recoil proton is concerned, the kinematics 
of Compton scattering and single pion photoproduction 
are very similar. Thus, nearly the same photon energy 
is required to produce a proton of given energy and 
angle by either process. Measurements of the Compton 
scattering cross section made up to photon energies of 
270 Mev indicate that it is about 1% of the r° photo 
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Fic. 7. Angular distribu 
tion at 700 Mev. Angular 
resolution functions are 
shown at the bottom of the 
higure 
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production cross section at the same energy." A calcula- 
tion of the Compton cross section by Mathews'® in the 
same region based on dispersion theory indicates a 
relationship between Compton scattering and #” photo- 
production. For this reason it is considered unlikely 
that the Compton cross section exceeds a few percent 
of the x” cross section in the region under consideration 
in this experiment and no correction has been made. 

Scattering corrections in this experiment are just 
small enough to be disregarded. The following effects 
have been considered and found to produce errors some- 
what less than a percent in the most unfavorable case : 
(1) lateral ‘“‘wander”’ of particles in the copper absorber 
stack, (2) scattering in absorbers A and B, and (3) 
scattering in the target. 

Two sources of error ascribable to electronic equip- 
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Fic. 8. Angular distribu 
tion at 800 Mev 
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“ Auerbach, Bernardini, Filosofo, Hanson, Odian, and Yama 
gata, Proceedings of the Cern Symposium on High-Energy Accel- 
erators and Pion Physics, Geneva, 1956 (European Organization 
of Nuclear Research, Geneva, 1956), Vol. 2, p. 291. 

16]. Mathews, Ph.D. thesis, California Institute of Technology 
1957 (unpublished 
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Fic. 9. Angular dis- 
tribution from this ex- 
periment at 600 Mev 
plotted with angular dis- 
tribution of Vette, Stein, 
and Rogers, and DeWire 
eal. 
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ment have been examined. The first is dead-time ioss 
and the second is accidental coincidences. Both of these 
produce errors of about a percent in the worst case and 
are not corrected for. 

A “true” counting rate obtained from the data is 
related to the cross section by the following expression : 


da dQ’ U B(k,Eo) 
C=— fexdydcaae — — ——_a(z,y)N, 


dy dQ Eo 


where C=counting rate in counts/BIP, do/d’ is the 
average cross section over the angular and energy ranges 
defined by the target-telescope system, dQ’/dQ is the 
solid angle transformation from the center of momentum 
system to the laboratory system at constant k, 
(U/Eo) B(k,Eo)/k gives the photon beam spectrum and 
normalization as explained earlier, m(x,y) contains the 
beam intensity variation over the target volume, and 
N =4.39X 10” is the number of target nuclei per cc. The 
integral is carried over the target volume, the telescope 
solid angle, and the photon energy. In certain regions 
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Fic. 10. Anguiar dis 
tribution from this ex 
periment at 700 Mev 
plotted with angular dis 
tribution of Vette, Stein, 
and Rogers, and DeWire 
et al. 
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the evaluation of the integral is complicated by the 
variation over the target volume of proton energy 
loss in hydrogen, solid angle subtended by telescope, 
and photon energy for given proton energy. In addition, 
operating near the bremsstrahlung cutoff causes B(k,Eo) 
to vary greatly. For reasons of this sort, the integral was 
evaluated numerically on the Caltech Datatron digital 
computer by M. Ernstene and the author. 

The photon energy resolution function is obtained 
by performing all the integrations but the one over k. 
Figure 5 shows some typical resolutions functions. 
At 0,= 20° they are roughly half as wide and at 6, = 60° 
they are almost twice as wide 


IV. RESULTS AND ERRORS 


Sources of error have been classified into three groups 
according to the way in which they affect the results of 
the experiment. Below are listed the groups, the 
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members of each group, and the estimated standard de- 
viation due to each member 


I. Errors which vary randomly from point to point. 
1. Counting statistics: 5% to 7%. 
2. Uncertainty in separating proton peak from 
meson peak : 2%. 
3. Variations in Eo, P, 7, not taken into account 
by the periodic monitoring: 1%. 
Errors which vary smoothly from point to point 
1. Nuclear absorption %, of the 
correction). 
Pion pairs: 0% to 14% (25% of 
rection). 
Uncertainty in range, AR and AQ: 1.5% each. 
Neglect of Compton scattering: —3% (not 
included in calculating errors). 
III. Errors which are constant for all points 
1. Beam calibrations: <3% 


0% to 5%. (5 


the cor- 


Table I presents the cross section values obtained in 
the experiment with their Type I and Type II errors 
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and pair and absorption corrections. Table II presents 
the cross sections used in generating angular distribu- 
tions. Small interpolations were necessary to obtain 
cross sections at the desired energies. The measurements 
at 19° and 21° near k= 600 Mev have been combined. 
Figures 6 to 8 exhibit the desired angular distributions. 
Through a least-squares analysis, coded for the Datatron 
by J. I. Vette and W. Wales, the data of Table II have 
been used to determine angular distribution functions 
of the form A+B cosé+C cos*@. At k=700 and 800 
Mev, a constraint had to be added to force the angular 
distribution function to be non-negative at all angles. 
This was done by introducing a vanishing cross section 
at zero degrees, thus forcing the function to pass 
through zero. In the pion momentum range involved 
it would be reasonable to expect angular momenta of 
/>1 to be present, but the form assuming only /=0,1 
was used since (1) it gives a satisfactory fit to the data, 
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Fic. 12. Total cross-section results of this 
experiment with those of Vette. 


and (2) the data are not sufficiently detailed to provide 
a good determination of higher order terms. 

Table III exhibits the A, B, and C coefficients (in 
units of 10-” cm?/sterad) as well as the total cross 
section or=4r(A+C/3) (units of 10-” cm”). 

Figures 9 to 11 present the angular distributions of 
this experiment with those of Vette,‘ Stein and Rogers,’* 
and DeWire et a/.'’ In general, the agreement is fairly 
satisfactory. No serious discrepancies are found in the 


‘6 PC. Stein and K. C. Rogers, Phys. Rev. 110, 1209 (1958). 
‘7 DeWire, Jackson, and Littauer, Phys. Rev. 110, 1208 (1958) 
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TaBLe II. Angular distribution results. Columns are: central 
photon energy in Mev, meson angle in c.in. system, differential 
cross section in c.m. system in units of 10” cm*/sterad, Type I 
errors and combined Type I and Type II errors, both in units of 
10-* cm*/sterad. 





k Oy: I+lI 
138 +0.29 
115 . , 0.31 
93 3. ' 0.22 
72 . 0.19 
52 0.17 


600 


0.39 

0.30 

, 0.28 

72 \ ‘ 0.25 
52 ' : 0.17 


137 0.42 
113 3. 0.26 
92 3. } 0.26 
72 65 b 0.27 
52 i 0.16 





TaBLe III. Angular distribution coefficients. Columns are: 
central photon energy in Mev, A, B, and C coefficients in units of 
10°” cm*/sterad, and total cross section in units of 10-* cm!*. 








k A B Cc or 
—0.5540.2i —2.7040.53 32.2414 
—0.604+-0.24 ~—3.7040.29 38.741.5 


600 
700 


3.47+0.16 
4.31+0.14 


800 3.8840.14 —08740.25 —3.0040.29 36.241.5 





600-Mev and 800-Mev angular distributions. The worst 
disagreement appears between the results of this experi- 
ment and those of Vette at k=700 Mev, pion angles 
between 60° and 120°. When disagreements first began 
to appear, both experiments were set up to count 
protons of the same energy and angle from carbon and 
were able to agree very well on the number of protons 
per BIP per Mev per steradian. This would tend to 
indicate that the discrepancy may arise in the response 
of one of the experiments to background radiation. 

Figure 12 shows the total-cross-section results of this 
experiment with those of Vette. 
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The range-energy relations for C, N, O, Ne, and A ions in nuclear-track emulsion have been 


neasured 


for energies up to 10 Mev/nucleon. The ions, accelerated by the heavy-ion linear accelerator, were suitably 


degraded and subsequently analyzed by a 180 


double-focusing magnetic 


spectrometer The heavy-ior 


ranges were measured relative to those of alpha particles which were employed to calibrate the instrument 


Within the energy interval studied, it has been found that a general expression for the range 
VU /2*)d(8)+Mz'C,(8/z), where A(8) is the range of a particle of proton mass an 
velocity 8c, C,(8/s) is an empirical function that corrects for the extension in range caused by ne 


ion is R 


fa heavy 
| charge at 


itralization 


of the ionic charge as electrons are captured at low velocities, and M and z are the ionic mass and chargé 
in units of the proton. The range data are sufficiently complete and accurate to allow detailed analyses of 


rates of energy loss and effective charge of the heavy ions as they come to rest. The relat import 
primary and secondary ionization processes in producing the taper in the track of a mul 
been studied by examining the ions in emulsions of various sensitivities 
heavily ionizing tracks in strongly developed emulsions are also discussed 


low-velocity 


1. INTRODUCTION 


HE heavy-ion linear accelerator (Hilac) of this 

Laboratory has been successful in accelerating 
useful beams of carbon, nitrogen, oxygen, neon, and 
argon ions to energies of 10.4+0.2 Mev/nucleon. In 
order to effectively utilize these beams, range cali- 
bration data are required, We have been led to carry 
out a systematic study of the range-energy relations for 
18. The results of this experiment 
have enabled us to deduce a generalized range-energy 


ions of charge 6 << 


relation for an ion of mass M and charge z in units of 
the proton. 

The first range measurements of ions heavier than 
He‘, principally Li®’?* and B*, were obtained by de- 
tecting the ions as secondary reaction products in 
nuclear-track emulsion.'~* Miller extended these meas- 
urements by using cyclotron-accelerated C” ions of 
120 Mev.’ Nitrogen ranges in emulsion have been 
studied by Reynolds and Zucker between 5 and 30 
al. between 10 and 100 
Mev.’ More recently, Parfanovich et al. have published 
range-energy relations for nitrogen and oxygen ions in 
Ilford £1 emulsions in the interval from 3 to 120 Mev.* 
Preliminary results also have been reported by Roll and 
Yale 


University.® Aside from the ranges of fission fragments 


Mev,® and by Chaminade ef 


Steigert on range-energy work undertaken at 


* This work was performed under the auspices of the U. S 
\tomic Energy Commission 

' Neuendorfier, Inglis, and Hanna, Phys. Rev. 82, 75 (1951) 

> P. Ciier and J. P. Lonchamp, Comp. rend. 232, 1824 (1951) 

*H. Faraggi, Compt. rend. 229, 1223 (1949) 

W. H. Barkas, Phys. Rev. 89, 1019 (1953) 

* James F. Miller, University of California Radiation Labora 
tory Report UCRL-1902, July, 1952 (unpublished) 

© H. L. Reynolds and A. Zucker, Phys. Rev. 96, 393 (1954 

‘Chaminade, Crut, Faraggi, Garin-Bonnet, Olkowsky, 
Papineau, Compt 242, 105 (1956 

® Parfanovich, Semchinova, Flerov, J. Exptl. Theoret 
Phys. (U.S.S.R.) 33, 343 (1958 Soviet Phys. JETP 
6(33), 266 (1958) }. 

*P. G. Rolland F. I 
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rend 
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1959 


Steigert, Bull. Am. Phys. Soc. 4, 51 


ince ol 
harged ion has 
Buckling-type 
The rans 


listortions of 


protons is re-examined and an improved range point at 0.585 Mev is 1 


ho experime ntal information on ranges of tons heavier 


than oxygen has heretofore been published for emul- 
sion.” 

In the velocity interval with which we are concerned, 
1.e€., Bf 
of the Bethe-Bloch theory of stopping are seriously 
violated. The condition is not satisfied that the velocity 
of the fastest 
Phe theory of stopping 
fact that 
ts own K ele 


} 


picking up 


v/c) up to 0.148, the conditions for the validity 


of the ion be well above the 
electron in the stopping material 
of heavy ions is further compli 


velocity 


ated by the 
as the ion approaches the velocity of 
trons, it will begin to neutralize itself by 


electrons. The ions will therefore have a monotonically 


tive charge with decreasing 


decreasing average effe 
| 


velocity and will be completely neutralized by the time 


they reach the end of their range. The lack of an exact 


theory has necessitated an essentially semiempirical 


approach for the calculation of heavy-particle ranges 


‘ take as a 


Feller in their 


The calculations that have been made 
basis the results obtained by Knipp ind 
theoretical calculations for the range and energy-loss of 
heavy ions in air.’ 

Assuming a Fermi-Thomas model of the atom, Knipp 
f ionization be 


and Teller proposed that the degree of 


given by 
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cross sections are equal when 2,=~y?ion, was adopted 
by Knipp and Teller, where y is an adjustable parameter 
near unity to be determined by experiment. It has 
been shown, however, that y is not a constant, but for 
nitrogen ions may vary inversely with velocity between 
values of 0.65 and 1.1,'’ while for fission fragments in 
air, values as high as 1.7 are found." 

Papineau™ has utilized the experimental results'’-™ 
of the charge distributions of N, O, and Ne ions up to 
2 Mev/nucleon to construct an empirical curve of the 
ratio of ion charge to maximum charge as a function of 
the reduced velocity, 8/z!. A unique locus seems to be 
defined independent of the stopping material or the ion 
atomic number. By extrapolating these data to higher 
(and lower) velocities, the range curves for ions of 
3 <2 <10 were calculated for energies up to 10 Mev/ 
nucleon. 


Il. EXPERIMENTAL PROCEDURE 


A schematic diagram of the experiméntal arrange- 
ment is shown in Fig. 1. The magnet is a 180° double- 
focusing (n=0.5) spectrometer of 18-in. radius. At a 
peak field of about 20 kilogauss, the maximum Bp is 
9.2 10° gauss-cm. The source was defined by a 7g-in. 
wide slit and the vertical and horizontal deviations of 
the beam in the magnet were limited by a }-X ?-in. 
collimator, giving a momentum resolution less than 


0.1% at the focal point of the system. 
To lower the beam energy, the ions were passed 


through a wedge-shaped target. Actually the wedge 
was a series of three conical holes placed in a “thick” 
10-mil Al foil with a -in. wire drill. The beam, upon 
traversing this type of degrader, had a continuous 
momentum spectrum from zero to the peak momentum 
of the accelerated beam. As the velocity of a multi- 
charged ion is reduced, it tends to pick up orbital 
electrons. The degraded beam, for this reason, consisted 
of ions in various charge states from z’=6 to the atomic 
number z. Since the magnetic rigidity, Bp, was deter- 
mined by the geometry and magnetic field, only par- 
ticles with discrete values of pe=z2’eBp were trans- 
mitted by the spectrometer. The emulsion detectors 
therefore recorded particles whose ranges fell into 
separated and well-defined groups cotresponding to the 
discrete momenta, (e/c)Bpz’, transmitted by the 
spectrometer. 

After the wedge degrader was bombarded, was 
replaced by a 10-mil Al absorber, called the alpha target. 
This target was thick enough to stop the primary beam, 
though thin enough to allow secondary alphas and 
protons produced in the target and emitted in the 
forward direction to be recorded by the detectors. From 
the measured ranges of the alpha particles and their 
range-energy relation in emulsion, the Bp of the par- 


7 Rey nolds, Scott, and Zucker, Phys. Rev. 95, 671 (1954) 
* Reynolds, Wyly, and Zucker, Phys. Rev. 98, 474 (1955) 
*K. G. Stephens and D. Walker, Phil. Mag. 45, 543 (1954). 
*” E. L. Hubbard and E. J. Lauer, Phys. Rev. 98, 1814 (1955 
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ticles was determined. The energies of the separate 
range groups of the heavy ions could then be calculated, 
once the charge of each range group was determined. 

Ilford emulsions of type C2 were used in the experi- 
ment. The emulsions were 50 microns thick, 1X3-in. 
glass-backed plates, all from the same batch. The 
density of the emulsions at about 60% humidity is 
generally taken to be 3.815 g/cm*. However, when 
emulsions are placed in vacuum, as in this experiment, 
their density cannot be well defined until equilibrium 
with respect to their moisture content is reached. To 
insure a uniform density during exposure, the emulsions 
were dried in atmospheres of 30 to 0% relative humidity 
for a period of 3 to 4 days prior to their use. The time 
the emulsions were in vacuum before exposure was 
typically 20 minutes. Completely dry emulsion has a 
density of 4.01 g/cm*. We estimate that at the time 
of exposure the emulsion density was 4.00_¢,93+° g/cm', 
but because of the range-ratio measurement procedure 
employed our results are not sensitive to the emulsion 
density. 

As shown in Fig. 1, the 3-in. dimension of each plate 
was positioned normal to the median plane of the 
magnet and rotated to allow the particles to enter at a 
6 to 8° dip. Exposed in this manner, all tracks recorded 
on a particular plate had essentially the same mo- 
mentum. The resolution in momentum was calculated 
to be better than 0.1%, with a gradient of about 
0.2%/mm. As the particles entered the emulsion 
surfaces at about 6° dip, the dispersion appears on each 
plate as a momentum gradient of about 0.2%/cm along 
the particle direction. The average magnetic field during 
a run was maintained constant to a few parts in 10* 
and the ripple was less than one part in 10. 


Ill. RANGE MEASUREMENTS AND CORRECTIONS _ 


Before extensive range measurements were under- 
taken, various technical problems needed to be 
resolved. Since the ranges of the heavy ions and alpha 
particles were all less than 200 microns and 500 microns, 
respectively, the measurements were most easily done 
with calibrated eye-piece reticles. Precision reticles 
were specially made and checked for uniformity. Vari- 


1 A. Oliver, Rev. Sci. Instr. 25, 326 (1954). 
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ations in uniformity were found to be less than 0.1%. 
More serious, however, was the problem of selecting 
objectives that possessed uniform magnification within 
the limits of the measuring reticle. Track lengths of 
about 25 reticle units (full scale=100 r.u.) showed 
variations of apparent range up to 0.5% in some cases. 
The distortions were most often symmetric about the 
optical axis, but not in all cases. In the objectives finally 
selected, no distortions of this type were detectable. 

To eliminate scanner subjectivity in the range 
measurements, a rigid definition of an operational range 
was made. Provided the track had an unambiguous 
entrance point, no detectable scatter, and no blob-type 
ending, the measured range was defined as the distance 
between the tangents to the extremities of the first and 
last grains of the track. The true range of a particle is 
found by applying two corrections to this measured 
range: 


(a) A mean grain diameter (0.46+0.05 micron) must 
be subtracted, since on the average a heavily ionizing 
particle traverses only about one-half of the first and 
last grains of the track, and the swelling of the grains 
on development is assumed to be symmetric. This cor- 
rection was applied to both the heavy-ion and alpha- 
particle ranges. 

(b) In the case of a lightly ionizing particle, an addi- 
tional correction must be made to take into account the 
most probable distance the particle penetrates the 
emulsion before rendering a grain developable. The 
additive correction to be made for this effect is given by 


A=(G)L, (1) 


where L is the lacunarity or mean linear fraction of the 
track that consists of gaps, and (G) is the mean gap 
length. This correction was measured for the alpha 
particles but found to be negligible, i.e., less than 0.02 yu. 

The striking characteristics of a heavy-ion track in 
emulsion are the track width and its taper as it comes 
to rest in emulsion. As we shall discuss later, the 
broadening of the tracks is due primarily to the pro- 
duction of 6 rays along the track. The effect is most 
readily observed in electron-sensitive emulsions, types 
G5 or K5, although the tapering effect is still apparent 
in the less sensitive emulsions C2 and L2. Although it 
was believed that the true ranges of the heavy ions 
would be the same in emulsions of different sensitivities, 
there was the possibility that our measured ranges 
would not be independent of emulsion sensitivity. This 
was suggested to us when we observed that about 1% 
of the tracks had an identifiable 6 ray scattered in the 
backward direction near the point where the ion entered 
the surface of the emulsion (4-ray production is largely 
limited to the angular interval of 90° and less to the 
beam direction). Let us assume that the track width 
depends on a mean “diffusion” distance of the 6 rays 
from the core of the track. This point of view suggests 
the possibility that there may be a direct correlation 
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between the track length and initial track width (and 
therefore emulsion sensitivity), since any diffusion 
backward could systematically extend the measured 
range. 

This problem was investigated by measuring particle 
ranges in emulsions of widely different sensitivities, 
K minus 2, KO, Di, and G5.” The emulsions were 
exposed simultaneously to the full-energy beams of all 
the ion types. The mean ranges of the ions for each 
emulsion type were corrected for end effects and nor- 
malized to the ranges of carbon ions (which have fewest 
6 rays) to eliminate any differences of emulsion den- 
sities. No systematic differences of the ranges were 
detected, as a function of either emulsion sensitivity or 
of atomic number of the ion. The average statistical 
accuracy of the normalized mean ranges was 0.3%. To 
within these errors, we conclude that the backward 
diffusion of 5 rays from the point of entry is not statis- 
tically an important effect in our range measurements. 
The probability of such a 6 ray occurring is small, and 
when it does, it is detected as a single 6 ray and the 
track is rejected by the criterion that the entrance 
point must be well defined. 

A further possible uncertainty in defining the point 
of entry has been considered. When emulsion is made, 
each crystal is surrounded by a protective envelope of 
gel that adheres to the crystal. The extreme surface 
layer of the emulsion is consequently pure gel which 
must be traversed by the charged particle before any 
crystal can be penetrated. Fast, heavily ionizing par- 
ticles, however, produce 6 rays in the gel. The 6 rays 
render developable silver halide crystals that are ad- 
jacent to the point of entry of the particle even if the 
crystals are not penetrated by the particle. It seems 
therefore that little or no correction should be made for 
this effect, and we have made none. 


IV. ANALYSIS AND RESULTS OF RANGE 
MEASUREMENTS 


Each plate was independently scanned by two ob- 
servers. The scanning was done back and forth across 
the beam direction and proceeded symmetrically 
toward the edges of the emulsions from the center of 
the plate. The observer was instructed, first, to measure 
all tracks that fulfilled the selection criteria until 50 
events were recorded in each range group or until the 
entire beam area was searched; and second, to measure 
50 or more calibrating alpha particles. Fundamentally, 
our measurements are of relative ranges, i.e., heavy-ion 
ranges relative to the alpha-particle range at the same 
Bp. It is from this viewpoint that the raw data were 
handled. The quantities that were evaluated from 
each plate were the ratios R../R., where R, refers to 
the (true) mean range of the heavy-ion range group 
that carried charge z’ in the magnetic field, and R,, 

* We wish to thank Professor S. Von Friesen for his discussion 


and, most important, his careful measurements in regard to this 
problem. 
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the (true) mean range of the alpha particles. The results 
of the two measurements from a single plate were 
statistically weighted and combined to give the final 
mean ratio. 

There are several advantages in using the ratio 
method. First, any systematic differences in reticle 
calibration of the microscopes are eliminated; second, 
the ratios R,,/R, are slowly varying with velocity ; and 
third, the adjustments of the ratios to standard emul- 
sion density are small. The density correction is ve- 
locity-dependent,™ and ‘thus the correction factor 
required to adjust the ratios to standard conditions 
depends upon the relative velocity of the ion and the 
alpha particle. In the magnetic field, completely stripped 
C, N, O, and Ne ions, with 2’/M=}4, have the same 
velocity as alpha particles, and the density correction 
is zero. The average correction for all ratios was less 
than 0.2%; the maximum amounted to 3.2%. (The 
latter density correction was made to the very short 
argon ranges.) It should be understood that (although 
the emulsion employed in this experiment had a density 
of about 4.00 g/cm*) all ranges are given for standard 
emulsion of density 3.815 g/cm’. After all corrections 
were made to the data, the energies of the alpha par- 
ticles were determined from their absolute ranges and 
the relativistic energies of each heavy-ion range group 
calculated. 

Figure 2 shows the range spectra obtained from the 
six separate exposures to neon ions. The Bp of the spec- 
trometer for each run was deduced from the alpha- 
particle ranges. This series of exposures was typical in 
that the changes in Bp between adjacent runs were 
small enough to allow for an overlap in the ranges. At 
the highest velocities, 80.148, the ions are predomi- 
nantly stripped of electrons and the assignment of 
z’=10, for Ne, to the group of maximum range is 
clearly justified. In the overlapping regions, the charge- 
state assignments could be internally checked because 
at equal ranges the momenta are equal and 2,'(Bp); 
=22'(Bp)2. Since charge equilibrium of the ions is 
reached after they have passed through about 20 ug/cm? 
of matter (0.05 » in emulsion), no detectable difference 
is expected in the ranges of ions having equal momenta 
but carrying different charges in the magnetic field. 

In principle, the accuracy of the relative measure- 
ments was limited only by the number of events used 
to determine the ratios R,-/R,. The absolute accuracy 
of a single range-energy point, however, is actually 
limited by the range-energy relation used to evaluate 
the alpha-particle energies from their ranges. This error 
is most probably between 0.2 and 0.3%. The range 
straggle of the ions introduced by the finite momentum 
resolution of the spectrometer was in all cases a fraction 
of the calculated range straggle experienced by the 
particles in coming to rest in the emulsion. For long 
ranges of alpha particles, the observed range straggling 


~ 3 Barkas, Barrett, Ctier, Heckman, Smith, and Ticho, Nuovo 
cimento 8, 185 (1958) 


PROCESSES OF HEAVY IONS 


Bp (gouss-em) 
| 9.198210" 


e927 
7614 


6743 


rs dius 4 


rye 


ek | | 3 


seseres 0 


53.552 


455 
0 
Ronge (microns) 
Fic. 2. Range spectra for neon ions obtained from the six 
emulsion exposures at different values of Bp. —_ 


served to calibrate the spectrometer. The charge carried by the 
ion in the magnetic field is indicated for each range group. 


agreed closely with the theoretical expected value of 
0.7 to 0.8%.™ If one calculates in a similar fashion the 
expected straggling for the heavy ions, the result is 
about 0.4%. The straggling actually observed was 
seldom less than 1.0%. The reasons for this discrepancy 
can be attributed to other processes of energy loss, 
such as elastic atomic collisions, statistical fluctuations 
in the charge carried by the ion in coming to rest, the 
heterogeneity of the emulsion, and the dispersion of the 
range measurements due to the finite grain size of the 
emulsion. For ranges less than 20 y, the latter effect 
produced an irreducible standard deviation of the range 
distribution of about +0.2 yu, one-half the mean diam- 
eter of the developed grain. As the velocity of the ion 
decreases, the energy loss by ionization diminishes and 
the primary energy-loss process becomes that of non- 
ionizing atomic collisions. The contributions to the 
range straggling of the ions for these energy-loss 
mechanisms occur for velocities 8<1/137, i.e., for 
residual ranges of several microns. We do not expect 
this to produce observable effects, however, as any addi- 
tional straggling at these ranges would be masked by 
the finite grain size of the emulsion. 

We have already mentioned that the absolute 
accuracy of our range-energy measurements is pri- 
marily limited by the accuracy of the range-energy 
relation we use to evaluate the mean energies of the 
calibrating a particles. In connection with this research, 
a new investigation of the very low-energy proton 
range-energy curve was carried out. The range-energy 
relation at high velocities was recently studied exten- 
sively.*** The best information then available for 
protons below 1 Mev was found to be consistent with 
a rate of energy loss varying in inverse proportion to 
the particle velocity. The initial part of the range curve 
was roughly defined on this assumption. Emulsion data 
from the literature are difficult to interpret because 


™* W.H. Barkas, University of California Radiation Laboratory 
Report UCRL-2579 Rev., September, 1954 (unpublished). 
** W.H. Barkas, Nuovo cimento 8, 201 (1958). 





HECKMAN, PERKINS, 


Range-energy relation and rates of energy loss for a 
particle of proton mass.* 


r d 
Mev) (yu) Me 


r ” 
Mev) (yw) 


‘ 
(Mev/cm) 


175.9 172 
237.9 151 
307.8 136 
385.3 123 
470.3 113 
562.5 104 
662.0 97.1 
768.5 90.9 
882.0 85.5 
1002.4 80.7 


0.1 0.99 1500 5.0 
0.2 1.78 1130 6.0 
0.3 2.76 950 7.0 
0.4 3.91 820 8.0 
0.6 6.69 650 9.0 
1.0 13.92 490 10.0 
1.5 25.63 380 11.0 
2.0 40.01 316 12.0 
3.0 76.43 244 13.0 
4.0 121.9 201 14.0 


* Below 2.0 Mev the ranges have been determined from differential 
stopping-power data. The ranges 2.0 Mev and greater have been reduced 
by about 0.4 gw from those given in reference 25 to correct for the finite grain 
size of the initial and terminal grains of the track. This correction also 
brings the two sets of data into agreement at 2.0 Mev. 


often the emulsion density is poorly known and the 
method of making the end corrections (if any) is 
seldom discussed. In view of the complications intro- 
duced by the emulsion granularity, and for these other 
reasons, it was decided to consider differential energy- 
loss measurements made in pure substances. 

Ward Whaling kindly supplied us with a preprint of 
his report.?* This paper reviews numerous measurements 
of the energy losses of low-energy particles in pene- 
trating various materials. The empirical data are so 
complete that it has been found possible to graph, for 
fixed values of the proton velocity, the electronic 
stopping cross section as a function of atomic number. 
A family of continuous curves is found in this way. 
Ex¢ ept at the lowest velocities, the curves are smooth. 
Since the data came from more than one source, this 
smoothness probably indicates that they are reliable. 
Furthermore, the low-velocity irregularities seem to 
follow a pattern having the same periodicity as the 
chemical properties of the elements. 

With these data one can, of course, add the stopping 
effects of all the emulsion constituents at each velocity 
and thus obtain the rate of energy loss for protons as a 
function of their velocity. Failure of this additivity of 
atomic cross sections in predicting stopping cross 
sections of molecules exists, and it is important at low 
velocities. For protons of less than 150 kev, as a rule, 
additivity does not hold, but above this energy the 
failure of additivity could not be detected by Reynolds 
et al. except for NO.’ Integration of the rate of energy- 
loss data can be carried down to about r=0.1 Mev. One 
empirical range-energy point then suffices to establish 
the range-energy relation. This normalization is dis- 
cussed below. 

The range data thus derived for proton energies less 
than 2.0 Mev are included in Table I, which presents 
the range-energy relation we have adopted for Ilford 


27° W. Whaling, in Handbuch der Physik, edited by S. 
Springer-Verlag, Berlin, 1958), Vol. 34, p. 193. 

27 Reynolds, Dunbar, Wenzel, and Whaling, Phys. Rev. 92, 742 
(1953) 
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emulsion of standard composition and density. The 
curve of \ vs r joins smoothly to the high-energy curve”® 
(r >2.0 Mev) when one allows for the fact that the 
earlier values of \ were not corrected for the granularity. 
The notations A (range in 
Mev) are the same as in reference 25 


microns) and r (energy in 
, and are the range 
and energy for an “‘ideal’’ particle of protonic mass. (An 

be haves like 


veliocitie 


ideal particle is one that 1 negative u 


meson in that at low it has neither a high 


capture cross section nor te ndency to capture orbital 
electrons. ) 

The true range, R, 
mass M (in 
number z at any velocity 8 (which specifies 


given by 


ind energy, 7, 
units of the 


for a parti le of 
and atomic 


\ and r) are 


proton mass 


R= Rits—R 


Here RR.» is defined as the mean distance between the 
extremities of the first and last developed grains of the 
track; R, is the term that the finite 
size of the fiducial and terminal grains of the track, and 
(6) (for lightly ionizing particles) the most probable 
distance the particle penetrates the emulsions before 
rendering a grain developable. If tracks are known to 
originate in the gel phase of the or enter 
through the surface, the correction R, is about equal 
to D—A, where D is the mean developed grain diameter. 
When the point of origin of the track is known to be 
a star-center or similar well-defined point, no correction 
is made for the fiducial end of the track; and the R, 
term becomes simply +D/2, the correction for the 
strongly ionized terminus of the track. The quantity p 
is a factor (generally near unity) required to adjust 
the ranges measured in emulsion of nonstandard com- 
position to their equivalents in standard emulsion.” 
The range of the particle would be M\/2 if no end 
effects of high capture cross section, granularity, or 
sensitivity affected the measurement, and if the particle 
did not capture electrons at low velocities. The quantity 
Rex: is the correction term necessary to account for the 
extension in range of the positive ion owing to electron 
pickup in coming to rest. It is a function only of z at 
high velocities, but for velocities 8 comparable to 2/137 
and below, electron capture Causes | to become a 
function of veloc ity. Of course, 
the velocity vanishes. 

In order to study R, and obtain an absolute range 
point, measurements of short tracks produced by par- 
ticles of known energy are useful. When a range is short 


accounts for (a 


emulsion 


it approaches zero as 


it can be measured with small absolute error; therefore 
tracks of low-energy protons are desirable for the nor- 
malization. Ilford G5 and C2 plates that had been 
exposed to thermal neutrons were obtained through 
the kindness of Dr. Glenn M. Frye and Dr. A. H. 
Armstrong of the Los Alamos Scientific Laboratory and 


Dr. F. C. Gilbert of the Lawrence Radiation Labora- 
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tory, Livermore. In these plates, the tracks from the 
reaction N*™(n,p)C were measured. The reaction 
energy is 0.627+0.001 Mev; the kinetic energies of 
the carbon and proton are 41.8 kev and 0.585+0.001 
Mev, respectively. The track length measured in the 
emulsion was actually the sum of the C™ and proton 
ranges. The mean distances between the extremities of 
the track in the G5 and C2 plates at 40% relative 
humidity were found to be 7.600+0.065 and 7.118 
+ 0.056 u, respectively. The straggling in each case was 
4.5% (standard deviation). 

To determine the range R of the proton, an estimate 
must be made of the C™ range plus ome mean grain 
diameter (to correct for the terminal grains of the 
carbon and proton tracks) which is to be subtracted 
from the measured track lengths. The range of a C™ 
ion with kinetic energy 41.8 kev in air at NTP is 
~0.03 cm.* The stopping power of the gel must be 
much the same as of air when expressed in Mev/g. In 
silver halide, at this velocity, the range (in microns 
will be about the same as in the gel.” These considera- 
tions lead one to estimate that the recoil C™ ion will 
have a range of 0.3+0.1y. Since the mean distance 
between crystals is less than 0.2 in each emulsion 
type, it may be assumed that the carbon ion penetrates 
at least one silver halide crystal after it originated in 
the gel phase of the emulsion. The mean grain diameter 
was taken to be 0.68 » for G5 emulsion and 0.35 uw for 
type C2. After making these corrections and adjusting 
the ranges to standard density (a +1.1% range cor- 
rection) we obtain, for the proton range, R=A+ Rext, 
6.69+0.12 u in G5, and 6.544+0.12 uw in C2. The dif- 
ference of 0.15+0.09 yw is not statistically significant, 
but because of the possibility of a remaining sensitivity 
effect, we shall adopt the G5 range. If the Rx: of the 
proton is taken to be 0.12 4,” then we have \=6.57 
+0.12 » at -=0.585+0.001 Mev. 

For our analysis of the heavy-ion range data, we 
require an accurate range-energy relation for alpha 
particles for kinetic energies greater than about 8 Mev 
(i.e., 7>2 Mev) from Eqs. (2) and (3). The values of A 
given in Table I for 7 between 2 and 14 Mev were cal- 
culated from a least-squares-fit polynomial, of type 
logiA= > nao? Gn{ logior |", to the data of reference 25. 
This analytical function served as an interpolating 
function in this limited energy region. The coefficients 
are do= 1.1343, a;= 1.5276, and a2=0.08820. To evalu- 
ate the alpha range, R, we have taken the R.x of the 
a particle to be 1.2+0.2 uw. We give a detailed discussion 
of the R,x: term as it pertains to heavy ions in general 
in the next section of this paper. 

The range-energy relation for alpha particles as cal- 
culated from Eqs. (2) and (3) was compared with 
Wilkins’s range curves for alphas.” It was found that 
the two range-energy curves agreed to within an average 


*8 See for example Evans, Stier, and Barnett, Phys. Rev. 90, 
825 (1953) 
* W.H. Barkas, Phys. Rev. 89, 1019 (1953) 
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of 0.2% between the energies of 0 and 30 Mev (i.e., 
t=2 to 7.5 Mev) after Wilkins’s range data were 
adjusted from his density of 3.92 to the adopted density 
of 3.815. In the region of r=10 Mev the curves differ 
by about 1%, although at r=13.94 Mev the A—r 
curve has been verified to be correct to 0.21%.” We 
have assumed an average error of 0.2% in X for esti- 
mating the errors of the experimental results; where we 


' have internal checks, this figure appears to be justified. 


Table II, columns (a), (6), and (c), summarizes the 
corrected experimental range measurements. The results 
are grouped in the same order in which they were 
compiled from each run. Column (c) is the standard 
deviation of each range measurement. The error, o(), 
takes into account statistical errors of the range 
measurements, the \--7r relation (0.2%), the error in 
Rex of the alpha, and errors in the correction factors 
applied to the ranges for mean-grain-diameter and 
mean-gap-length effects of the order of 0.07 yu. 

To be able to present the results in a more useful 
form, a polynomial of type R= }oo* ax(7)* was adjusted 
to give a weighted least-squares fit to the range data 
for each heavy ion. To insure proper behavior at zero 
energy, the range at this point was taken to be 
(.00+0.05 yu, where the error is the uncertainty in the 
measurement of the mean grain diameter. The com- 
putations were carried out on an IBM-650 computer 
until the residuals, Ross—Reai, were approximately 
equal to the statistical errors of the measurement. The 
residuals are included in Table II, column (d), for 
purposes of comparison with the errors of the obser- 
vations. The rms value of the ratio (Rote Rea)/o(u) 
for all points is 1.2. The value of 1.00 would be obtained, 
on the average, if the external and internal errors were 
equal, so that the magnitudes of the errors have not 
been much underestimated or any serious error over- 
looked. 

The smoothed range-energy data are given in Table 
III: The increments in energy have been chosen small 
enough so that errors in linear interpolation between 
adjacent entries are less than 0.05 uw. Although the data 
cannot be represented with sufficient accuracy by a set 
of range curves, Fig. 3 is given to summarize graphically 
the experimental results. The solid curves are the least- 
squares curves; the dots are the observed points. 


V. RANGE EXTENSION DUE TO CHARGE PICKUP 
AND A GENERALIZED RANGE- 
ENERGY RELATION 


The problem of describing in detail the energy-loss 
processes of multicharged ions in matter, which would 
lead to a theoretical range-energy relation, is formidable. 
For this reason we have little or no theory sufficiently 
refined for comparison with our results. In an attempt 
to generalize the range data, we have defined the range 
R for a particle of mass M and charge z to be given by 


*® Gilbert, Heckman, and Smith, Rev. Sci. Instr. 29, 404 (1958). 
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rase II. Experimental range-energy measurements for ( 


(b) é 4) 
Riu) oe — Reale 


Carbon 


180.3 

101.2 
77.53 
46.25 
57.23 
34.96 
20.42 
43.35 
27.03 
15.86 
26.08 
16.89 
10.44 
7.61 
5.35 
3.65 


0.74 
0.17 
0.12 
0.11 
0.12 
0.06 
0.37 
0.07 
0.02 
0.02 
0.02 
0.07 
0.04 
0.04 
0.04 
0.07 


Nitrogen 


160.3 

100.0 
98.67 
63.18 
70.02 
46.00 
40.67 
27.68 
29.86 
20.88 
13.75 
9.26 


Oxygen 
145.3 


97.27 
64.09 
65.41 
45.59 
31.27 
23.84 
17.64 
12.82 
9.02 
591 
3,33» 


* The ranges are grouped in the same order as observed 


4 with gmex’ =10 


» Note added in proof 
complete certainty 


Eq. (2). Figure 4 gives the extensions in range of the 
ions, Rex, Owing to charge pickup as a function of 
(M/z*)A(8). The quantity (M/z*)A would be the range 


of the ions if there were no neutralization of charge in 
coming to rest. It is clear that only the carbon and 
nitrogen ions have reached their maximum range ex- 
tensions of 8.45 and 11.1 yw, respectively, while oxygen, 
neon, and argon remain partially neutralized at the 
highest obtainable velocities. 

If one takes as the independent variable, 137 8/2, the 


velocity in units of the A-electron velocity, it is found 
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| 


in each emulsion plate. The ranges for 1 run are listed in the 
state carried by the ion in the magnetic spectrometer. The maximum rang? group in each run is that 


Great reliance must not be placed on the indicated numbers because the r 
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2 N*, O'8 Ne*®, and 


A®@ ions.* 


Run ] ) Rip 
Neon 

135.5 

99 45 

124.9 


0.24 
0.21 
0.18 
0.17 
0.19 
0.18 
0.16 
0.14 
0.15 
0.14 
0.14 
0.11 
0.10 
0.09 
0.09 
0.09 
0.09 
0.09 
0.15 
0.16 
0.13 
0.11 
0.19 
0.20 
0.35 
0.25 


0.16 
0.00 
0.19 
0.43 
0.31 


wder of decreasing charge 


f the f rd ions, except for argon run No 


yuld not be made with 


esolution of tl range groups 


Fig. 4 can be well represented 
by a unique function when the ordinate is taken to be 
Rexr/Mz'=C, (Fig. 5 

val of the experiment, 
measurement can be generalized by the expression 


that the data given in 


Thus, within the velocity inter- 
the results of the range-energy 


Rove (3) — R-= R= (M/2#)d(8)+M2"C,(B/z), (4) 


where Roos (8 
corrections to measured range, R= ‘‘true” 


range, R.=end 
range, A(f) 


measured (operational) 


= proton range at velocity 3, C,= value of function for 
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Tasie III. Heavy-ion ranges (in microns) 


Nu oe 


2.86 2.48 
5.49 4.80 
8.08 7.03 
10.69 9.23 
11.46 


Ne® 
1.91 
3.75 
5.51 
7.23 
8.92 
10.61 
12.32 
14.03 
15.78 
17.58 
19.42 
21.32 
23.28 
25.30 
27.38 
29.51 
31.70 
33.94 
36.15 
38.44 
40.79 
43.20 
45.66 
48.18 
50.75 
53.38 
56.06 
58.81 
61.60 
64.46 
67.36 
70.33 
73.35 
76.43 
79.56 
82.75 
85.99 
89.29 
92.65 
96.06 
99.53 
103.1 37.02 
106.6 37.98 


> 
ez 


in im bo 
ah ete 


18.56 


20 1D Ce Gd 
Sees 


26.64 
29.56 
32.53 


38.84 


52.83 
56.61 
60.51 
64.51 
68.64 
72.87 
77.22 
81.68 
86.26 
90.95 
95.75 
100.7 
105.7 
110.8 
116.1 
121.5 
127.0 
132.6 
138.3 
144.1 
150.0 
156.1 


19.41 
20.21 
21.02 


22.66 
23.50 
24.34 


28.71 
29.61 
30.52 


32.36 
33.29 
34.23 
35.18 
36.07 
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in Ilford emulsion of density 3.815 g/cm*.* 


17.84 | 
18.62 


21.83 | 


25.20 | 
26.06 | 
26.94 | 
27.82 | 


31.44 | 


| 


T (Mev) cs 


$1.15 
52.22 
53.30 
54.39 
55.48 
56.58 
57.69 
58.81 
59.94 
61.07 
62.21 
63.36 
64.52 
65.69 
66.86 
68.04 
69.23 
70.43 
71.63 
72.85 
74.07 
75.30 
76.54 
77.78 
79.04 
80.30 
81.57 
82.85 
84.13 
85.43 


320 
324 
328 
332 
336 
340 


* This table encompasses the energy intervals in which measurements were made. Ranges for higher energies or for other ions are found by taking \ 


from Table I and evaluating the range by using Eq. (4). 


argument 8/z, M=mass of ion in proton mass units, 
and z= atomic number of ion. 


VI. RATES OF ENERGY LOSS AND 
EFFECTIVE CHARGE 


Figure 6 shows the rate of energy loss d7/dR in 
Mev/u as a function of ion and residual range. The 
curves were obtained by differentiating the least-squares 
polynomial fit to the experimental range-energy data. 
The dominant feature of each curve is the rise in 
dT/dR= (2*/v*)F (v) as the velocity decreases, reaching 
a maximum between 7 and 15,4 residual range, and 
its subsequent decrease owing largely to electron pickup. 
The points of maximum ionization correspond to the 
points of inflection in the range-energy curves in Fig. 3. 

It is noted that the slopes of the range curves are not 
zero and therefore the d7/dR curves have finite values 
at zero range. The reasons for this result are as follows: 
First, we have defined zero range to be (on the average) 
the center of the last developed grain. Since the velocity 


of a particle is in general a power function of the range, 
the average velocity, and thus d7/dR, will not have an 
average value of zero at the center of the last grain. 
Second, and probably most important, as the velocity 
decreases, energy loss processes other than ionization— 
principally interactions with whole atoms—become 
dominant and give rise to energy losses that are not 
observable as developed grains. 

We have defined the effective charge carried by an 
ion at velocity 8 as that charge which produces the 
observed rate of energy loss. The effective charge, 2*, 
is obtained from the ratio 


(=),/ (a), 


where d7/dR is the rate of energy loss of the ion and 
dr/dd is the rate of energy loss of the proton. It is 
appropriate to assert here that the effective charge, 2*, 
and the rms charge, 2"™*, carried by the ion cannot be 


=2%(8), (5) 
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ric. 3. Range-energy relations for C, N, O, Ne, and A ions in 
Ilford emulsion (3.815 g/cm*). The curves through the experi- 
mental points are the least-squares polynomials fitted to the data 


lic. 4. Range extension, R.x+, attributable to the neutralization 
of the ionic charge as a function of (M/s*)A for each type of ion 
The quantity (4! /s*)A would be the range of the ion if no charge 
neutralization took place. The range of an ion is given by R(g 
= (M/2*)\(8)+ Rex 


expected to be the same at the same velocity. In all 
probability s* is greater than z™™*, owing to incomplete 
screening of the nucleus. The quantities z* and z™™* are 
equal only if the electric field experienced by an electron 
of the stopping material at a distance r is 2’e/r*. This 
is not true for the electrons that penetrate the ion 
structure 

In Fig. 7, 
divided by 
lo augment our data at lower velocities we have in- 
cluded in Fig. 8 some results compiled from published 
data.** The stopping material in the work of Allison and 
Littlejohn, Lillie, and Weyl was air, while we have 
quoted the charge carried by fission fragments in neon 
31 


* 


we have plotted the effective charge 
as a function of the reduced velocity 8/z! 


Qualitatively, the experimental points form a 


gas. 


aC. B 
ORNI 


Ridge National 


unpublished 


Fulmer Oak Laboratory Report 


2320 August, 1957 
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locus that tends to justify the choice of 8/z' as the 
the experimental 
the data are 
the 8/2! dependence, as pre- 
atomic model. 


velocity parameter to generalize 


results of 2*/z. For values of 2*/z<0.7 
entirely consistent with 
dicted by the Fermi-Thomas (F-1 


However, at higher degrees of ionization, definite dis- 
crepancies appear. For instance, at 2*/z 
values of 8/z! increase mono- 
tonically with a variation with z 
indicates that the description of z at the higher 
degrees of ionization, and where the A 
reduced velocity parameter that 
the velocity of a K electron rather 
most important. If 

z to be of type 


0.9 (see Fig. 7) 
it is observed that the 
z of the ion. Such 
electrons are 
involved, requires a 
approaches 8/2; thet 
than that of the average electron i 


1 
‘ 


we assume the functiona 
f(8/2"), the charge index, m, can be evaluated from our 
Figure 9 shows » as a function of 


to be - 


form for 


experimental data 
z*/z. The F-T statistical 
However, in the 
important 
be valid) the experimental point 


mode! predicts nN 
region where the K electrons become 
| 


and where a statistical model can no longer 


clearly indicate that 


n does not remain constant, but 
o* / 


2 


approat hes 1 as 


Fic. 5. Empirically derived universal curve relating Res:/Mz! 
to the velocity of the ion in units of the K-electron velocity. The 
fission-fragment ranges are those given by L. Vigneron [Compt 
rend. 231, 1473 (1950 


Fic 
The curves are das! 
shorter ranges thar 
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: 2 
B/2z 


Fic. 7. The fractional effective charge, z*/z, required to produce 
the observed rates of energy loss as a function of the reduced 
velocity of the ion, 8/z! 








Fic. 8. Partial compilation of published data on 2*/z at low 
velocities for various ions and materials. Included from our data 
are low velocity points for O, Ne, and A ions. Key: A Li’ (Allison 
and Littlejohn)** (in air); o B" (Lillie)?* (in air); a N™ (Weyl)* 
(in air); () Ne® (Weyl) (in air); V7 fission fragments (Fulmer) 
(in neon); * A® (this experiment); g Ne™ (this experiment); 
@ 0" (this experiment) 


\s mentioned previously, Papineau took as a basis 
the result of the F-T model and constructed a curve of 
2’/z vs 8/z' from data on the charge distributions carried 
by ions after traversing argon gas or films of organic 
material. In Fig. 10, we reproduce these data as well as 
the fitted and extrapolated curve that Papineau deduced 
from the data. For comparison we also show the curve 
representing the locus of points from Fig. 5 obtained 
from this experiment. The differences between the 
observed ion ranges and those calculated by Papineau 
for 8/z4>1.5xK10 
values of 2’/z that are systematically low relative to 


can be attributed to his use of 
our experimental (z*/z) curve. This difference leads to 
calculated ranges that are too long at the higher 
velocities. Below 8/z'=1.5X10~, the experimental 
values of 2*/z are well approximated by Papineau’s 
curve, and the calculated and measured ranges are in 
closer agreement. 
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VII. DISCUSSION OF RANGE DATA 


The range extension (R,.:) is functionally related to 
the effective charge (s*/z) by the expression™ 


or, in terms of velocity, 8, 


Z B ¢ V/aA 
ru f’[(E)a](2)o 
VU 0 s* dg 


From the measurements of the effective charge 2*/z 
and the range-velocity relation (for protons) A(8), one 
may be able to account for the observed dependence of 
R.x: upon the ion velocity in units of 2/137. Unfor- 
tunately, a large contribution to the value of these 


pl Ms 7 


n22/3 e 
+ . 


Ferm nhomas 


model ‘ ae — 2. 


. e . 
Experimental 


points 








4 
- 
z/2 
Fic. 9. Experimental values of the charge index, m, as a function 
of z*/z, where # is defined by the equation 2*/z=f(8/2") 


w @rpermmenta 


Fic. 10. Comparison of our experimental points of 2*/z with 
the curve deduced by Papineau from the experimental — 
shown, and the theoretical results obtained by Kni op and Teller 
Key: @ O"* in argon, Hubbard and Lauer™; ( Ne® in argon, 
Hubbard and Lauer™; o N™ in formvar, H. L. Reynolds and 
\. Zucker [Phys. Rev. 95, 1353 (1954)]; 7 N*™ in formvar, 
Reynolds, Wyly, and Zucker"*; A N™ in organic material, Stephens 
and Walker. The points plotted from these data are actually 
evaluated from the rms value of the charge carried by the ion 
after traversing sufficient material to produce an equilibrium 
charge-state distribution. The curve derived by Knipp and Teller 
describes the velocity distribution of the electrons in a statistical 
model of the aton 
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integrals occurs for the very low values of 8 where \ < 2u 
and, likewise, for large values of z/z* > ©. Even for 
argon, our data terminate when z/z* has a maximum 
value of only 13; and the details of the range curve for 
protons less than 1 Mev (A <14 4) are quite uncertain. 

For these reasons efforts to derive a reliable analytic 
expression for R.x. by carrying out the integration of 
Eq. (6) and Eq. (7) have not been successful, but the 
following observations can be made regarding the func- 
tional form of the dependence of R... on M, z, and 8: 

(a) it is seen that a nearly universal function of the 
range extension is Rex/Mz! when the independent 
variable is taken to be the velocity of the ion in units 
of 2/137 (as shown in Fig. 5); 

(b) the quantity R.../Mz!, however, is slightly de- 
pendent directly upon the atomic number, z, of the 
ion, and hence no truly universal function of velocity 
can exist for C,=R.x./Mz!. This z dependence, unfor- 
tunately, is not fully revealed by our data. The effect 
would be observed most readily at velocities large 
enough to enable all of the ions to reach their asymptotic 
values of C,. We should then expect to observe mono- 
tonically increasing values of C, with atomic number. 

In this experiment the maximum velocity was suf 
ficient to allow only N“ and C" to become totally 
stripped of electrons. Since N“ and C” (and lighter 
ions) are stripped at relatively low velocities, the 
velocity interval over which the electron-capturing 
process takes place is small enough to permit A(@) to 
be approximated by the relation \= K8™*. (In reference 
29, 6* was assumed.) For the light ions (2 <7), our 
results indicate that the K electron velocity (2/137) is 
the principal parameter that determinates the effective 
charge, z*/z. We have used the data compiled by 
Whaling on the differential stopping cross section of 


the light ions (s <7) in various stopping materials and 


have compared them with the stopping cross sections 


of protons at the same velocity. We have concluded, 
for these ions, that 2*/z= {(8/z). With this argument, 





Rexr (asymot) 
M 








z 


iG. 11 


number 


values of R../M as a function of atomic 
and B points are from reference 29 


(sy mptotic 
The Li 
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we may now write Eq. (6) as 


3” Rest 
<= [419/20 
Uv 


Using the relation \ « 8**, we obtain Rexw/Mz!=F(8/z) 
=C,, which is the functional form the experimental 
data exhibit in Fig. 5. 

We have shown, therefore, with quite reasonable 
approximations, that for the lighter ions the range 
extension is primarily a function of 8/2. At velocities 
greater than about twice the K-electron velocity, when 
the ions are completely stripped, C, becomes a constant 
and the R,x: is proportional to z!. Figure 11 shows the 
asymptotic value of R.x:/M as a function of z for the 
ions of z=2, 3, 5, 6, and 7. The R.x./M measurement 
by Barkas for lithium and boron” has been included to 
supplement our data. The alpha-particle measurement 
was obtained in this experiment by comparing the 








Neon 





Oxygen 





hitrogen 














Fic. 12. Photomicrographs of stopping heavy-ion tracks in 
electron-sensitive GS emulsion, The kinetic energies of the ions 
are about 10 Mev/nucleon. The particles traverse the emulsion 
from right to left 


ranges of our calibrating particles, alphas and protons, 
at the same Bp. The slope drawn through the points is 
0.72+0.08, in with the estimated 
value of the charge exponent of 3. Because it is sensitive 


close agreement 
to the range-velocity exponent, no fundamental sig- 
nificance can be attached to this value, however. 


VIII. DISCUSSION OF QUALITATIVE FEATURES 
OF THE TRACKS PRODUCED BY 
HEAVY IONS 


The « harge ol a stopping he avy ion Is often estimated 
from measurements of mean track width or integrated 
track area, as a function of residual range. The “taper 
length” is also cited as an indication of the charge of 
the ion. The practical importance of the tapering track 
necessitates an understanding of the mechanisms by 
which the ions produce this characteristic effect. The 
processes that could lead to this effect are primary and 
secondary ionization (é-ray formation) and electron 
pickup. To deduce the relative importance of these 
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processes by analysis of the tracks themselves is dif- 
ficult, and investigators of this problem have not all 
agreed in their conclusions. 

As previously mentioned, we exposed a series of 
emulsions of different sensitivities to each type of ion. 
A qualitative study of these emulsions has enabled us 
to formulate some conclusions pertaining to the funda- 
mental process involved that produces the tapering of 
heavy-ion tracks. First, we demonstrate in Fig. 12 the 
typical appearance of each type of ion track in an 
electron-sensitive emulsion (G5). Each of the ions has 
an energy of about 10 Mev/nucleon. The profiles of 
the stopping heavy ions clearly indicate that the 
tapering is dependent upon the nuclear charge, and 
that the over-all effect diminishes with decreasing 
charge. In each case, however, the tracks are devoid 
of any visual evidence of increase in the rate of ioniza- 
tion as the particle velocity decreases. We may compare 






































Fic. 13. Photomicrographs of 400-Mev argon ions in Ilford 
nuclear-track emulsion of various sensitivities 


the measured values of d7/dR as a function of residual 
range, shown in Fig. 6, with the photomicrographs of 
Fig. 12. We see there is little or no correlation between 
the track width for the ion and the actual rate of energy 
loss experienced by the particle. Whereas the track 
widths monotonically decrease with decreasing range 
(from which one might suspect that decrease of ioniza- 
tion is really due to electron pickup), the d7/dR curves 
show that the ionizations of all the ions increase with 
decreasing velocity until the last 7 to 15 microns of 
range. In this region the rates of ionization reach a 
maximum and then decrease as the ion undergoes its 
final phase of neutralization. In order to demonstrate 
the differences between emulsions of different sensi- 
tivities, the tracks of argon (in G5, C2, D1, K minus 1, 
and K minus 2) are reproduced in Fig. 13. It is not 
until the most insensitive emulsion, K minus 2, is 
reached, that the influence of the 6-ray electrons on the 


OF HEAVY IONS 


Fic. 14. Example of buckling-type distortions in tracks of 
heavily ionizing particles. The distorted (corkscrew) tracks are 
those of argon ions; the adjacent nondistorted track is a neon ion. 
These tracks were observed in uranium-loaded C2 emulsions. 
The buckling distortions have also been produced in nonloaded 
emulsions that have undergone long development times in D-19 


track profile is essentially eliminated. The primary 
ionization becomes the dominant process that deter- 
mines the visual characteristics of the track. The grain 
density along the argon track in the insensitive emulsion 
parallels the curve for measured d7/dR vs range for 
argon. 

From these data one can attribute the tapering of 
multicharged ion tracks to the 6-ray production along 
the track. The track width at a given point is pre- 
dominantly determined by the spatial distribution of 
the energetic 6 rays, and the tapering of the track 
toward lower ion velocities is due to the decreasing 
energies (and therefore the “diffusion” length from the 
core of the track) of the fastest 6 rays. It should be 
mentioned that for argon, in particular, electron pickup 
occurs throughout the entire observed range (Bmax 
= 2/137). However, the rate of neutralization of the ion 
does not dominate the velocity dependence of d7/dR 
until the last 15 microns of the track. We conclude 
that the tapering of heavy-ion tracks in electron-sensi- 
tive emulsion cannot be satisfactorily interpreted as the 
consequence of the diminution of the charge of the ion, 
but is due primarily to the copious production of 6 rays 
along the track. Our observations therefore fully confirm 
the conclusion of several recent investigations of this 
point.” 

In the course of an experiment dealing with fission 
processes induced in uranium by fast argon beams, 
Muga brought to our attention a type of track distortion 
that we had not observed before.* The tracks of argon 
in the uranyl-nitrate-loaded plates were so buckled 
that they had all the characteristics of an irregular 
“corkscrew.” The distortions are dramatically repro- 
duced in Fig. 14. In a plate furnished us by Muga, we 
have photographed a distorted argon track that is 
adjacent to a neon track that does not show evidence 
of distortion at all. Shapiro has informed us that these 
distortions have been observed earlier in studies of the 
heavy-nuclei component of the primary cosmic radia- 
tion, although they were generally considered to arise 
from emulsion shrinkage upon processing.* The par- 


=P. G. Bizzeti and M. Della Corte, Nuovo cimento 11, 317 
1959 
* Luis Muga (private communication). 


*M. M. Shapiro (private communication), and Trans. N. Y. 
Acad. Sci. 20, 697 (1958) 
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Fic. 15. Photomicrographs of argon and carbon tracks that 
enter normal to the emulsion (G5) surface. On the left, the tracks 
are photographed as they appear ‘“‘end-on” in the microscope 
using transmitted light. The argon ions (4) are denoted by the 
arrows; the carbon tracks (7) are approximately one-half the 
diameter of the argon tracks. On the right, the same group of ions 
is photographed, but with the illumination coming from light scat- 
tered by the surface 1 a pencil of light placed at grazing in 
cidence to the surface. The tracks, as ‘columns of silver,” protrude 
above the surface (Su for A, 34 for C) as evidenced by the 
shadows they cast 


a ad 


ticles in Fig. 14 entered the emulsion surface at a small 
enough dip (about 5°) so that the influence of emulsion 
shrinkage is largely eliminated. The only difference 
between the tracks that could explain the observed 
effect is the difference between the rates of energy loss 
of the argon and neon ions. If the buckling of the tracks 
is caused by phy sical development, then one should 
expect to observe the growth of these distortions simply 
by varying the time of development in a suitable 
physical-deveioping solution. Several G5 emulsions were 
exposed to all ions; the beams entered at a 5° dip angle. 
The plates were differentially developed in 10-minute 
intervals from 10 to 120 minutes in D-19 developer 
(diluted 6:1) at 22°C. The argon 
buckle after a developing time of 50 minutes. 
initial 


tracks began to 
The 
distortion to be 
concentrated in the regions of maximum ionization of 
the track. After about 90 minutes, the argon tracks 
were completely distorted to shapes similar to that in 
Fig. 14. In these development tests, we did not ob- 
serve as extreme effects as 
photograph. However, 


states of the vere observed 


the 


, 


demonstrated in 


the fact that ‘‘corkscrews’ 
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were manufactured by strong development alone indi- 
cates that the distortions are only « 


additives such as uranium to the 


nhanced by metallic 
emulsion. Actually, 
corkscrew distortions had been produced in the tracks 


of all ions by the ).| 


the 2-hour developing test was 


1 


time 
completed, althoug! CKS were only in the 
early stages of deformat 
\ possible explanati for this phenomenon of track 
buckling is that when a tion of the silver halide 
crystals has been rendered developable, the growth of 
sed by deposition of metallic 
ions from the dev: lop ng bath leave 
for all the grains to remain 


1 


the developing crystals « 
insufficient room 
ong the particle trajectory. 
Instead of individual grains bein; lisplaced, the whole 
partic le traje ctory he grains had some 
coherence. 

We conclude thi charac- 
teristic of tracks of heavily ionizing particles (dT7/dR— 
50 Bev/cm), by referring to r 15 
two different types of illumination 
carbon that enter normal 1 


Here we show, by 
, tracks of argon and 
urface of aG5 emulsion. 
The photomicrograph (a) on the left ap- 
pearance of the tracks, looking end-on at the top surface 
of the emulsion, using transmitted light 


shows the 


. On the right 
(b) is the same field of view with a pencil of light at 
grazing incidenc: emulsion 
The “rigid columns”’ of silver produced by 
and carbon ions cl 


illumir surface. 
the argon 
surface of 


», ad evidence ed 


} the 
ipove tne 


the processed emul D-19 
by the shadows they cast he large protrusions are 
argon tracks that extend about 5 uw above 
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Scattering of positrons by electrons has been investigated by bombarding a beryllium target with 200-Mev 
positrons and observing the recoil electrons in a diffusion cloud chamber located behind the target. The cloud 
chamber was in a magnetic field which permitted the yield of recoil electrons to be measured as a function 
of their energy W. The experiment covered the range 88 < W < 200 Mev. The positron beam also traversed 
the cloud chamber and the total number of incident positrons was determined by track-counting. 

The total electron yield for 88< W< 200 Mev is (113+9)% below that predicted by the first-order Bhabha 
theory. This difference cannot be interpreted until radiative corrections to the theory have been evaluated. 
A calculation of these corrections which is valid for the conditions of this experiment is not available. The 


shape of the electron energy spectrum is in good agreement with the Bhabha theory, 
pe y g 


the theory if annihilation terms are omitted. 


t. INTRODUCTION 


HABHA! has derived an expression for the scatter- 

ing of positrons from electrons assuming the 
positron and electron are Dirac particle and anti- 
particle. The expression, which was derived in the 
first Born approximation, i.e., to first order in an 
expansion in terms of the fine structure constant 
e/hc= 1/137, may be written 


do(B)=da(R){D+I+A}, 


where do(R)=2xr,?[6?(y—1) }'(de/e) is the classical 
Rutherford cross section for y— 1<K1 ; 2ar¢? = 29 (e2/mc*)? 
=0.50X10-* cm’; 8=2/c for the incident positron; 
y= (1—8*)*= E/me*; « is the fraction of the incident 
positron’s kinetic energy which is transferred to the 
electron, (W/—mc*)/(Ey—mce), where Ey and W are the 
total energies of the incident positron and recoil 
electron, respectively ; 


¥-1 l1fs7—'y 
D=1-—+4-(*—) e; 
/ 2 


ry+2 


ee 


(2) 


ee A 


Y+2y+3 
(2 —) «ale 


The D term is due to direct scattering (charge plus 
Dirac magnetic moment); the A term is due to virtual 
annihilation; and the J term is due to the interference 
between D and A. All these quantities are expressed in 
the laboratory system. 
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and inconsistent with 


To indicate the effect of the annihilation term and 
also the effect of the Dirac magnetic moment on the 
scattering, three cross sections have been plotted in Fig. 1. 
Curve I is the complete Bhabha cross section, and 
Curve II is the same theory without the annihilation 
terms J and A. Curve III is the cross section minus the 
magnetic moment and annihilation terms, i.e., the 
relativistic scattering of two distinguishable spin-zero 
Klein-Gordon particles de(R){D’}. The Klein-Gordon 
cross section do (K-G) including the annihilation terms is? 


do(K-G) = da(R){ D’+I'+A’}, 
y-1 1/7-1\? 
={—— -et-( —) é, 
, “ose 
(y—1) sy~1 7-1 
- (:- “e+e ‘ye 
v(y+1 2y Y 


y~i\' /7-1 
= (Y (2) eet 
y+1 Y 
The interpretation of these terms is analogous to that 
in the case of Bhabha scattering. It is interesting to 


note that in the extreme relativistic limit the sum of the 
terms above reduces to 


D'+I'+A'=D+I+A=(1—e+ 2), 


where 


y>1, 


so that the complete particle-antiparticle scattering in 
both theories (to first order in e/hc) is the same.® 

The cross sections above have been given in terms 
of «, the fractional transfer of kinetic energy between 
incident positron and recoil electron in the laboratory 
system. The cross sections could also be expressed as 
angular distributions, since ¢ is uniquely determined by 
the scattering angle [ «= sin*(@/2), where @ is the scatter- 
ing angle in the center-of-mass system]. The former 
functional dependence has been used for convenience; 

*M. Baker (private communication). 


* This equality is also true in the case of identical particle 
scattering in the same limit. 
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Fic. 1. The ordinate is the differential cross section for the 
scattering of a negative particle, initially at rest, which receives a 
final recoil kinetic energy of (W —mc*), where this energy has been 
expressed as a fraction of the incident kinetic energy (o—mc*) 
Curve I is the complete Bhabha cross section and also the complete 
spin-zero Klein-Gordon cross section, II is the Bhabha cross 
section without annihilation terms, and III is the spin-zero 
Klein-Gordon cross section without annihilation terms. Curves 
are for ko=200 Mev 


the range of ¢ in this experiment, 0.44< e< 1.00, corre- 
sponds to c.m. scattering angles 83°<@< 180°. 
Previous experiments on positron-electron scattering 
have utilized radioactive materials as positron sources, 
thus limiting the available positron energy to a few 
Mev. Several experiments have been performed with 
cloud chambers,*~’ and more recent experiments have 
used counter techniques.*® These experiments are 
consistent with the Bhabha cross section provided the 
annihilation terms are included. Our experiment was 
undertaken to check the Bhabha cross section at highly 
relativistic energies (y=395) and maximum transfer of 
momentum between the positron and electron. These 
conditions are of interest since effects such as radiative 
corrections, possible breakdown of quantum electro- 
dynamics, and the finite size of positrons and electrons, 
become important at large momentum transfers in the 
center of mass, i.e., large 4-momentum transfers. 
However, for positrons at a laboratory energy of 200 
Mev, the maximum 4-momentum transfer to a station- 
ary 14 Mev/c. 
has 


about For this 
Drell'” that the 
correction to the Bhabha cross section for the latter two 
effects is <}% if effects of 


breakdown of 


electron is only 


4-momentum 


transfer, shown 


between 
the 


cancellations 


proton size, electron size, and 


‘H. Zah-wei, Phys. Rev. 70, 224 (1946). 

*Q. Ritter et al., Z. Naturforsch 6a, 243 (1951) 

® G. R. Hoke, Phys. Rev. 87, 285 (1952) 

7 R. R. Roy and L. Groven, Phil. Mag. 43, 1291 (1952). 

*H. A. Howe and K. R. MacKenzie, Phys. Rev. 90, 678 (1953) 
* Ashkin, Page, and Woodward, Phys. Rev. 94, 357 (1954) 
1S. D. Drell, Ann. Phys. 4, 75 (1958) 
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invalidate limits 

obtained from electron-proton scattering experiments." 
This experiment measures only the energy spectrum 


quantum electrodynamics do not 


of recoil electrons from positron-electron scattering and 
does not measure the inelasticity 


of the scattering 
events (see process B in Fig. 5). The consistent theo- 
retical treatment of the process (A in Fig. 5) is 
possible only to first order. The difference between this 
first-order treatment second-order 
treatment, which include processes of photon 
emission, is the radiative correction 
function of the 
Rinax, Which depends on the 


elastic 
and a consistent 
must 
rhis correction is a 
maximum allowed photon energy 
resolution of the experi- 
mental equipment. This experiment was analyzed in 
such a way that no limit was placed on Rmax other than 
that resulting from over-all energy conservation, i.e. 
Rox Eo(1—e). As a result of the wide limits on 
_— calculations of the radiative correction by Red- 
head” and Polovin" do not apply here. A calculation by 
Abrikosov™ also does not apply since it assumes that 
the c.m. that of this 
experiment. At present we know of no calculation which 
can be compared with the experimental results reported 
here. The most plausible interpretation of the com- 
parison between the experimental results and _ the 
Bhabha theory is felt to be a measure of the radiative 


energy is much higher than 


correction to positron electron scatte ring in the limit of 
unrestricted Rina 


Il. EXPERIMENTAL APPARATUS 


A positron beam was produced from the high-energy 
electron beam of the Stanford Mark III linear ac- 
celerator.'® The positrons were incident on a beryllium 
target placed immediately in front of a diffusion cloud 
chamber. The chamber was located in a magnetic field 
of about 5.5 kilogauss so that recoil electrons from the 
scintillation 
counter placed behind the cloud chamber enabled the 
accelerator operator to monitor the positron beam and 
to maintain a predetermined optimum intensity. 

The positrons were produced in a copper target of 
about 3-radiation-length thickness | the 
midpoint of the accelerator 350-Mev electrons 


target could be momentum-analyzed. A 


lar c d near 


The 
from the front part of the accelerator struck the target 
producing y-rays by bremsstrahlung, which in turn 
produced the positrons in the remainder of the same 
target by the pair-productior \ schematic view 
of the 
target 


process 


accelerator showing the positron-production 


and the location of the equipment is shown in 


Fig. 2. No rf power was fed to the part of the accelerator 
£ t 


" R. Hofstadter, Revs 

2M. L. G. Redhead 
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%R. V. Polovin, J. Expt! 
(1956) (translation: Soviet Phys. JETP 4, 385 (1956) ] 

4A. A. Abrikosov, J. Expt!. Theoret. Phys. U.S.S.R. 30, 544 
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16M. Chodorow et al., Rev. Sci. Instr. 26, 134 (1955). 


Modern Phys. 28 
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Fic. 2. Plan view of 
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downstream of the production target so that positrons 
and electrons emerging from the target at small enough 
angles coasted to the entrance collimator of the magnet 
system at the end of the accelerator. The accelerator 
was pulsed once every 15 seconds. 

Figure 3 illustrates the magnets and their focusing 
properties. The scale is distorted for clarity, the actual 
dimensions of the entrance collimator being ,’; in. high 
by gin. wide. The deflecting magnet M p and the energy 
slit select positrons with a momentum spread of + 14% 
about the mean. The central momentum of this 
spectrum was determined to be (19941) Mev/c by 
floating-wire measurements. The w+ and yt content 
of the beam was negligible. 

The over-all focusing properties of the magnet system 
were adjusted to produce a line beam, } in. high and 
10 in. wide, at the cloud chamber. This beam shape was 


Fic. 3. An enlarged view of the 
section indicated in Fig. 2 by a 
dashed line. The top diagram is a 
view of the horizontal plane; the 
bottom diagram is a view of the 
vertical plane. The dimensions 
have been distorted to show the 
focusing properties of the magnetic 
lenses; Mp and Mp are n=0 
deflecting magnets, Qw and Qs are 
quadrupole magnets, and PM is a 
scintillation counter 
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appropriate to the limited height and large width of the 


_ sensitive volume of the cloud chamber. The beam was 


in vacuum to within 10 in. of the beryllium target where 
it passed through a 0.008-in. Mylar window. 

The beryllium target was (1.99+0.01) g/cm* thick. 
A spectroscopic analysis of the target material showed 
various impurities totalling 4% by weight. From these 
data the target is calculated to contain (5.33+0.03) 
< 10" electrons/cm* and to have a thickness of 0.032 
radiation length. In calculating the target thickness in 
units of radiation lengths, the effect of the atomic 
electrons in beryllium was accounted for by replacing 
Z* by Z(Z+-1.33)."® The thickness in radiation lengths 
is involved only in the calculation of backgrounds and 
is given with sufficient accuracy by this expression. 

The 18-in. X 24-in. diffusion cloud chamber"? was 
operated at atmospheric pressure with a filling of 
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‘© H. A. Bethe and J. Ashkin, in Experimental Nuclear Physics, edited by E. Segre (John Wiley and Sons, Inc., New York, 1953) 


Vol. 1, p. 263. 
‘7D. C. Hagerman and K. M. Crowe, Phys. Rev 
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Fic. 4. Observed electron spectrum (uncorrected data). 


nitrogen gas and methyl alcohol vapor. The bottom of 
the cloud chamber was held at (—40+4)°C by a two- 
stage refrigerator. Stereoscopic pictures were taken from 
above the cloud chamber on Kodak 35-mm Tri-X film, 
the light flash occurring 0.19 sec after the arrival of the 
positron beam. After the cloud-chamber pictures were 
taken, the camera was fitted with a condenser point- 
source arc-light system which reprojected the de- 
veloped images through the same lens system. By using 
the same lenses for camera and reprojector, lens distor- 
tions were cancelled to first order. The small effect of 


taking pictures through a #-in. plate-glass top of the 
chamber was compensated for by reprojecting through 
a similar piece of glass. 


The magnetic field in which the cloud chamber was 
located was homogeneous to +1.5%. The momentum 
measurements were not absolute; the curvature of the 
electron tracks was measured relative to the curvature 
of the incident positron tracks. The magnetic field 
inhomogeneity introduces no systematic errors since on 
the average the positrons and electrons see the same 
inhomogeneity. The spread in momentum measure- 
ments from this cause is included with other effects in 
Sec. IV. A, where the total spread was obtained from 
analyzing the distribution of measurements on the 
incident positron beam with the target removed. 


Ill. EXPERIMENTAL RESULTS 


The histogram in Fig. 4 shows the raw data obtained 
in the experiment. Recoil electrons were selected which 
originated from a region 6.6 in. wide in the center of 
the target. In this region the intensity of the incident 
positron beam was uniform and the beam was well 
focused vertically. In addition, the trajectories of both 
electrons and positrons from this region are far from the 
sides of the cloud chamber, resulting in optimum detec- 
tion efficiency and measurability of the tracks. To ob- 
tain the number of positron-electron scattering events, 
two corrections to the raw data were necessary: first, the 
calculated background of electrons from other processes 
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was subtracted; and second, a correction was made for 
the fact that the efficiency for detecting recoil electrons 
from scattering events was less than 100%. The 
positron beam flux incident on this selected region of 
the target was measured so that the 
absolute cross section 


data define an 


A. Positron-Initiated Backgrounds 


Figure 5 indicates some which could 
produce the electrons which were observed in the 
chamber. The processes A and B, elasti: 
positron-electron processes of 
interest ; C, D, and & are positron-initiated background 
processes, and F, G, and H are the effects of possible 
contamination of the positron beam. No attempt was 
made to resolve A and B, and the experiment measures 
the sum of these two processes. The contributions of C 
(bremsstrahlung followed by pair production) and D 
(bremsstrahlung followed by Compton scattering) were 
calculated numerically. The intermediate-screening 
formulas of Bethe Heitler used for the 
bremsstrahlung'*® and pair-production™ cross sections, 
and the Klein-Nishina used for the 
Compton scattering cross section. Two independent 


prot esses 


and inelastic 


scattering, rt the 


and were 


formula” was 
calculations of these cascade processes agreed to within 
5%. Direct pair production by a positron, process E£, 
was estimated to be 24% of C, independent of energy. 
This ratio of E/C was inferred from an experimental 
measurement by Camac.”! 

The background shown in Fig. 4 is that calculated 
for processes C, D, and £. Anticipating the discussion 
in Sec. C below, these background electrons are esti- 
mated to be detected with greater than 95% efficiency. 
This results from the fact that electrons from back- 


e*- e” SCATTERING BACKGROUNDS 

Fic. 5. Various processes which yield an electron: A and B are 
elastic and inelastic positron-electron scattering; C, D, and E are 
positron-initiated backgrounds; and F, G, and H are effects 
resulting from possible contamination of the positron beam. 


8 Reference 16, p. 260. 
” Reference 16, p. 327. 
*® Reference 16, p. 320. 
1M. Camac, Phys. Rev. 88, 745 (1952). 
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Fic. 6. Angular distri- 
bution of recoil electrons. 
The zero of these distri- 
butions is the measured 
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ground processes are produced at smaller angles than 
those from processes A and B. The maximum un- 
certainty in the background to be subtracted is esti- 
mated to be less than 10%, and the error in the final 
results from this uncertainty is negligible. 


B. Possible Positron Beam Contamination 


The following considerations place a limit of about 

© on the possible contribution of beam contamination 
(arctan F, G, and H) to the observed electron yield, 
and indicate no positive evidence of any contamination : 
First, electrons and photons originating from the elec- 
tron beam of the accelerator would have a spectrum 
of energies ranging up to 350 Mev, the energy of the 
electron beam incident on the copper positron produc- 
tion target. On the other hand, recoil electrons from the 

ryllium target that were scattered by the positron 
beam have a spectrum of energies up to only 201 Mev. 
In the entire chamber (which is two to three times the 
region used for data-taking) no negative tracks were 
seen with energies greater than 201 Mev that were 
within +15° of the beam direction. The absence of 
electrons in this energy region indicates the absence of 
contamination particularly in the region of high recoil 
energies. 

Secondly, the angle of the electron tracks after 
extrapolation back to the position of the Be target, 
relative to the direction of the incident positron beam, 
furnishes evidence of their origin. The fringing field 
of the magnet extends beyond the target, so that the 
positrons are deflected —4.5° before they strike the 
target; photon contamination will remain undeflected ; 
and electron contamination will be deflected in the 
opposite direction by +(4.5/¢) degrees. The angle of 
possible contamination relative to the positron beam 
is defined to +4$° since the contamination is expected 
to pass through the same hole in the shielding wall as 
did the positron beam. The observed angular distri- 
butions of electron tracks at the target are presented 
in the first five histograms of Fig. 6; the zero of these 
distributions is the measured direction of the incident 
positron beam. The angle at which electrons from 
processes G and H would appear (+4.5°) is marked by 
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arrows labelled “y’’; similarly, the arrows marked 
“e-” indicate the angle for electrons from process F. 
The cases which definitely look like effects of beam 
contamination can be quantitatively understood by 
considering the effect of the 0.008-in. Mylar window at 
the end of the beam vacuum pipe (outside the magnet 
fringing field) and the 10-in. of air between this window 
and the Be target. Processes A, B, and E in the Mylar 
appear as F contamination according to the angular 
criteria above ; bremsstrahlung in the Mylar is a source 
of processes G and H. Processes originating in the air 
will occur at smaller angles. Ten of these ‘“‘contamina- 
tion” electrons are calculated to be observed in the 
cloud chamber. From the data in Fig. 6 any additional 
unexplained background is estimated to be (0_¢**) elec- 
trons, or (0_9*'*)% of the observed electron yield. The 
calculated background has been subtracted from the 
data so that comparisons of experiment with theory are 
based on processes taking place only in the Be target. 

Thirdly, a similar angular analysis at the edge of the 
positron beam was performed. In this region~the in- 
tensity of incident positrons is greatly reduced, yet 
contamination, which is not expected to be focused 
by the magnet system, should be at full intensity. 
(Also, electrons from positron-initiated events in the 
Mylar cannot appear in this region.) If the effect of 
amounted to 2% of the observed 
electron yield, then the probability is only 0.23 that no 
contaminant tracks would be found, which is the case 
as shown in Fig. 6(f). 

These considerations are felt sufficient to show that 
the electron yield from possible beam contamination 
was less than 2% of the yield from positron-electron 
scattering events. 


C. Detection Efficiency 


The possibility that an electron track might be missed 
during scapning was minimized by a re-scan of 67% 
of the pictures. On the basis of one missed electron 
track by one scanner in half this group of doubly- 
scanned pictures, about 0.5 track is predicted to be 
missed in the entire electron search, which introduces 
a negligible correction. 





POIRIER, 


REGION COVERED 6Y 
“™ REPORTED OATA 


w- me? 
s ae 
E_- me? 


€ 


Fic. 7. Efficiency for observing electrons. 

A more important factor influencing the detection 
efficiency is the possibility that the electron emerges 
from the target so as to leave the sensitive volume of the 
cloud chamber before it reaches a required minimum 
distance from the target. In the cloud chamber photo- 
graphs the region of view begins 2.6 in. from the target. 
However, in order to provide sufficient track length for 
useful measurements, it was required that acceptable 
electron tracks stay within the region of the active 
volume for a minimum distance of 5.1 in. from the 
target. The probability that an electron fails to fulfill 
this requirement has been calculated. The calculation 
depends upon the height of the sensitive volume of the 
cloud chamber, the vertical distribution of the incident 
beam, multiple Coulomb scattering of the incident 
positrons and recoil electrons in the target, and the 
positron-electron scattering angle. The latter two are 
known functions of electron energy. 

The beam height distribution was measured utilizing 
the two stereoscopl views of the cloud chamber; the 
measured distribution was approximately Gaussian in 
shape with a full width at half-maximum of 0.28 in. 
The efficiency calculation is particularly sensitive to a 
parameter d, the distance of the center of the beam from 
the top of the active volume. Figure 7 shows the calcu- 
lated detection efficiency as a function of ¢ for three 
values of d. A measurement of d was obtained from addi- 
tional pictures taken during the cloud-chamber run 
while the beam was 
Helmholtz coils 20 ft 


raised and lowered by means of 
from the cloud chamber. These 
pictures were taken between groups of about 1000 data 
pictures. The average value of d obtained from an 
analysis of these pictures was (0.38+0.07) in. and the 
sensitive volume was found to be 1.1 in. high. This 
measurement of d, together with the calculation, defines 
the efficiency as a function of «. 

In addition, a direct determination of the efficiency 
for e near 0.5 was obtained by considering the number 
of electrons accompanied by a scattered positron in 
comparison with those that were not. A_ positron 
“accompanies” an electron if it is judged to come from 


the same event, i.e., if its extrapolated origin in the 
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target is within 0.5 cm of the electron’s origin and it 
energy is <(/ if 

The pesitron-electron scatterin 
may be classified into groups A, UL’, / 
in A, both et and « 
but not @; in / 
neither é 
detecting the recoil 


gy events at a given é€ 
ind N, where 
are observed; in L’*, e+ is observed 
is observed but not et; and in N, 
observed Phe 


electron is given by 


nor é€ efficiency n for 


n {+l Ut+-A 


In practice, U* is indistinguishable from the many 
positrons of energy less than 200 Mev which result from 
radiative straggling of the incident beam. There exists, 
e=0.5 that the 
recoil electrons and scattered positrons have identical 
energies and angles. At this energy | U+, so that 
n= (A+U-)/(A42l if N is negligible. It is calcu- 
lated that NV has a probability of <0.005 at «=0.5. 
This probability is small due to the coplanarity of the 
positron and electron in the 
probability of one 


however, an electron energy such 


scattering process, whi h 
parti le 


incident beam 


a high being 


leads to g 
observed if the other is not. (Since th 
is above the center of the sensitive volume, scattering 
upwards is almost alway le cause of a 
not being seen. 
be obtained from the mn 
and 
radation value 
symmetrical energy below «=0.5 to indicated 
by the middle experimental point of Fig. 7. The 
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Fic. 8. Comparison of the experimental yield of electrons with 
predicted yields: cross, Bhabha theory; circle, Bhabha theory with 
annihilation terms omitted; solid circle, Kiein-Gordon theory with 
annihilation terms omitted. The corrected experimental yield 
for each bin is indicated by an upper and a lower bar which show 
limits of plus and minus one standard deviation from the best 
experimental value. 
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define (by means of the efficiency calculation) a value 
of d with corresponding uncertainties. Combining the 
three values yields d= (0.26+0.06) in. This in turn 
was combined with the directly measured value 
of d=(0.38+0.07) in. to obtain the final result 
d= (0.31+0.06) in. The efficiency which was used to 
correct the observed electron yields was defined by the 
calculated efficiency assuming this latter value of d 
(the error limits on d define the uncertainty introduced 
by the efficiency correction). 

Estimates have been made of possible systematic 
errors in the direct d measurement or in the indirect 
measurement (from the direct efficiency determination). 
No significant effects were found, but the possibility 
of systematic errors has led to the error assignment 
+0.06 in. for d even though the usual statistical 
treatment would indicate a smaller error. 

The final experimental results for the electron yield 
from positron-electron scattering events in the Be 
target are indicated in Fig. 8 by an upper and lower 
line in each energy bin which indicate limits of plus 
and minus one standard deviation based on the statisti 
cal error combined with the uncertainty in the efficiency 
correction. Other errors are negligible in comparison 
with these. In addition to the background and detection 
efficiency corrections discussed previously, the electron 
yield in the highest-energy bin has been increased by 
10.7%. This corrects for the fact that the momentum 
limits of this bin were defined in such a manner that 
energy loss by ionization narrowed the bin width. The 
smaller effect of ionization loss for the other bins is 
discussed in the next section and is one of the corrections 
applied to theory before 
experiment. 

The total experimental yield of electrons from 
positron-electron scattering with fractional electron 
energies ¢ between 0.44 and 1.00 is 216+21. The error 
(estimated standard deviation) is composed of : counting 
statistics, +8.1%; efficiency correction uncertainty, 
(+4.7, —3.0)%; electron scanning inefficiency, (+-0.8, 
—0.0)%; possible beam contamination, (+0, —2)%; 
uncertainty in the subtracted background, +2%. 


comparison with the 


D. Total Positron Flux 


rhe total positron flux incident on the target in the 
region from which recoil electron events were analyzed 
was obtained by directly counting the positron tracks. 
Since the number of positrons per picture was kept 
approximately constant, only a small sample (about 
4%) of the pictures was track-counted, and the average 
count per picture obtained from these 415 pictures was 
then extended to the total number (10 248) of analyzed 
pictures. Care was taken that the 415 pictures were 
randomly selected from the data pictures. Uncertainties 
which result from this procedure are due to scanning 
errors and statistical errors. 

The scanning error was investigated by establishing 
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Taste I. Scanning efficiency. 
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Scanners 
B Cc 
- 7 
—2.4% —0.4% 


Systematic error 

Percent of the pictures 
analyzed 

Corrected subtotals for data 
pictures scanned twice 


85% 13% 
2290 
10 122 

552 558 





a standard “true” count for a representative sample 
of data pictures which were used as test pictures. Each 
scanner’s total per test picture was then compared with 
the standard to establish his systematic error; the 
results are shown in Table I. The standard was estab- 
lished by having several people separately scan the test 
pictures and then resolving the differences in a collective 
re-scan. Those differences which remained unresolved 
amounted to 3% of the total number of tracks, so that 
the standard is believed to be accurate to about +4%. 
A check of the systematic error assignments obtained 
from the test pictures is available from the 67% of the 
data pictures that were counted by more than one 
scanner. If each scanner’s results are corrected for his 
inefficiency as obtained from the test pictures, then the 
subtotals for data pictures scanned twice are in good 
agreement, as is seen in Table I. 

The statistical error in extending the average number 
of tracks per picture (44.5) obtained from ~4% of the 
pictures to the total number of pictures, amounts to 
1.5°%. This error was evaluated from the measured 
distribution of track counts per individual picture. 
This measured distribution was about 70% broader than 
that to be expected purely from Poisson statistics, 
presumably as a result of fluctuations in accelerator 
operating conditions. The final result for the number 
of positrons incident on the target in the region from 
which data were accepted is (4.56+40.07)XK10°. The 
quoted error is dominated by the statistical error. 


IV. COMPARISON WITH THEORY 


Ideally, the expected yield of electrons Y(AW) in an 
energy interval AW extending from W, to W; is given by 


Ws 
Y(AW) xv f da(Eo,W), (1) 
w' 


where X,, the thickness of the target in electrons/cm’, 
is (5.3340.03) K 10”; N, the total number of incident 
positrons, is (4.56+0.07) K 10°; and do is the theoretical 
differential cross section per electron for producing a 
recoil electron of energy W by the scattering of a 
positron of energy Eo. 


A. Experimental Corrections to Theory 


The yield calculated from Eq. (1) must be corrected 
before it is compared with data. The most important 
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TABLE IT. Corrections to Bhabha theory. 





Electron energy 
interval <0.9375 


> 0.8750 


<0.8750 
> 0.8125 
Uncorrected 

yield (electrons) 20.1 
Bremsstrahlung (% : —9.0 
Ionization (%) 0.3 
Momentum (%) +-0.4 
Total correction 

to theory (%) 
Corrected yield 

(electrons) 


20.8 
—6.6 
—0.5 
+0.6 


—8.9 —6.5 


18.3 19.5 


21.0 


effects are the energy degradation of incident positrons 

and recoil electrons by bremsstrahlung and ionization 
within the target, the uncertainty in determining the 
momentum of the recoil electrons, and the spread in 
energy of the incident positron beam. 

The last effect was reduced by utilizing the fact that 
the energy of the incident positrons was correlated 
with their position across the target. The events were 
analyzed in three groups, for each of which the spread 
in incident energy was +0.5%. This spread, and the 
uncertainty of +0.6% in the value of the mean energy 
of the positron beam, are of negligible importance. 

The most important correction is that for energy 
loss by bremsstrahlung. A corrected cross section 
da.(Eo,W), to be used in place of do(Eo,W) in Eq. (1), 


is given by 


do,( E,W) = f f f P(E, —> Ey’, x)d Eo! 


Xda(Ey’,W’)dxP(W’ > W, x)dW’, (2) 
where P(E y— Ey’, x)dE,’ is the probability of an 
incident energy Eo being degraded to Ey’ by brems- 
strahlung before a scattering event which takes place 
at x, the fractional distance through the target; 
da(Eo’,W’) is the theoretical scattering cross section; 
and P(W’— W,x)dW’ is the probability that the 
energy W’ of the recoiling electron will be degraded to 
W in the remainder of the target. The percentage 
difference obtained by using the corrected Bhabha 
cross section obtained from Eq. (2) in the integral of 
(1) rather than the uncorrected Bhabha cross section 
is listed in Table II in the row labelled “Bremsstrah- 
lung.” The integral in Eq. (2) was evaluated assuming 
that multiple photon emission is negligible. This is 
justified because the target is relatively thin and very 
small energy losses are not important. It was possible 
to evaluate analytically the correction (do.—de) for de 
equal to the Bhabha cross section and the probability 
of radiative straggling derived from a bremsstrahlung 
cross section proportional to dk/k, where & is the 


photon energy. This result was corrected by a calcu- 


< 0.6250 
> 0.5625 


<0.5625 


> 0.5000 


<0.5000 


>0.4375 >0.4375 


32 3 50. 256.9 
—2 —2.5 —4.9 
1 : ; 
1 


—1.6 
+1.3 


+ 


lation using the correct bremsstrahlung spectrum and 
approximating the Bhabha cross section. By this 
procedure, (do.—da) can be obtained to good accuracy. 

The cross section has been corrected for the effect 
of energy loss by ionization using a procedure similar 
to that used for the bremsstrahlung correction. A 
uniform rate of energy loss of 1.33 Mev per g/cm? 
was assumed. The correction is listed in the row labelled 
“Tonization” in Table II. (The first-order effect which 
shifts the end-point of the spectrum was applied as a 
correction to the experimental yield in the highest- 
energy bin, as mentioned earlier.) 

Momentum measurement errors were of two types, 
systematic and random. The films were projected onto 
a fixed plane, resulting in an error in the radius of 
curvature essentially proportional to the average 
vertical track displacement. This causes a random 
and a systematic error due to the fact that the positron 
beam was near the top of the active volume, and, of the 
electrons seen, more were scattered downward than 
upward. These errors, most important for low «, were 
calculated from the known angular distribution of 
scattered electrons. Other random errors in momentum 
measurement were directly evaluated by measuring the 
radius of curvature of monoenergetic incident positron 
tracks in pictures taken with the target removed. These 
errors were found to be less than or equal to +1%. The 
various momentum errors yield the corrections listed 
in Table II in the row labelled “Momentum.” 

The Bhabha theoretical yield, corrected for experi- 
mental effects, is indicated in Fig. 8 by crosses for each 
energy bin. The predicted yields for the Bhabha theory 
minus annihilation terms and the Klein-Gordon theory 
minus annihilation terms have also been indicated with 
their appropriate corrections. 


B. Comparison of Experiment with Theory 


The experimental energy spectrum has been compared 
with theoretical predictions by means of the x? test. The 
P-value which results from this test is interpreted as 
the probability that a repetition of the observations 
would show greater statistical deviations (than those 
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TABLE III. x? test for goodness of fit listing the resulting P 
values, i.e., the probability that a repetition of this experiment 
would show equal or greater statistical deviations from the 
assumed theory than those which were observed. 





Klein-Gordon 

theory minus 

annihilation 
terms 


Bhabha 
Complete theory minus 
Bhabha annihilation 
theory 


0.62 
0.50 
0.33 


<emu 
<o™ 


High experiment 
Best experiment 


Low experiment <e™ 





observed) from the theory which is assumed to govern 
the data. The analysis is complicated by the fact that 
part of the experimental error is statistical and part is 
systematic (as a result of the uncertainty in the effi- 
ciency determination). Therefore the x? test was per- 
formed for the statistically independent deviations as a 
function of the systematic deviation. The probabilities 
labelled “High Experiment” in Table III are the result 
of the x? test as applied to the experimental points 
corrected for an efficiency which is too low by one 
standard deviation (as defined by a value of the 
parameter d which is one standard deviation too low). 
Correspondingly, “Best Experiment” refers to the 
adopted efficiency, and “Low Experiment” to a value 
of the efficiency which is one standard deviation too 
high. 


The integrated yield of electrons for « between 0.44 
and 1.00 which is predicted by the Bhabha theory 
corrected for the effects listed in Table IT is (243+-5) 
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electrons; the error consists of uncertainties of +0.5% 
in the target density, +1.1% in the corrections listed 
in Table II, and +1.5% in the incident positron flux. 
This is to be compared with the experimental yield of 
(212+ 21) electrons. 


C. Discussion 


The probabilities in Table III show that the measured 
spectrum is in reasonable agreement with the Bhabha 
theory and discriminates quite well between this and 
theories which neglect annihilation and spin. 

If the difference in integrated theoretical and experi- 
mental yields is ascribed to radiative corrections, then 
this correction to the Bhabha theory is (~134+9)% 
averaged over recoil electron fractional energies in the 
range 0.44< «< 1.00, for 198-Mev incident positrons. 
The experimental analysis has been carried out in such 
a fashion that no restriction is placed on the energy of 
photons emitted in the scattering process. Nothing can 
be said of other possible effects until a calculation of 
the radiative corrections is available. 
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The recent data of Meyer-Berkhout on the elastic scattering of 420-Mev ek 


analyzed in the first Born approximation 


A detailed treatment is given of the effect 


charge distribution of the nucleus in causing a filling-up of the diffraction minimu 
coupling ground-state wave function of Visscher and Ferrell with an admixture of the I 
collective wave function, suggested by Fallieros and Ferrell, has been used in calculating the 


form factor. Instead of using the Born approximation monopole form factor, the 
curve computed by Ravenhall from phase-shift analysis has been made use of 
scattering has also been calculated and found to be extremely 


1Ling 


t monopok 


small. The « 


importance of the quadrupole charge scattering in the neighborhood of the diff 


monopole scattering. The quadrupole scattering for the intermediat« 


coupli 
oupHu 


inadequate to explain the observed data. This gives strong evidence for a collectiv 


N™ quadrupole moment through core deformation. The model of Fallieros and Ferr 
total quadrupole moment of 3.07 10~** cm? (collective enhancement = 2.01 « 10 


a fairly good fit with the data 


I. INTRODUCTION 


HE elastic scattering data of 420-Mev electrons 

on N have been obtained by Meyer-Berkhout' 
and analyzed by Meyer-Berkhout, Ford, and Green.! 
These data reveal a striking dissimilarity with the 
corresponding data for two other p-shell nuclei,? namely 
C® and O", in that the pronounced diffraction minimum 
observed in the latter cases is entirely filled up in the 
case of N™. 

A spherically symmetric nuclear charge distribution 
can give rise to only the monopole elastic s¢ attering of 
the electrons. A first order Born approximation calcu- 
lation for p-shell nucle 
predicts an exact zero in the elastic form factor at a 
value of the transfer |y~'q! given by 
[6Z/(Z—2) }}, is the scale parameter of the 
infinite oscillator well occurring in the Gaussian factor 


having such a distribution, 


momentum 
where Y 


exp(—}yr*) of the single-particle wave functions.’ This 


should be true for the even-even spin-zero nuclei, C’ 
and O"*, The exact phase-shift analysis? with the shell- 
model charge distribution for these nuclei shows that 
the simple Born approximation result is correct to a 
very good approximation; only the exact zero of the 
form factor is replaced by a& partially filled minimum, 
in agreement with the experiments. 

The case of N™ does not fit in with the above simple 


t Research supported in part by the U. S. Atomic Energy 
Commission under a contract with the University of Maryland. 
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‘ Meyer-Berkhout, Ford, and Green (to be published). In the 
rest of this paper the experimental part of this work done by the 
first author will be referred to as M and the theoretical part by 
MFG. 

2Ehrenberg, Hofstadter, Meyer-Berkhout, 
Sobottka, Phys. Rev. 113, 666 (1959). 

*In the remainder of this paper we shall use r and g to denote 
the dimensionless quantities y'r and y~4g, respectively 


Ravenhall, and 


result because this nucleus has a spin of unity and a 
finite value of the quadrupole moment. The present 


author*® applied the intermediate-coupling shell model 


p-shell 


naving a non- 


to the analysis of electron scattering by the 
nuclei. It was pointed out® that 
vanishing quadrupole moment (i. 
than one-half) produce quadrupole 
scattering which will incoherently add to the monopole 
scattering and fill up the diffraction minimum. In 
particular, from a calculation based on the intermediate- 
coupling wave function for the N“ ground state given 
by Visscher and ted 
nucleus ry favorable case wl an 
experiment might reveal th 

The 
quadrupole effect, 
from the VF tion. This wave function pro 
duces a quadrupole moment of 1.06 10-*° cm? for N", 
it is found 


at th 


to be only about one-half of that observed at the angle 


nucle} 
with spin greater 


Willi iddit onal 


Ferrell,® it was su that this 


wouk be Ll vé 


ng 


shows a marked 


| ladr ipole scattering 
tually 


experiment of M 
nuch more than one would expect 


wave fun 


and the electron scattering calculated with 


be expected to 
MFG have found that an inter- 
mediate-coupling quadrupole moment of about 1.8 
x 10-*6 
electron scattering. But as they point out, the maximum 
intermediate couplin 


where the monopole scattering would 


have its minimum 


cm? can give a nent with the observed 
adrupole moment, though of 
Ist 
considered two 
other models, namely the deformed oscillator potential 
and the deformed p-shell models, and found 
several sample combinations of the models which can 
reproduce the 420-Mev scattering data 


this magnitude, corresponds to a very unreal wave 


func tion. T hese authors have herefore : 
have 


In view of the 
phenomenological nature of their deformed models they 
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have limited themselves to the qualitative conclusion 
that a combination of the undeformed shell model and 
the deformed oscillator potential model may be the 
true picture for the N™ ground state, and that its 
quadrupole moment is probably higher than 2.0 10-** 
cm*, For the details of the calculations based on a 
shell-collective model these authors have referred to 
the present work. 

Here we have considered the predominant part of the 
ground-state wave function of N™ to be that given by 
VF. Using this shell-model wave function together with 
an admixture of a state that is obtained by coupling 
the (1p)~* ground state with the spheroidal excited 
state of the O'* core, Fallieros and Ferrell’ have found 
an enhancement of the N“ quadrupole moment from 
the intermediate coupling value of 1.06 10-** cm* to a 
value of 3.07X10-** cm?. The purpose of the present 
work is to see if the electron scattering data near the 
diffraction minimum can be accounted for in terms of 
the additional quadrupole effects of this spheroidal 
admixture to the intermediate-coupling shell-model 
wave function. 

In Sec. II we have given the formula for the differ- 
ential cross section in terms of the monopole and 
quadrupole form factors and have related these latter 
quantities to the monopole and quadrupole parts of the 
nuclear charge distribution. Section III contains 
explicit expressions for the charge density distributions 
and the resultant form factors. The numerical results 
are compared with the experimental data in Sec. IV. 
To avoid the error in the Born approximation result 
for the monopole scattering near the diffraction mini- 
mum, we have used the monopole scattering curve 
computed by Ravenhall* from exact phase-shift analy- 
sis. The small correction due to the spin-flip type 
magnetic scattering has also been added. Section V is 
a summary of the work. The paper contains an Appen- 
dix giving some of the details in the evaluation of the 
spin-flip scattering. 


Il. GENERAL THEORY 


Following Schiff,? we define the charge density p(r) 
as the expectation value of >>, $[1+73(i) ]é(r—r,) in 
the nuclear ground state W for the magnetic substate 
M=J, ic., 


e(r)= Ws" (D447) r—1) |r"). 


The isotopic spin projection factor 4[1+-73(i) ] has the 
effect of restricting the above summation over all 
nucleons to that over the protons alone. Expanding 
6(r—r,) as! 


’S. Fallieros and R. A. Ferrell (to be published); 
will be referred to as FF subsequently 

*D. G. Ravenhall, see reference 1. 

* L. I. Schiff, Phys. Rev. 96, 765 (1954) 

” The spherical harmonics Y,,'(6,@) used in the present work 
are the same as used by E. U. Condon and G. H. Shortley, Theory 
of Atomic Spectra (The McMillan Company, New York, 1935 
p. 50. 
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1 
6(r—1,)=—8(r—1,) DS Vn!* (01,01) ¥mu'(8,¢), (2) 


T; im 


one obtains 


p(r)=polr)+po(r) Ve (6)+---, (3) 


where the monopole and quadrupole radial densities, 
po(r) and p2(r), are given by 


1 
po(r) = (49) Kwid 4[1+-13(i) } J(r—1) v’), 
é r; 


(4a) 


1 
po(r) -(¥,! > §[1+73(t) +b(r—7,) VP (4) 
i ‘e 


(4b) 


It may be pointed out that for a p-shell nucleus 
having a configuration (1s)*(1p)" Eq. (3) for p(r) 
terminates with the quadrupole term. In the case of 
N* this is true, even when an admixture of higher 
configurations are considered, because the angular 
momentum J is equal to unity. 

The mean square radius (r*) and the quadrupole 
moment Q are related to the monopole and quadrupole 
radial respectively, by the following inte- 
grals: 


densities, 


a 


¥Y f po(r)r'dr, 
l6r a 
( =) ff osterear 
0 


In the same way the form factor for electron scat- 
tering can be expressed in terms of radial integrals over 
po(r) and po(r). The matrix element Fyy-y of the form 
factor is defined to be 


Fuem=Z : Vy ld, + 1 + r3(i) | exp(iq-t,) |W’), (6) 


(Sa) 


(U=%4 


ys (5b) 


which can be written as 


Fyuey=Z far g°ts 


Xa? |S 41+ 73(i) 6e—2,) |W). (7) 


If the quantization axis is chosen along the recoil 
momentum q then the matrix element is nonvanishing 
only for M=M’. Expanding e'** in terms of spherical 
harmonics," 

eftt = 5), i 4 (21+-1) }j:(gr) Vol (8), (8) 
and using Eqs. (2) and (4), one obtains 
Puu=Fot+Fumu™, (9) 
"! See, for example, J. M. Blatt and V. F. Weisskopf, Theoretical 


Nuclear Physics (John Wiley and Sons, Inc., New York, 1952), 
p 785 
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where 
2 


Fo=4nZ f jo(qr)po(r)r*dr, 


0 


(10a) 


» 


F yu = — (20r)*Z f rdr j2(qr) 


r3(i) 6(r—r,) Ver 


a 
e& ' 


v / sta 23 4 
KV ay »* 
' 


(J2M0|J2JM) 
(20r)§Z—" wan 
(J2J0| J2IJ) 


x f j2(qr)p2(r)r'dr. (10b) 


( 


In Eq. (10b) (jijemyme| jijajm) is a Clebsch-Gordan 
coefficient. In expressing the M dependence of the 
matrix element through the Clebsch-Gordan coefficient 
use has been made of the Wigner-Eckart theorem.” 
The ratio of the two Clebsch-Gordan coefficients has 
the following simple expression : 


(J2M0|J2JM) 3M?—J(J+1) 
— (11) 
(J2J0| J2IS) (2J—1)J 


The differential cross section for electron scattering 


is given by 
da da 
(2) ur 
dQ dQ wrote 


where (do/dQ)mote is the usual Mott scattering by a 
point nucleus and the quantity |F|* is the average of 
| Fw |? over nuclear orientation: 


(12) 


“IP 2 
pb | F ua | 
M 


>| Fot Fun |’. (13) 


M 


The interference between the monopole and _ the 


quadrupole terms vanishes, leaving 


F \?= | Fo|*+ | F2}?, 


(14) 


where Fo is given by (10a) and F¢ is given by 


F.= (4r)§Z-4J2J0| J2I J f jo(gqr)po(r)r'dr. (15) 


The quadrupole form factor F; can be formally 

2 E. U. Condon and G. H. Shortley, reference 10, p. 73. 

3 See, for instance, M. E. Rose, Elementary Theory of Angular 
Momentum (John Wiley and Sons, Inc., New York, 1957), p. 85 

“4 R. Hofstadter, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, 1957), Vol. 7, p. 231. 
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related to the quadrupole moment Q by 


4 


. r .V _-~ 
FP, =Z-1 . J2JI0 J2I J Og F(q), 


40 


(16) 


where ¥(q) has the following expression: 


. " a gr / . 
7 5 ; j f 
I q 1 p yir’dr / p 
« or / . 


The function 


r)r'dr. 17 


5(g) has a behavior very similar to that 
of the monopole form factor. It equals unity for g—> 0 
and approaches zero asymptotically in the limit g—> @. 
The g dependence of the quadrupole form factor has 
thus been reduced to the determination of the function 
(gq), which depends upon the details of the 
distribution po(r). 

In the next section we shall obtain explicit expressions 
and Fs. The latter 


n terms of Q and §. 


adial 


for po and p2, and consequently for / 
will be most conveniently specified 


III. CHARGE DENSITIES AND FORM FACTORS 


The monopole charge density po(r), given by Eq. 


(4a), can at once be written for a nucleus having a 
shell-model wave function as follow 
fr ) >> R F ie 


— p 


po(r) 


(18) 


where R is the radial wave function of a proton and the 
summation runs over all the proton states. Using infinite 
well harmonic oscillator wave functions, one finds for a 
1p-shell nucleus of charge Z the following well-known 
result : 


(19) 


The monopole form factor, cal: 
from Eq. (10a) is given by 


Z-—2 
6Z 


As mentioned in the introduction tl 

a zero corresponding to g (6Z/(Z—2 
In the absence of configuration mix 

shells the quadrupole radial 

Eq. (4b), of a 1p-shell nucleus will obviously arise only 

from the 1p-shell protons, and hence will be 

tional to R,,?(r). We, therefore, writ 


with this po(r) 


ing from higher 


density pe(r), given by 
propor- 


po" (r)= KR,,*(r), (21) 
where the constant K is determined by the details of 
the angular momentum coupling within the 19 shell. 
The label s on p2 (and on other subsequent quantities) 
stands for the intermediate-coupling shell model. 

The N* | state | treated 


ground state has with the 
intermediate-coupling shell model by VF 
Eq. 


(on 


bee n 
can 


tb) that 


verify by using their wave function in 
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the constant K has the following expression : 
2 
K= (20n)-1( 7/2000" ICr+—CuCo), (22) 
V5 


For an explanation of the symbols Cs, Cp, Cp, and the 
numerical values of these quantities the reader is 
referred to their work. 

It is evident from Eq. (17) that this constant does 
not enter into the expression for §,(¢), which is given by 


2(qr) » 
“bir / f Ri (r)r'dr 
er 


=exp(—¢@/4). 


° 7 
$,(q)= 15 f Riso? 
0 


With the help of Eqs. (20), (23), and (16) one obtains 
from Eq. (14) the following expression for the squared 
form factor: 


(23) 


1 
+—2-1F2J0) J210)0244| exp(—g*/2). (24) 
180 


For N™ the ground-state spin J is equal to unity, 
(J2J0|J2JJ)=(10)-*, and QOs=1.06K10-* cm?*, as 
calculated by VF. 

We next consider the collective admixture d(#?,V')s/ 
of FF into the intermediate-coupling ground-state wave 
function of N™. d is the admixture coefficient; V' is the 
intermediate-coupling ground-state wave function of 
the two 1p holes in N“; and @ is the spheroidal excited 
state of the O'* core defined below. (#?,W'),/ denotes a 
state of resultant angular momentum 1 and projection 
M, formed by the angular momentum coupling of # 
with ¥'. 

The spheroidal state with projection zero, go’, has 
been defined by Ferrell and Visscher.’* For the sake of 
convenience in later discussions we repeat the definition 
here. Consider the following transformation: 


vi (a) = yse*!?, (25) 


on the coordinates of the individual nucleons in the 
ground-state wave function, $,°, and denote the trans- 
formed wave function by ®(a), a being a parameter. 
The state $¢ is defined by 


d®(a) 
f= N— 


a= 


x;(a) = x,e*”, 2,;(a)=2,e~2, 


=4N ¥(322—1r?2)bP, (26) 
é 


where the normalization constant N is easily found to be 
N= (18)-4. (27) 

We shall calculate the enhancement of the charge 
distribution due to this collective admixture up to 
16 R. A. Ferrell and W. M. Visscher, Phys. Rev. 102, 450 (1956) 
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terms linear in the admixture coefficient d. The term 
proportional to d* gives rise to an additional monopole 
contribution, which will be neglected. The term linear 
in d causes an enhancement of the quadrupole charge 
distribution given by 


1 
* po*(r) = i ow y|5 aL1+73(4) }— 
i T; 


K5( in r;) Y7(0,) | @e0,". (28) 


Here (and subsequently) the label ¢ denotes “collec- 


tive.” The total quadrupole radial density is, therefore, 
= pr" (r)+-p2°(r). (29) 


pel) 


The contribution to the quadrupole charge distri- 
bution from the core is given by 


1 
ps’(r) ¥e2(6) = 2d(2101 | 2111 (a  H1+n() 
i r? 


x 8(r—r) Ve (0) Ve) w) 
2d 
=e |E HL +s) Be—1) 84%. (30) 
) i 
Using (26) one obtains 


d 
(b(a)| 2 §(1+7,(8)] 


2d N 
p2*(r) Y<(0) a a + 
(10)* 2 da 


X5(r—1,)|P(a))| ano. (31) 


In evaluating the matrix element we make a change 
in the variables of integration from r; to r,’ defined by 
the transformation of Eq. (25): 

r/=r,(a), (32) 


and obtain 


a 


N d 
' pa®(r) ¥e(0) =—— —€ 0° |— 3° 4[1+-7,(4)] 


(10)# 2 da i 


6(r—r1,/(—a)) ve) 
a= 


~ o> 414 (i) 
~— (10)8 2N Ider r(0)] 


X4(r(a)—r/) oD) 


a= 


2d Nd 
=————po(r(a))} 
(10)* 2 da 


a-0 
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SHELL 
~ COLLECTIVE 
Fic. 1. Quadrupole radial 

density plotted against -’r. 
The ordinate is in units of 
y'/x. The dashed curve 
labeled “shell” corresponds 
to the intermediate-cou 
ling wave function of 
Vise her and Ferrell. The 
solid curve labeled ‘‘collec- 
tive” includes the collective 
enhancement as well 





where po(r(a)) is obtained from po(r) by making the 
transformation (25). Carrying out the differentiation 
implied in Eq. (33) and using the value of NV given by 
(27), we obtain 
4 , ; 
d(2r4—r*) exp(—?’). (34) 
154 
the 


The collective enhancement of 


moment, Q,, is therefore, given by 


; x 
y f po*(r)rtdr 


0 


quadrupole 


167 
(35) 


Equating this to the value of Q,=2.01K10~** cm? 
obtained by FF and using y'=1.68X10-" cm, we 
obtain 


(36) 


d=0.26. 


The above choice of the oscillator well parameter ¥ 
will be discussed in the next section. 


Using (29) in (17), we obtain 


where Q is the net quadrupole moment (=Q,+(Q,) and 
¥.(q) is obtained from (17) by putting p2*(r) instead of 
p2(r). Note that &.(q) does not depend on the value of 
the admixture coefficient. The dependence of $(q) on 
this coefficient is contained in the value of Q.. 

A straightforward evaluation of the radial integrals 
in (17) with pe*(r) given by (34) yields the following 
result for ¥.(q): 


F.(q i79g°) exp(—q’/4). (38) 


Equations (23), (37), and (38) complete the derivation 


of the quadrupole form factor F»2. 
IV. COMPARISON WITH EXPERIMENT 


In this section the numerical results for the differ- 
ential cross section obtained from the formulas of the 
previous two sections will be compared with experi- 
mental data of M. 

Figure 1 shows plots of the quadrupole radial density 
p2(r). The dashed curve labeled “shell” corresponds to 
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the intermediate-coupling expression 
solid curve labeled ‘‘collective”’ 
enhancement [ Eq. (34) ] as well. 

In Fig. 2 the calculated differential cross sections are 
compared with the experimental data. Note that the 
abscissa is the transfer, the 
usual angle of scattering. The experimental points are 
shown with their errors 

The lowest curve labeled “monopole” 


(Eq. (21)]. The 
includes the collective 


momentum instead of 


is the differ- 
ential cross-section curve calculated with the monopole 
form factor alone. It also includes the spin-flip type 
magnetic scattering,’® which contributes an extremely 
small fraction of the total scattering. Instead of using 
our Born approximation Eq. (20) to calculate the 
ive made use of the results of 
exact phase-shift analysis of Ravenhall.* This accounts 
for the replacement of the exact zero of the Born 
approximation by the partially filled-up minimum. 


monopole scattering we h 


We have determined the oscillator well parameter 


by equating the momentum transfer corresponding to 


the zero of the Born approximation monopole scattering 
[Eq. (20)] to the momentum transfer corresponding 
to the middle of the flat plateau region of the experi- 
mental points. Obviously the choice of the middle point 
for this purpose is arbitrary and the value of y~!=1.68 
X10-" cm determined in this way is liable to some 
uncertainty. However, this choice has been tested by 
calculating the monopole form factor from our Eq. (20) 
with this y and verifying that this reproduces the 
observed differential scattering cross sections for small 
momentum transfers. Since the Born approximation 
overestimates the nuclear radius it 
that Ravenhall’s calculations 
slightly smaller value, namely 7 1.625 10-" cm. 
This value of the oscillator well parameter is in agree- 
ment with that determined” from the Coulomb energy 
difference of the neighboring mirror nuclei N“—O", 
We have included the the 


understandable 


exact determined a 


magnetic scattering in 


2. Differential cross 

do/d2 (in cm?/ 

rad) versus the momen- 
transfer (74g). The 
ywest curve labeled ‘‘mono- 
pole” has been drawn after 
adding the magnetic scat- 
tering [Eq. (A11)] to the 
mohopole curve computed 
by Ravenhall* from phase- 
shift analysis. The central 
curve | “shell” in 


MONOPOLE 


SHELL 
COLLECTIVE 


6 
- 


labeled 
cludes the quadrupole scat 
tering due to the intermedi- 
ate-coupling wave function 
of Visscher and Ferrell.* 
The solid curve labeled 
collective” contains the 
additional quadrupole scat- 
tering due to collective 
enhancement of the quadru- 
pole charge distribution. 
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16 For some details of t alculation of this see the 
Appendix 
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“monopole” curve in order to emphasize the effect of 
the quadrupole scattering. The large discrepancy of 
the experimental data with the “monopole”’ curve in 
this region of momentum transfer has to be understood 
in terms of the quadrupole scattering. 

To this end we have plotted the remaining two curves 
in Fig. 2. The central curve labeled ‘‘shell” contains, 
over and above the monopole and magnetic scattering, 
the quadrupole scattering calculated with the inter- 
mediate-coupling wave function of VF [Eq. (24) }. It 
is found that in the region of the minimum this curve 
predicts a scattering which is only about one-half of 
the observed scattering. This clearly demonstrates the 
existence of an additional quadrupole moment of N™ 
in addition to the usual shell-model quadrupole moment. 

The curve labeled “collective” in Fig. 2 includes the 
effect of the collective enhancement of the quadrupole 
form factor. This curve agrees fairly well with the 
experimental data except for a small region on the high 
momentum transfer side where it still underestimates 
the scattering by a few percent. In view of the fact 
that the Born approximation has been applied in 
calculating the quadrupole scattering and also that the 
term of the order of d? has been neglected, we did not 
try to improve the fit further by altering the value of 
QO. given by FF. 


Vv. SUMMARY AND CONCLUSIONS 


The electron elastic scattering data for N“ give 
definite evidence of quadrupole charge scattering. With 
the intermediate-coupling ground-state wave function 
of VF, one predicts a differential cross section which is 
still about one-half of the observed value near the 


diffraction minimum. By choosing the coefficients 
(Cs, Cp, Cp) of the S, P, D states in the intermediate 
coupling wave function so that the maximum value of 
the quadrupole moment (~1.80X10-** cm?) is pro 
duced, it is possible to secure agreement with the 
observed electron scattering. But this would be in 
complete disagreement with the cancellation of the 
C4—N"™ §8-decay matrix element, which was the 
requirement satisfied by VF in choosing their wave 
function. The electron scattering data, therefore, 
definitely indicate a core deformation of N™ as the 
source of its additional quadrupole moment. 

We have, therefore, used the spheroidal core defor- 
mation of FF and found that the collective enhance 
ment Q, of the quadrupole moment of N™ by 2.01 
 10-** cm? found by these workers is in very good agree- 
ment with the observed electron scattering data. At 
the present state of the experimental data slightly 
different combinations of the intermediate-coupling 
quadrupole moment Q, and the collective enhancement 
Q. can be chosen and still one can obtain a good fit 
with the data. However, since one believes in the VF 
intermediate-coupling wave function on the ground of 
the cancellation of the C*—N"™ 8-decay matrix element, 
we can assume that the value of 0,=1.0610-"* cm 
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used in the present work is fairly reliable. Restricting 
ourselves to this value of Q,, our conclusion in the 
present paper is that the 420-Mev electron elastic 
scattering data of M require a collective enhancement, 
Q.=2X10-** cm’, of the quadrupole moment of N™ 
through core deformation, 

We would like to point out an approximation made 
in writing the collective enhancement of the quadrupole 
charge distribution and the related quantities in Sec. 
III. The expressions given there correspond to the 
contribution to these quantities by the core, had there 
been no effect of the Pauli exclusion principle between 
the (1p) holes in the intermediate ccupling state ¥' 
ard the (1p) hole present in the spheroidal state #. 
Such effects would cause some correction to the expres- 
sions given in Sec. III. One would expect, however, the 
correction to be small and of the order of 1/Z since this 
is caused by the effect of one proton lacking from the 
closed shell. This correction was explicitly calculated 
using the creation and annihilation operators to write 
the states and then applying the standard algebra of 
such operators. The correction found in this way was 
actually small and has, therefore, been omitted in the 
paper for the sake of simpli ity and clarity of presen- 
tation. 

In conclusion we remark that the quadrupole moment 
of N“ estimated from the quadrupole resonance experi- 
ments" is much smaller than the estimate made here 
from the electron scattering data. It would, therefore, 
be desirable to re-examine the uncertainties involved 
in the calculation of the molecular field, on which the 
value of the quadrupole moment found in the resonance 


experiment depends. 
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APPENDIX 


In this Appendix we give some details about the 
calculation of the spin-flip type magnetic scattering. 
Though the results have been found to be extremely 
small we prefer to include them here in view of the 
considerable interest in the magnitude of the spin-flip 
type scattering among the workers in this field. (See, 
e.g., MFG.) 


1" T. P. Das and E. L. Hahn, Nuclear Quadrupole Resonance 
Academic Press, Inc., New York, 1958), p. 153. 
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The spin-flip type scattering gives rise to an addi- 
tional form factor, whose square adds up incoherently 
to that for charge scattering. This is given by® 
| Fy |?= Z-4(2J+1)-} cos (6/2) 

[1+sin’(0/2)JJam|2, (At) 
where 
jom|?= > |(JM’|S,|JM)|?, 


MM’ 


(A2) 


and 


ih 
-{4[1 + r3(i) | exp(iq-r,) 9 (2) 


% =— 
2Mc 


+ (3 1-+73(i) up +31 —7a(i) Jun) 


< (qXe,) exp(iq-r,)}. (A3) 


Here uw, and yw, are the magnetic moments of neutron 
and proton, respectively, in units of the nuclear 
magneton and @ is the spin operator for the nucleon. 
The summation index yu takes the values +1, and by 
the +1 components of the vector operator Y we mean 


1 

S41 (Y+79,). \4) 

v2 

In evaluating the above matrix element the z axis 
should be chosen in the direction of q. 

For the intermediate-coupling wave function we 

obtain the following expression for the matrix element: 


(1M’| %41|1M) 


1 
Mc*)(11M, +1/111M’)—€ sin(6/2), 
v2 


F(R (A5) 


where 


1 
CsCp 
6/5 


(A6) 


exp(—q°/4). 
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We will next calculate the collective enhancement to 
this matrix element. This is given by 
2d(21yM | 211M’\@,?|¥,| bo"), (A7) 
where the state ,? is obtained by generalizing the 
second form for $7 in Eq. (26) of the text as follows: 


?,? , VORP, 
where Q? is the mass quadrupole operator >> ;(3z,—r/), 
and hence 
},2=4NO0,,’. (A8) 
When the z axis is chosen in the direction of q, one 
obtains 


(qXo).1=ti9e41, (A9) 
which, operating on the single-particle states, should 
change the spin part of them. According to Eq. (A8) 
the single-particle states in ®,? differ from those in &¢° 
only in their spatial parts and therefore, that part of 
%,, which contains the magnetic moments, will not 
contribute to the matrix element (A7). Evaluating this 
matrix element with the rest of the operator {¥,, we 
obtain 


E\ 1 
—(21yM | 211M’ ( : ) 
Me 


X sin (0/2) (12+ (A10) 


exp(—q’/4). 
Using (A5) and (A10) in (A2) and the resultant 
expression in (A1) we arrive at the following expression : 
F,,|2= | F,n*|?+ | F,,°|?, (All 

where 
(A {2) 
Fin° (A13) 

and 


f{@=Z7(E/Me 


2) sin?(6/2) 
<[1+sin?(6/2) }. 


9/0 
“cos “(0 


(A14) 
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Changes in the Differential Rigidity Spectrum of Primary Cosmic Rays Associated with 
Long-Term and Short-Term Intensity Variations 


J. R. Storey* 
Physics Department, University of Tasmania, Hobart, Tasmania 
(Received August 3, 1959) 


During June and July, 1958, the cosmic-ray nucleonic component was surveyed along the geographic 
longitude 147.5°E between geographic latitudes 10°S and 44°S (A=19°S and 53°S) at atmospheric depth 
475 g cm™ with a neutron monitor mounted in an aircraft. This route is substantially the same as one 
covered during similar surveys in July and August, 1957. The data have been analyzed to yield long-term 
and short-term changes in the differential rigidity spectrum j(N), for N in the range 2.0 to 9.0 Bv. A power 
law, 4j(N) « N~*j(N), with 8=1.3, fits the observations for the long-term change between July, 1957 
and July, 1958. For a single short-term variation in 1958 the value 8 = 1.2 was obtained, with evidence that 
8 decreases at higher rigidities (V>7.0 Bv). A 1.5° northward shift of the south latitude knee between the 
two series of flights is reported. Finally, high-latitude intensity variations of the nucleonic component at 
475 g cm™ are compared with variations observed with a neutron monitor at Hobart (A =52°, 950 g cm™*). 
A 1.0% change in intensity at Hobart is equivalent to a 1.8+0.3% change at 475 g cm™, independently 


of the time scale of the variations. 





1. INTRODUCTION 


HERE is evidence that spectrum changes in the 

primary cosmic rays associated with long-term 
intensity variations differ markedly from the spectrum 
changes during short-term variations such as the 
Forbush decrease and 27-day variations. From neutron 
data recorded at Mawson (A= 73°S), Hobart (A= 52°S), 
and Lae (A=16°S), McCracken! found that the long- 
term variation in counting rate at high latitudes was 
4.0 times greater than at low latitudes. For short-term 
variations the ratio was 2.5. These ratios are interpreted 
as indicating that long-term variations are more strongly 
dependent on rigidity than short-term variations. 
Comparison of meson telescope data and neutron data 
from Hobart supports the conclusion. A_ similar 
comparison of meson and neutron data for northern 
hemisphere stations by Fenton ef al.? provided similar 
results. From a more extensive analysis, McCracken® 
has suggested that the spectrum change takes the form 
Aj(N)«N*j(N) with N=p/Z the particle rigidity, 
j(N) the differential rigidity spectrum, and Aj() 
the change in spectrum associated with the event 
considered. In this formula 6=0.9 for short-term events 
and 8=1.3 for long-term intensity variations. 

Surveys of the nucleonic component at 310 g cm™ 
atmospheric depth by Meyer and Simpson‘ during 
the years 1948, 1951, 1954, and 1956 revealed a marked 
“softening” in the primary spectrum in 1951 and 1954 
compared with 1948 and 1956. The softening is corre- 
lated with increased total intensity in these years 
reaching a peak in 1954, the year of minimum solar 
activity. Representing the rigidity spectrum by the 
power law j(N)=CN~, Meyer and Simpson found 


* Now at AERE, Harwell, Didcot, Berkshire, England 
1K. G. McCracken, Phys. Rev. 113, 343 (1959). 

? Fenton, Fenton, and Rose, Can. J. Phys. 36, 824 (1958 
*K. G. McCracken (to be published). 

*P. Meyer and J. A. Simpson, Phys. Rev. 99, 1517 (1955). 
* P. Meyer and J. A. Simpson, Phys. Rev. 106, 568 (1957). 


y=2.7 in 1951 and 1954, and y=2.5 in 1956 assuming 
that y had the value 2.0 in 1948. By contrast, in a 
similar series of surveys made during a period of frequent 
cosmic-ray disturbances, Simpson® finds the intensity 
variations, 5R/R, independent of latitude between 
A=45° and \=60°, indicating that the mechanism 
responsiboe does not depend on rigidity below 7.5 Bv. 

From a study of a single Forbush event, also with an 
airborne neutron monitor, Storey’ found 6R/R to be 
independent of latitude between \= 14°S and \= 44°S, 
(geomagnetic cutoffs 13.2 Bv and 7.5 Bv). 

In the present paper the study of spectrum changes 
associated with short-term and long-term intensity 
variations is extended by comparing a series of surveys 
made with an airborne neutron monitor in June and 
July, 1958 between \= 19°S and A=53°S, with surveys 
made over a similar route in July and August, 1957. 

The 1957 series contained a single Forbush decrease 
and a study of this has been published.’ A small 
intensity change between two flights in the 1958 
series is analyzed to yield a spectrum change for short- 
term events. Between the 1957 and 1958 series the 
general level of cosmic-ray intensity dropped, and the 
spectrum change responsible is obtained by comparing 
data from a flight made during a quiet period in 1957 
with data obtained during a similar quiet period in 
1958. 

The instrument used in the 1958 surveys was the 
two-counter neutron monitor used in 1957 and has 
already been described.* It was dismantled in the 
intervening period and installed in a different aircraft 
for the 1958 surveys. The aircraft was, however, of 
the same type, a Lincoln bomber, and the monitor 
was similarly placed. Although of the same nominal 
smal! modifications made and the 


geometry were 


A. Simpson, Phys. Rev. 94, 426 (1954). 
R. Storey, Phys. Rev. 113, 302 (1959). 
R. Storey, Phys. Rev. 113, 297 (1959). 
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problem of normalizing the 1958 data to the 1957 
discussed in a separate section. 


2. METHOD OF ANALYSIS 


The counting rate, R(x,V,), of a neutron monitor at 
atmospheric depth x, at a point where the geomagnetic 
cutoff rigidity is .V, is given by 


Rix.N rf Sz v,V)iz(N)dN, 
Z v, 


where Sz(x,\) is the specific yield function at atmos- 
for primaries with charge Ze and 
rigidity J, jz(N) is the differential rigidity 
spectrum. the total differential rigidity 
spectrum by /(.V), we get 


pheric depth x 
and 
Denoting 


x 


R(x,\ | > Sz(x,N fz \ ) \ dN, 
Z 


‘<¢ 


where fz(.V) is the fraction of primary particles at 
rigidity V with charge Ze. If now it is assumed that the 
mechanisms responsible for intensity changes depend 
only on particle rigidity so that fz(.V) is independent 
of time with respect to Z, we can write 


S(x,NV) dz fa(N )Sz(x,\ ), 


as the average specific yield function, and then 


R(x, f S(x,N) (NAN. 


Time has not been included as an independent variable. 
When necessary, time will be indicated by a subscript 
to the function. 

From a latitude survey made at time /; the function 
Ri(x,N,.) is obtained. Here again the location of the 
monitor is specified by the local cutoff rigidity .\,. 
A similar survey at time /2 provides R2(x,N,). Let 
ji(N) and jo(.V) be the differential rigidity spectra at 
t, and fg, respectively. 

Then 
Ri det’ ORi(x,N.) 
and 


Ro det’ =9R2(x.N, 


Therefors 
R,'— Ry’ 


Ry’ 


Aj(N)/j(N)=AR’/R’. 


In principle this equation can be used to find 4j(.V) 
j(N) for N in the range from equatorial cutoff to the 
low-rigidity primary cutoff or atmospheric absorption 
limit, whichever is greater. Unfortunately R’ becomes 
small near the latitude knee and at low geomagnetic 
latitudes, and AR’/R’ becomes too uncertain to be of 
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much value. The method is therefore limited to rigidities 
which cut off along the steep portion of the intensity vs 
latitude plot 


3. NORMALIZATION OF THE 1958 DATA 


As mentioned in the previous section, the reassembly 
of the monitor in a different aircraft for the 1958 flights 
the sensitivity and the problem 
of normalizing the 1958 data will 

Intensity variations are smaller and less dependent 

latitudes. It was 
therefore decided to normalization at Port 
Moresby, the low-latitude limit of the 1958 flights, by 
comparing the change in aircraft monitor rate between 
1957 and 1958 with the value estimated from ground 
observations. Port Moresby (A=19°S, geographic 
latitude = 10°S, longitude = 147°E) is close to a sea-level 
monitor operating at Lae (A= 16°S, geographic latitude 
roe 147°E) variations 
observed at Lae were considered to apply at sea level 
Port Moresby 

Dorman’ has shown that the change in counting rate 
of a represented by the following 
integral: 


could have changed 
now be considered. 


on altitude at low geomagnetk 


atte mpt 


longitude and intensity 


monitor ci be 


AR « Aj 
f W (x,N,,A dN, 
R i(N) 


‘ec 


r,.\ \ ; called 


Dorman, is defined by 


where VW “coupling constant” by 


W (x,N.,A S(x,N V)/R(x,N,). 


Knowledge of the spectrum change and the coupling 
constant applicable to the particular instrument and 
locality enables the change in counting rate to be 
estimated. 

Up to the rigidity of equatorial cutoff W(x,N.,N) 
can be determined from latitude surveys. For higher 
rigidities one must extrapolate, e.g., by the method 
proposed by Dorman. Of interest here are the coupling 
coefficients, provided by Dorman in graphical form, 
applicable to a neutron monitor at sea level, mountain 
altitudes (x=680 g cm™*) and 10 km altitude (x=310 
g cm~*), and for the latitudes \=0° and 
A= 30°. 


geom ignetic 


TABLE | 
calculated for a primary spect 


The change in counting rate for a neutron monitor 
um change Aj(N)=KN*j(N) 
with 8=1.3, using Dorman’s coupling coefficients 


4R/R(310 g cm) 
AR/R (sea leve AR/R(310g 4R/ R(sea level) 
1.05 107K 
2.36 107K 


1.08 10°? 1.03 
2.66X 10 1.13 
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. Moscow, 1958 
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*L. J. Dorman, Cosmic Ra 
House for Technical and Theoretical | 
Translation by United States Techr 
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CHANGES IN 


Fic. 1. Daily mean neutron 
intensities, corrected for atmos- 
pheric pressure variations, 
recorded at Mawson (A=73°S), 
Hobart (A=52°S), and Lae 

A\=16°S) during the 1957 
and 1958 flights. Times of 
flights are indicated 


1957 


By combining McCracken’s formula for long-term 

spectral changes, written in terms of particle rigidity, 

Aj(V)=KN*"47(N), 

and Dorman’s coupling constants, Table I was prepared 
relating intensity changes at two latitudes and altitudes. 
Since it is the purpose of this paper to determine 
Aj(N)/j(N) from the surveys of 1957 and 1958, it 
may appear invalid to assume a formula for the 
spectrum change in order to normalize data. However, 
in the present problem Aj(.V)/j(.V) is required only 
for rigidities greater than the cutoff at Port Moresby, 
while the subsequent analysis yields Aj(.V)/j(.\V) for 
lower values of .V. 

The ratio in the last column of Table I increases 
with altitude and latitude and 1.13 will be the upper 
limit for the normalizing point at A=19°S. x=475 g 
cm, Taking 1.10 as a reasonable value, it was deduced 
that all 1958 data should be multiplied by 1.028 before 
comparison with 1957 data. 

A check on the validity of the foregoing analysis 
was provided by data from Ahmedabad (A= 11°N, sea 
level) and Huancayo (A=1°S, 680 g cm”). The 
long-term variations at these stations are compared 
with Lae in Table IT. 

These figures can be compared with the long term 
decrease in the aircraft monitor at A=19°S, x=475 g 
cm™~ estimated without normalization of data to be 
4.8%. 

TaBLe II. Decrease in counting rates between the periods 
July 27 to August 2, 1957 and July 1 to July 7, 1958 for a selection 
ot stations. 


Mawson 
A=73'S 


sea level) 


Hobart Lae 
\=5§2°S A=16°S 
950 gcm™*) sea level) 


Ahmedabad 
(A=11°N 
sea level 680 g cm™~) 

Decrease, 

percent 3.9 
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It is apparent from the Huancayo result that the 
altitude dependence is greater than the foregoing 
analysis predicts. The error probably lies in the coupling 
coefficients which at low latitudes are only extrapola- 
tions beyond the limit of experimental determination. 
The Huancayo figure also suggests strongly that there 
is no need for further correction to the aircraft data. 
In view of the uncertainty in the normalizing factor 
is was decided to use the 1958 data without further 
correction. Care has been taken in the following analysis 
to indicate where the absence of a satisfactory normaliz- 
ing factor could affect the conclusions. 


4. THE CHANGE IN RIGIDITY SPECTRUM BETWEEN 
JULY, 1957 AND JULY, 1958 


The 1958 series of flights consisted of four sweeps 
along the geographic longitude 147.5°E between the 
geographic latitudes 44°S and 10°S. This route took 
the aircraft over a neutron monitor operating at 
Hobart [geographic latitude (43°S)] and within 3° 
latitude of another operating at Lae (7°S). The 
longitude of Lae (147°E) is close to that of the survey. 
Most latitude sweeps were made in two flights. 

The 1958 route was not identical with the route of 
the 1957 survey but the separation, at most 2° of 
longitude, was considered too small to be significant 
when the data were analyzed in geomagnetic latitudes. 

In Fig. 1 are plotted the daily mean neutron inten- 
sities of Mawson (A=73°S), Hobart (A=52°S), and 
Lae (A=16°S) for periods covering the 1957 and 1958 
series of flights. Dates of flights relevant to the present 
analysis are indicated on the same figure. Each of the 
periods contains a Forbush decrease and each decrease 
is preceded by several days of steady cosmic ray 
intensity. These days were selected to represent the 
general level of cosmic-ray intensity for the two periods. 
Flights 1 and 2 provided most of the data for the July, 
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Fic. 2. Neutron intensity vs geomagnetic latitude at 475 g cm™ 
atmospheric depth in July, 1957 (flights 1 and 2 with flights 9 
and 10 adding a few high latitude points) and July, 1958 (flights 
13 and 14 with 16 and 17 adding high-latitude points). 


1957 latitude plot, with flights 9 and 10 adding a few 
high-latitude points. For July, 1958 flights 13 and 14 
were chosen. It was found however that flights 16 and 
17 produced an identical plot and data from these 
flights were used to add a few high-latitude points 
missed in flights 13 and 14. 

The derivatives 0R/dN, for flights 1 and 2; 13, 14, 
16, 17 were obtained graphically from latitude curves, 
Fig. 2, and analytically from fitted functions. From 
the weighted means, Aj(V)/j(N) for the period 
July, 1957 to July, 1958 was obtained by the method of 
Sec. 2. The function is plotted against NV in Fig. 3. 
0R/AN, becomes small for large and for smail values of 
N and the value of Aj(N)/j(N), which depends on 
the difference between the values of 0R/dN, for the 
two latitude curves, becomes inaccurate. Only for 
intermediate values of V (3.0 to 9.0 Bv) is the method 
satisfactory. 

Two empirical functions were fitted to the points, 
one following an exponential! and the other a power law. 
The exponential appears to provide a better fit but 
there is yet another test to be applied. A knowledge of 
4j(N)/7(N) and the coupling coefficient for a particular 
station and instrument enables AR/R to be calculated. 
The coupling coefficient for a neutron monitor at 
475 g cm™ atmospheric depth and A=10° (Port 
Moresby) was obtained from the latitude curve of 
July, 1957 and extrapolated to high rigidities by the 
methods of Dorman. When used to find AR/R the 
exponential spectrum change failed badly, predicting 
a negligible drop in intensity at Port Moresby. The 
power law accounts for a fall of 2.8% which seems a 
reasonable value. It seems then that the power law 
Aj(N)«N*4j(V) provides a satisfactory fit and 
supports, though perhaps not strongly, the work of 


STOREY 


McCracken who also obtained a power law with 
exponent —1.3. The poor fit at high rigidities in Fig. 3 
is probably due to the lack of normalization of the 


1958 data. 


5. SHIFT OF THE SOUTH LATITUDE KNEE BETWEEN 
JULY, 1957 AND JULY, 1958 


From Fig. 2 it is apparent that there was a northward 
shift of the south latitude knee between July, August, 
1957 and July, 1958. A change in curvature at the knee 
makes the exact value of the shift difficult to extimate 
but it appears to be about 1.5°. Defining the knee as 
the minimum latitude for which 0R/d\=0, the shift 
is from A= 52.3°S to 50.8°S. 


6. THE CHANGE IN RIGIDITY SPECTRUM ASSOCIATED 
WITH SHORT-TERM VARIATIONS 


The only significant short-term variation during the 


1957 flights was a Forbush decrease commencing 


August 4. An investigation of this has already been 


Fic. 3. The « hange in differen 
between July, 1957 and July, 
particle rigidity (JV). 


tial rigidity spec 


1958 as a funct 


trum 4;(N)/;(N) 
1 of the primary 


published.’ A Forbush decrease also occurred during the 
1958 series but only one very short flight, (15), was 
made during the decrease. Of the four latitude sweeps 
between A= 19°S and A\=53°S the last three produced 
virtually identical data, but the first (flights 11 and 12), 
made when the intensity was appreciably higher, 
enables short-term variations to be investigated by 
the methods of Sec. 2. A7(.V)/7(.\V) was obtained from 
flights 11, 12, and 13, 14, 16, 17, and plotted in Fig. 4. 
A power law with exponent 8 
tory fit up to \ 
are accurate 
hardening, i.e., 


1.2 pr vides a satisfac- 
7.0. At higher rigidities the points 
less but there is strong evidence for 
8 apparently decreases as .V increases. 
There is no problem of normalization in this case as 
the monitor remained the 
series. 


unchanged throughout 


7. COMPARISON OF HIGH LATITUDE INTENSITY 
VARIATIONS NEAR SEA LEVEL AND AT 475 g cm™ 
ATMOSPHERIC DEPTH 


A flight south on August 21, 1957 to locate the south 


latitude knee passed twice over Hobart at times 5 
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hours 20 min. apart. During this interval the cosmic-ray 
intensity decreased slightly and from the meager data 
it was concluded that a 1.0% change in intensity at 
Hobart corresponded to a 2.64+0.9% change at 475 g 
cm™, Four flights made over Hobart in the 1958 series 
has enabled this figure to be revised. In August, 1957 
Hobart was about 0.5° north of the knee as determined 
at aircraft altitude, but by June, July, 1958 the knee 
had shifted leaving Hobart about 1.0° south. It will be 
assumed that the intensity variations observed at 
Hobart in 1957 and 1958 are high-latitude variations. 

In Fig. 5 are plotted the intensities at 475 g cm™ 
over Hobart against the corresponding Hobart inten- 
sities recorded at 950 g cm~ atmospheric depth. Three 
types of intensity variation are represented in the figure. 
There is the long-term variation between August, 1957 
and June-July, 1958 as well as the short-term variations 
during each of the flight series. The lowest intensity 
point was obtained from a flight during the Forbush 
decrease commencing July 8, 1958. 

A straight line fits all the points reasonably well. 
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Fic. 4. Aj(N)/;(N) for a decrease in intensity occurring between 
June 27-29, 1958 (flights 11 and 12) and July 2-3, 1958 (flights 
13 and 14). 


a) 6.0 
rigidity N (By) 


The slope of the line indicates that a 1.0% intensity 
change near sea level at Hobart corresponds to 1.8 
+0.3% change in intensity at 475 g cm~ atmospheric 
depth. The standard error was estimated after allowing 
a reasonable error due to the absence of a normalizing 
factor relating the 1957 and 1958 aircraft data. 


8. CONCLUSIONS 


McCracken’s proposed formula for the spectrum 
change associated with cosmic ray intensity variations, 


Aj(N) « N-*j(N), 


IN DIFFERENTIAL 
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Fic. 5. Neutron intensity at 475 g cm™* over Hobart plotted 
against intensity recorded at 950 g cm™* by the permanent 
neutron monitor at Hobart 


with 8=1.3 for long-term variations and 0.9 for 
short-term events, receives support in the first case 
from the investigations of Sec. 4. The support is 
somewhat weakened by the difficulty in normalizing 
accurately the 1958 flight data to the 1957 data. For a 
single short-term event 8 was found to be 1.2 in contrast 
to the value 0.9 suggested by McCracken. It is likely, 
however, that short-term spectra changes differ 
markedly from one another. For example, the Forbush 
decrease investigated in 1957 showed no dependence on 
rigidity, corresponding to 8=0. The value 8=0.9 might 
well be a satisfactory average value for a large number 
of events. 
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Cross sections for the formation of some nuclides in the mass number range 
of Pb and U with 3.0-Bev protons have been measured. 
for the nuclides from the Pb bombardment occurs at the stability line, 


the neutron-excess side. 


a cascade-fission-evaporation mechanism 


INTRODUCTION 


OLFGANG ef al.’ have reported on the cross 
sections for the production of a variety of 
nuclides formed in the reaction of lead with protons of 
energies up to 3.0 Bev. The mass-yield curve obtained is 
markedly different at 3 Bev from that obtained at 
lower energies. In particular, at the lower energies 
(~300-500 Mev) one finds a sharply peaked distribu- 
tion with a maximum in the region A=90—100.2" 
The results obtained at 3.0 Bev give no indication of a 
pronounced peak in this region but show a fairly flat 
distribution. At mass numbers below about A =35 the 
cross sections at 3.0 Bev were found to increase with 
decreasing A. 

However, Wolfgang ef al.' did not obtain data for 
mass numbers between 33 and 56. The shallow minimum 
in this mass region shown in Fig. 7 of their paper was 
obtained by interpolation. Therefore, it seemed worth- 
while to measure cross sections for interactions of lead 
with 3-Bev protons leading to the formation of nuclides 
in this region. To obtain some indication of the variation 
of yield with target mass number, some of the nuclides 
isolated in the lead bombardments were also separated 
from uranium targets bombarded with 3.0-Bev protons. 
This was of interest because Caretto et al. had reported 
a pronounced rise in the cross sections for formation of 
Na*‘ and F'® as the 


(from Ta to U 


target mass number is increased 
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Total cross sections of 4-5 mb per mass number are deduced from the 
leading to a revision of the mass-yield curve in this region as proposed by Wolfgang et al. The « 
from uranium are approximately twice as large as those from Pb. The data are shown to be co 


38-48 in the bombardment 
distributions 
somewhat on 
Pb data 


ross sections 


The maximum of the isobaric yield 


while that from U is 


msistent with 


EXPERIMENTAL 


Irradiations were performed in the circulating beam 
of the Brookhaven Cosmotron® as described in reference 

The reaction Al*’?(~,3pn)Na™ was used to monitor 
the proton beam. The cross section for this reaction 
was taken as 10.5 mb.® Wolfgang et al. used an older 
value of 8.2 mb at 3 Bev. The thicknesses of the 
and uranium targets were ~90 and 50 mg/cm? 
tively. In one irradiation a 325-mg/cm? sheet 
enriched to 94% U™® was used. 

Both uranium 
dilute HNO; 
Whenever chlorine isolated, 
precipitated immediately. Otherwise, the 
the removal of the target 
PbCl. with 
urany! nitrate. Precipit 
fraction containing Sc, ation gave a Ca 
fraction. From the supernatant of either the CaCO, or 
AgCl precipitation, potassium 
potassium perchlorate. 


lead 
, respec- 
of uranium 


lead 
containing the 


ns 


dissoived in 
appropriate carriers. 
AgCl 
first step was 
material by precipitation of 
HC! or by ether 


and targets were 


was to be was 


extraction of 
NH4« )H y ielded 


] 
Oxalate pret Ipit 


gaseous 
ation with 


was pret ipitated as 
The further puriication of the 
various fractions is described in the Appendix. After 
completion of the dec ay measurements, ¢ hemical yields 
in the separations were determined by suitable 
ical methods. 

The final pre¢ pone were mounted on 
paper disks’ and their activ 
end-window flow proport 
geometrical efficiency. In addition, sci 
measurements were is described 
paragraphs, to aid in the 
isotopic mixtures obtained 

In the gamma spectra of the cl 
511-kev peak was detected, 
percent could be st 
32.4-min Cl** to the chlorine activity 


ment. The chlorine 


analyt- 


small filter 
measured under 
counters of known 
itillation counter 


ities were 
onal 
done, in the following 


analysis of the complex 


orine samples no 
upper limit of a few 

contribution of 
it end of bombard- 
decay cu ; obtained with the 


ind c 


thus 


5 To complete this work dur ong Cosmotron shutdown, 
one uranium irradiation was perfo t the Berkeley Bevatron. 
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proportional counters were therefore analyzed into two 
components, 37.3-min Cl* and 55.5-min Cl**. The 
method of analysis, described, e.g., by Wahl,* makes 
use of the relation 


A,=A Pe'+A Se, 


where A, is the total activity at time ¢, A,° and A,° 
are the activities of the two components at /=0, and 
A, and A, are the two decay constants. Then 


Aet= AS+A PeAr-rve, 


Therefore, with accurately known values of A, and dz, 
one can plot Ae vs e*! and obtain a straight line 
with slope A,° and intercept A,’. 

The potassium fractions obtained from lead were 
found to be radiochemically pure (<0.1% of other 
activities). After subtraction of a small, nondecaying 
component accounted for by the natural A“ present, 
the decay curves could be analyzed by the method 
described above into components with half-lives of 
22.4-hr (K®) and 12.5-hr (K®). The potassium fractions 
obtained from uranium contained, in addition, an 
impurity of approximately 35-day half-life, present to 
the extent of ~1% of total potassium activity at end of 
bombardment. 

The calcium decay curves could be analyzed into two 
components ascribable to 4.7-day Ca*? and 152-day 
Ca, although the activity of the longer-lived compo- 
nent was so low (<10 counts/min) that the presence of 
other long-lived impurites could not be positively ruled 
out, and rather large uncertainties had to be assigned 
to the Ca® results. The growth of 3.4-day Sc’ was 
taken into account in the analysis. 

Analysis of scandium decay data presents some 
difficulties. The long-lived component was pure 85-day 
Sc** and this was subtracted from the total 8-decay 
curve. Resolution of the residual curve was effected in 
the following way. The disintegration rate of the 2.4-day 
Sc**™ (in equilibrium with the 4-hr 8+-emitter Sc“) was 
followed by repeated comparison of the annihilation 
radiation intensity from the Sc sample with that from 


TABLE I. Results obtained with Pb targets 





Product Type of 
nuclide yield* Cre 


cre 


Estimated 
Average error (+%) 
C-I .26, 1.33 20 
: 78, : 0.81 20 
I 58, ; a 1.82 20 
Cc ; ‘ 
( 
( 


88 section (mb) 


2.00 20 

1.4 25 

0.33 40 

0.6 0.6 50 

I 1.89, 1.28 1.58 20 
I 2.51, 2.01 2.26 20 
I 2.4, 1.1 1.7 40 
I 0.7, 1.5 1.1 40 





*C =cumulative yield; ] independent yield; C-J indicates an inter- 
mediate situation. 


* A. C. Wahl, Phys. Rev. 99, 730 (1955). 
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Tas.e II. Results obtained with U targets. 


Product T 
nuclide 


Estimated 
error (+%) 


20 
20 
50 
75 
20 
20 
40 
40 


ype of Cross section (mb) 
yield Normal U Us 


K® 
K* 
Ca* 
( ‘a’ 
Sc" 
Sc* 
Sc” 
Sc 4a 


) 


~ me = OOO ™ 
eww Ow ww 
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a calibrated Co** source. For these measurements the 
sources, sandwiched between sufficient aluminum 
absorbers to ensure complete annihilation of positrons 
(Co* and Sc“ have similar 8* end points), were placed 
near a 2 in.X2 in. Nal(T!) scintillation crystal con- 
nected to a 100-channel analyzer. The disintegration 
rates of Sc**™ so determined were reduced to the 
appropriate counting rates in the proportional counter, 
and this 2.4-day component was subtracted. The 
remaining curve could be analyzed into 3.43-day Sc“ 
and 44-hour Sc**. One sample was isolated sufficiently 
early to permit approximate determination of a 3.9-hour 
component, presumably a mixture of Sc® and Sc“, 
The disintegration rate for infinitely long bombard- 
ment was determined for each of the observed products 
from the measured counting rate and chemical yield, 
and from the known counting efficiency and length of 
irradiation. These disintegration rates were then 
translated into formation cross sections by comparison 
with the Na” activity induced in the Al monitor foils. 


RESULTS AND DISCUSSION 


The results are listed in Tables I and II. The errors 
indicated are estimated probable errors based on 
considerations of the radiochemical purity of the 
samples, chemical yield determinations, decay curve 
analyses, and counting efficiency calibrations. 

Of the cross sections measured, those of K*, Sc**™, 
Sc, Sc’, and Sc** represent yields for independent 
formation of these nuclides because their §-decay 
parents are stable or long-lived. In the case of Cl**, the 
bombardment and separation time was comparable to 
the half-life of the 8-decay parent (2.8-hour S*). All 
other yields are cumulative yields for the mass chains 
involved. Examination of the data, in particular a 
comparison of the Sc*’ and Ca*’ yields, indicates that 
the peak yields for any isobaric chain occur near the 
stability valley. Thus one is justified in considering 
chain yields along with the independent yields, since 
the feed-in from §8-decay precursors appears to con- 
tribute little to any measured chain yield. 

It thus seemed instructive to plot cross sections os 
distance from the stability line (Z—Z,). If the mass- 
yield curve in the narrow mass region investigated is 
flat, such a plot should show a single distribution. The 
cross-section data for Pb bombardments are so plotted 
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U 

Zz, 
I'ic. 1. Cross sections of nuclides formed in lead bombardments 
plotted against (Z—Z,). Z4 values follow those of Coryell.’ The 
observed yield of 4-hour Sc was arbitrarily divided equally 


between Sc* and Sc“. A Gaussian distribution with a peak value 
of 2.3 mb at Z=Zz, is drawn for illustrative purposes 


in Fig. 1. It is seen that the data do indeed fall fairly 
well on a single distribution curve which happens to 
show a maximum at Z=Z,. The Za values of Coryell? 
were used here, but other Z, choices were found to 
lead to curves of essentially the same shape. It should 
be noted that the right-hand (neutron-deficient) side of 
the curve is poorly defined, particularly since the 
distribution of the measured yield for 4-hr Sc between 
Sc*® and Sc“ is not known. The upper limit of ~0.2 
mb for Cl (Z—Z,4=0.95) would indicate that the 
distribution curve falls off more steeply on the neutron- 
deficient than on the neutron-excess side. 

The yields from uranium are in general higher than 
those from lead, for some nuclides by factors of 2 to 4. 
In view of the experimental errors, no significance can 
be attached at present to the apparent differences 
between U™* and normal uranium. The yield pattern for 
uranium appears to be markedly different from that for 
lead. The scandium sections increase mono- 
tonically with increasing A from Sc to Sc**. The 
distribution in terms of Z—Zz, is certainly broader 
than in the case of lead and appears to have its peak in 
the neighborhood of Z—Z,4=—1. 

Using the “universal” isobar distribution of Fig. 1 
one can now obtain the total yield at each mass number 
formed in the Pb interactions. This turns out to be 


cross 


°C. D. Coryell, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, 1953), Vol. 2, p. 305. 
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5.0+0.1 mb at each mass number in the region 38< A 
< 48 if one assumes the Gaussian distribution of Fig. 1; 
if a steeper slope is taken on the neutron-deficient side 
in accordance with the argument above, the cross 
section per mass number reduces to about 4 mb. 
Wolfgang et al.' had predicted a rather flat valley at 
about 2 mb in this region of the mass-yield curve. The 
present work indicates clearly that this valley must be 
raised to 4-5 mb. A similar analysis of the data of 
Wolfgang ef al.' in the mass region 56<A<72 also 
leads to values in the neighborhood of 4 mb per mass 
number. Thus it appears that the entire valley in the 
3-Bev mass-yield curve shown in Fig. 7 of reference 1 
should be raised by about a factor of two. 

Some drawn 
] 


conclusions may be regarding the 
mechanism by which the nuclides investigated here 
arise in the lead and uranium with 
high-energy protons. Two extreme mechanisms may be 
considered, (a) that the observed products are formed 
as the primary fragments in some fission or fragmenta- 
tion act or (b) that they are the residues of relatively 
long evaporation chains following fission or fragmenta- 
tion. The first possibility can be ruled out quite readily. 
For a nucleus such as Sc* to be formed as a primary 
fission fragment from Pb interactions the fissioning 
nucleus would presumably have to have approximately 
the same neutron-to-proton ratio (1.19) as Sc“ and a 
Z*/A value sufficiently high for fission to occur; in the 
region of Pt to Pb this would require the pre-fission 
evaporation of 20 to 25 neutrons without any ac- 
companying charged-particle evaporation or of at least 
10 times as many neutrons as protons. According to the 
calculations of evaporation systematics by Dostrovsky 
et al.” this is an entirely unrealistic postulate. The other 
extreme possibility would be the breakup of a highly ex- 
cited nucleus resulting from the prompt cascade, fol- 
lowed by evaporation. According to the prompt-cascade 
calculations of Metropolis ef al.," the most probably cas- 
cade product from the interactions of 1.8-Bev protons 
with Pb” is Au’; at 3-Bev bombarding energy it might 
be Pt, If this nucleus broke up into fragments of the 
same n/p ratio, the products would include such nuclei 
as K*8, Ca®, Sc® which could then, by evaporation of 7 
or 8 neutrons, or of 8 or 9 neutrons plus one proton, 


interaction of 


reach the stability valley. According to the evaporation 
calculations of Dostrovsky ef al.” this would require 
excitations of about 90 to 120 Mev in the primary 
fragments, and at these initial excitations a ratio of 
~10:1 for neutron-to-proton evaporation is expected 
in this region of A. Assuming that 


the excitation energy is split in 


in the fission act 
the 
fragment masses and without appreciable conversion of 


proport ion to 


excitation to kinetic energy, one finally arrives at excita- 


10 Dostrovsky, Rabinowitz, and Bivins, Phys. Rev 
(1958) 

1 Metropolis, Bivins, Storm, Miller, Friedlander, and Turkevich, 
Phys. Rev. 110, 204 (1958). 
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tions in the vicinity of 400 Mev for the fissioning 
nuclei. This again is in accord with the results of the 
prompt-cascade calculations" for the mean excitation 
in the average cascade product. Thus the Pb results 
can be accounted for by a consistent picture in terms of 
a cascade-fission-evaporation mechanism. It should be 
noted, however, that a certain amount of pre-fission 
evaporation cannot be excluded. Fissioning nuclei at 
higher excitations than indicated above may also 
contribute to the observed yields, since evaporation will 
proceed more or less along the stability valley once 
this has been reached. 

The fact that the isobaric yield distributions from 
uranium have their peaks slightly more towards the 
neutron-excess side than those from lead gives a clue to 
the relative excitation energies involved in the two 
cases. On the average, the primary breakup products 
from uranium evidently do not have quite enough 
excitation to evaporate neutrons all the way to the 
line of 8 stability. Thus the fissioning nuclei apparently 
require less excitation energy for breakup into the 
fragments of interest and this fact, as well as the 
magnitude of the cross sections would indicate that the 
greater fissionability of the heaviest nuclei is discernible 
even in the somewhat exotic high-energy processes 
which are under discussion here. 
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APPENDIX. CHEMICAL PURIFICATION 
PROCEDURES 


Chlorine.—The AgC! was dissolved in conc. NH,OH, 
the solution made acid, and repeatedly scavenged with 
Fe(OH), precipitations. Bromide and iodide carriers 
were added and silver bromide and iodide repeatedly 
precipitated in the presence of 1M NH,OH. AgCl was 
then precipitated from a Versene solution, scavenged 
with Fe(OH); and the process repeated several times. 
AgBr and AglI were again precipitated from NH,OH, 
and AgCl was finally precipitated and mounted for 
measurement. 

Calcium.—Calcium oxalate was dissolved, the oxalate 
destroyed, CaCO; was precipitated and redissolved, 
and repeated scavenging precipitations of Fe(OH)s, 
of PdS and CuS in acid solution, and of NiS and CoS 
in NH,OH were performed. The oxalate was repre- 
cipitated, dissolved, and scavenged with Ba(NO;,), 
and Sr(NOsj)2 precipitations. The oxalate and carbonate 
were reprecipitated, the carbonate dissolved and 
scavenged with La(OH);. The calcium was finally 
precipitated as the oxalate. 

Scandium.—The procedure used was similar to one 
used at Los Alamos.” In addition, to achieve proper 
decontamination it was found necessary to scavenge 
with CuS precipitations and then extract with TTA. 
The Sc was finally precipitated as K3ScF*. 

Potassium.—The potassium was repeatedly pre- 
cipitated as KC1O,, then separated as the cobaltinitrite, 
and scavenged repeatedly by FeS and La(OH), 
precipitations and BaCO, and CaCO, precipitations. 
After removal of NH,* salts by fuming, KCIO, was 
reprecipitated. Rb and Cs were repeatedly removed as 
the chlorostannates, SnO» removed from the K solution, 
and the procedure repeated. KCIO, was finally pre- 
cipitated in.the presence of Na carrier. 


3 J. Kleinberg (Editor), Atomic Energy Commission Report 
LA-1721 (rev.), 1954 (unpublished). 
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An angular distribution for the process r*+ p 
niques 
three center-of-mass angles, 66°, 92 


»>x*+p has been measurer 
At this energy the S-wave interaction is larger than the P wave 


, and 163.5°, are (0.286+0.028) mb/sterad, 


at 24.8 Mev by inter tech 
Differential cre 


0.458+0.042 


ss sections at the 


sterad 


and (0.993+0.120) mb/sterad, respectively. Over 250 hydrogen interactions were observed at each angle 


I. INTRODUCTION 


REVIOUS _ low-energy 

measurements have been made by using the cloud 
chamber,' emulsion,’ or bubble chamber* techniques. 
Now the scintillation counter technique has been 
extended to 25 Mev. This limit is imposed by the energy 
loss of the scattered pions in the liquid hydrogen 
target and detecting counters. 

The were made at the 130-in. 
Rochester synchrocyclotron. A pion beam was produced 
as the circulating protons reached an aluminum target 
at full radius. These pions traveled out of the machine 
through a slot in the shielding to a deflecting magnet 
and from there to the detecting counters and the liquid 
hydrogen target. 


pion-nucleon scattering 


measurements 


Il. EXPERIMENTAL ARRANGEMENT 


A. The pion beam was extracted from the vacuum 
tank in a trajectory that is shown in Fig. 1. The 
deflecting magnet and the fringe field of the cyclotron 
served to the pion momentum. The energy 
spectrum immediately before the hydrogen target was 
characterized by a mean energy of 26 Mev and a half- 
width at half maximum of 1.6 Mev. In order to obtain 
this mean energy, it was necessary to use an energy 
degrader of polyethylene in front of the hydrogen 


select 











YOKE 


NORTH l ee SAL 














f 





ct 


SCALE 1:32 


























an view of the shielding 


1 Alston, Von Gierke, 
ings of the CERN Symp 
Pion Physics, Geneva 
Research, Geneva, 1956), p. 237. 

2 Orear, Slater, Lord, Eilenberg, and Weaver, Phys 
174 (1954) 

3 Nagle, Hildebrand Rev. 105, 718 


and Plano, Phys (1957) 


Evans, Newport, and Williams, Proceed- 
sium on High-Enerey Accelerators and 
1956 (European Organization of Nuclear 


Rev. 96, 


target. A beam intensity of 25 000 positive pions per 
square inch per minute was obtained. Range measure- 
ments determined the spectrum and also 
disclosed the fraction. A pulse- 
height study of the incident beam revealed that positive 
muons and positrons accounted for this contamination. 


energy 


beam contamination 


The positron component was eliminated by discrimi- 
nating against small pulses 

The angular spread of the beam was measured by 
using a ;’s-in. square counter which traversed the beam 
yielding a beam profile. Such measurements showed the 
angular spread due to crossfire and multiple scattering 
(from the polyethylene plug and the counters of the 
incident telescope) to be less than 4° for all but a 
negligible percentage of the beam 

B. The liquid hydrogen container was designed to 
allow demounting of the 
container outside the target cup. Each angle then made 
claim to its own peculiar geometry for the target cup 
and outside container. The foil thicknesses for the 
windows varied from 0.0006 to 0.002 inch depending 
on the geometry and the foil chosen. Foil materials 
were stainless steel, duralumin or beryllium copper. 

C. The had features 
which were common to the three Counters 1 
and 2 define the beam. 3 and 4 


target cup and of the vacuum 


scattering geometry several 
angles. 
incident Counters 
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POSITIVE PION SCATT 
detect the scattered pions, which were analyzed 
according to pulse height. Counter 5 serves as an 
anticoincidence detector behind the target. 

Figure 2 shows the arrangement of counters and 
target for the 66° measurement. The counters are all 
rectangular in shape. Counter 4 defines a solid angle for 
each point in the illuminated volume of the target. An 
integration over the volume yields an effective solid 
angle for this measurement. Counter 6 was inserted in 
anticoincidence to reject muons produced by decay in 
flight. 

Figure 3 shows the 92° geometry. Counter 4 and the 
illuminated volume of the target again define the solid 
angle. The counters are again rectangular, so the solid 
angle calculation is made in the same manner. 
sy. Lhe 163.5° geometry is shown in Fig. 4. Here the 
counters are either annular or circular. Counter 3 and 
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Fic. 3. 81° scattering 
geometry. 








the illuminated volume of the target define the solid 
angle. Because of the cylindrical geometry the solid 
angle varies slowly with the radial distance from the 
beam axis. Therefore, the variation of beam intensity 
over the target area has a small effect on the determi- 
nation of the cross section. 

D. A block diagram of the electronics is shown in 
Fig. 5. 

The anticoincidence circuit is driven by the 125 
rate rather than the large singles counting rate in 
counter 5. Whenever a 12345 pulse is recorded, the 
pulse from counter 3 is displayed on the pulse-height 
analyzer. 

The discriminator is the heart of the coincidence 
system. Since the space rate of energy loss is so large 
for 25-Mev pions, discrimination against smaller pulses 
results in a good signal-to-noise ratio for the scattering 
experiment. Measurements show greater than 99.9% 
detection efficiency for such a system. 
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Fic. 4. 160° scattering geometry. 


E. Each experimental period included a range curve, 
a pulse-height analysis of the incident beam, and a 
measurement of the beam profile. The scattering due to 
hydrogen was determined from the difference between 
data taken with the target full and the target empty, 
but in position. Intermittent checks were made on the 
detection efficiency by observing the multiple scattering 
of pions by lead. 


Ill. RESULTS 


A. Our uncorrected data are displayed in Table I. 
Correction factors which were applied to these data 
appear in Table II. Note that several corrections other 
than the correction for beam contamination were 
common to all angles. Other corrections were more 
important at a particular angle. 

At 66°, muon scattering in hydrogen by the Coulomb 
interaction was indistinguishable from the events of 
interest. A correction factor of 0.998-+-0.001 was applied 
for muons produced by pion decay near the target. 
Counter 6 proved to be very useful in rejecting this 
process. Muons present in the incident beam contribute 
0.971+0.002. The corresponding correction factor at 
92° is 0.998+0.001. 

A choice of a particular pulse-height region as that 
in which all hydrogen-scattered pions were to be found 
introduced some error at 163.5°. At 66° and 92°, 


Taste I, The uncorrected data. 


Number of 
particles 


Hydrogen 
events per 
million 
incident 


Number of 
Experi- Scattering particles 
mental angle incident on incident on Beam con- 
period (c.m.) full target empty target tamination 
5.0 x10* 0.045 +0.005 
6.0 X108 0.045 -+0.005 
8.2 X10* 0.080 +0.005 
10.5 X10 0.045 +0.005 
3.5 X10* 0.120 +0.020 
4.0 x10* 0.083 +0.020 
9.0 KX108 0.070 +0.020 


12.28 41.75 
12.90 +1.53 
13.2041.94 
11.93 1.58 
8.70 43.10 
8.15 42.12 
9.79 +1.38 


TABLE II. Correction factors applied to the data. 


66° 92° 163.5° 

Finite angular 
resolution 

Finite energy 
resolution 

Random 12 coincidences 

Decay cf scattered pions 
into muons 

Absorption of pions 
being recorded in 
counters 1 and 2 

Scattering from air in 
the empty target 


0.9996 +0.0001 0.9988 +0.0004 1.0040 40.0004 


0.993 +0.002 1.000 +0.0001 


1.0020 +0.0005 


0.9892 +0.0001 
at all angles 
1.010 +0.005 at all angles 
after 

1.008 


+0.001 at all angles 


1.006 +0.001 at all angles 





Fic. 5. Block diagram 
of the electronics. DA 
=distributed amplifier; 
D=discriminator; DC 
= diode coincidence 
circuit; T7C=triode co- 
incidence circuit; AC 
=anticoincidence _ cir- 
cuit; GA =gated ampli 
fier; PHA = pulse-height 
analyzer. 
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multiple scattering from lead was used to define this 
region experimentally.‘ (See Figs. 6 and 7.) 
B. The differential cross sections were calculated 
from the expression : 
da/dQ=N,/NiNQ, 


where V,=number of scattered pions, V;=number of 
incident particles, V,= number of hydrogen atoms per 
cm? (the density of liquid hydrogen at 20.4°K was 
taken to be 0.0708 g/cm*), and Q= solid angle. 

The product V,V 2 was evaluated and averaged over 
the distributed target. In performing this calculation, 
the experimental beam profile, the measured bowing of 
the target cup windows, and the variation of 2 as a 
function of position in the target were taken into 
account. 

The results in the center-of-mass system at an energy 
of (24.8+-2.3) Mev are: 

© (deg) 
(66+9) 


(92+9) 
(163.5+7) 


da/dQ (mb/sterad) 
(0.286+0.028) 
(0.458+-0.042) 
(0.993+0.120) 


*L. Landau, J. Phys. U.S.S.R. 8, 201 (1944) 


AND J] 


RING 


C. A least-squares phase-shift analysis has been 
performed with the aid of an IBM 650. We have 
chosen an approximate expression for the cross section 
in terms of three phase shifts®: 


da 


dQ 


T \Q33- @31)* sin’é ’ 


where a; is the phase shift for the S wave and a3; and 
ag; are the P-wave phase shifts for /= $ and 4, respec- 
tively. The Coulomb parameter, n, is given by n= e/ho, 
where » is the relative velocity of the particles. 4 is the 
reduced wavelength of the pion. 

The phase shifts which result from this analysis still 
contain some non-nuclear portion. Van Hove has 
indicated® how the Born approximation to the Coulomb 
scattering amplitude may be improved by making 
corrections to the phase shifts to first order in m. This 
correction depends upon an assumption for the inter- 
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scattering 
tion at 92°. 
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action radius. Our choice is the Compton wavelength 
of the pion. Now we may list the nuclear part of each 
phase shift with its associated standard deviation: 


— (3.23+0.42)°=az, 
(2.05+0.39)°=ars, 
— (0.47+0.41)°= 


Ql, 


These measurements have contributed to a detailed 
study of the energy dependence of the phase shifts. 
The results appear elsewhere. 


'H. A. Bethe and F. deHoffmann, Mesons and Fields (Row, 
Peterson and Company, Evanston, 1955), Vol. IT. 
* L. Van Hove, Phys. Rev. 88, 1358 (1952). 
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Positive Pion Photoproduction near Threshoid 


G. Jona-Lasrnio* anp H. Munczext 
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An investigation is made in order to test the compatibility of photoproduction data on positive pions 
near threshold with some predictions of dispersion theory. The result is that no real disagreement necessarily 
exists between these theoretical predictions and our still uncertain experimental knowledge. 


INTRODUCTION 


HE interpretation of threshold pion interactions 

has been in the past few years the aim of numer- 
ous investigations! stimulated by some inconsistencies 
appearing between theoretical predictions and results 
of measurements. Nevertheless, the situation does not 
look much improved since it is not yet very clear 
whether this inconsistency is due to the uncertainty of 
measured quantities or to the approximations of 
theoretical calculations or even perhaps to the in- 
adequacy of the theory in describing pion interactions. 
One point in which theory and experiments seem to 
disagree considerably is the behavior of pion photo- 
production cross sections near threshold. Apart from 
the rather delicate problem of the ratio between 2 
and #* production, there is a striking difference between 
the energy dependence of the 90° differential cross 
section for «+ photoproduction as predicted by the 
approximate solutions of dispersion relations of Chew, 
Goldberger, Low, and Nambu? and the experimental 
values of this quantity. 

In order to investigate how seriously one has to 
take this discrepancy, we have made a new analysis of 
photoproduction data on a#* in the energy range 
E,=163 Mev, E,=200 Mev in the laboratory, com- 
bining all available experimental data on angular 
distributions with a “second approximation” to dis- 
persion relations. In our analysis no attempt is made 
to resolve completely the photoproduction problem 
by determining theoretically the photoproduction 
amplitude; a semiphenomenological treatment is fol- 
lowed. We use only theoretical equations which look 
more reliable and by connecting the different experi- 
mental quantities through these equations, a com- 


* Now on leave of absence at The Enrico Fermi Institute for 
Nuclear Studies, The University of Chicago, Chicago, Illinois. 

+t On leave of absence from Facultad de Ciencias Exactas 
and Comision Nacional de la Energia Atomica, Buenos Aires, 
Argentina. 

! For a general survey of the situation of threshold pion physics 
see reports of 1958 Annual International Conference on High- 
Energy Physics at CERN, edited by B. Ferretti (CERN Scientific 
Information Service, Geneva, 1958), p. 50 and reports of the 1959 
Kiev Conference. 

* Chew, Goldberger, Low, and Nambu, Phys. Rev. 106, 1345 
(1957) in the following indicated as CGLN. For a comparison of 
CGLN photoproduction amplitudes with experiments see refer- 
ence 1, aren relations for photoproduction have also been 
studied by ov, Tavkhelidze, and Solovyov, Nuclear phys. 
4, 427 (1957); and L. D. Solovyov, Nuclear Phys. 5, 256 (1958). 


patibility test is made. The result of this test is that 
the equations used are compatible with our present 
experimental knowledge on photoproduction. We 
point out that a more accurate measurement of the 
angular distributions of photopions would yield very 
detailed information through a semiphenomenological 
analysis similar to the one given in this work. 

As a further result, our analysis seems to indicate 
that some corrections to the theoretical static limit 
are larger than estimated by CGLN. The difference 
between our multipoles and those by Chew, Goldberger, 
Low, and Nambu go in the right direction to make the 
fitting of the theory with experiments satisfactory. 
This might be an interesting point in favor of the 
theory itself. 


“SECOND APPROXIMATION” TO DISPERSION 
RELATIONS AND DESCRIPTION OF 
THE METHOD 


In the following we shall refer for notation directly 
to the Chew, Goldberger, Low, and Nambu paper. 
Photoproduction amplitudes given in CGLN are 
obtained through a comparison of the dispersion 
relations expanded in powers of 1/M (inverse of the 
nucleon mass) with the equations of the static theory. 
However, it is difficult to say whether this expansion 
is correct under dispersion integrals especially con- 


Tasxe I. Results from the evaluation of the integrals.* 


Rescattering 
corr. 


— 6.94 
— 8.20 
— 9.58 
— 10.86 


Born term 
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0.52 
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sidering the convergence of integrals in the high- 
energy region. The S-wave contribution seems par- 
ticularly affected by this treatment. 

We will remark, as a first step to obtain more reliable 
informations from dispersion relations, that by adding 


Re[Fi:+ (M+ e2)/qF2] 


Re{ £o+ (2Mi,4+Mi_)(M+e)/q+3M2 


AND H M | 

Eqs. (9.1) and (9.2) of CGLN we get a subtracted 
relation in which the only important contribution 
under integrals is given by the P-wave amplitudes. 
All integrals are more convergent than in Eqs. (9.1) 
and (9.2). Having used Eqs. (7.1) and (7.2), we write 


+3a[M i+ Ei, +(3Mo4.+2M2_)(M+e2)/g}+(15/2)22(2M24+ Eo,)} ( 


2W'dW’ 


(W—M)[(M+e,)(M+e,) }! f 
| : 1 u+i g' (W’—M)[(M }- 


x Tin| [Fol + M (bo, 4 2(M +2’) —6Mv,/k')+M, +e] 


cos6 

(kwy— 2M v;)/kq, €:(€2)=nucleon energy in the initial 
(final) state, g= pion momentum, w,= pion energy, and 
k=photon momentum. All quantities refer to the c.m. 
system. 2Mv,=}(2M+1)/(M+1) (see below). Also 
pion-nucleon renormalized coupling 


where W=total energy (in pion mass units), x 


we have that { 
constant, 1.=“,—4» for isotopic superscripts + and —, 
and w=yu,t+u, for isotopic superscript 0, with yp, 

1.78¢/2M, un 1.91¢/2M, and e= electronic charge. 
Only S and P amplitudes have been retained under the 
dispersive integrals. 

The upper sign goes with isotopic superscripts +, 0 
On the 
left-hand side we have indicated also the D-wave terms 


and the lower with isotopic superscript —. 


which are well approximated by the Born terms alone. 
Higher multipoles have been supposed negligible. 


W-—M 
M,)+D-wave terms }=}q 
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dw’ 


—{(M+e)(M+e)]} 


€')(M +€,') li 


1—4My,/(V —_—| 
+My, 


O\ 12M», Eu.—Mi, 
n — (4) 

a= M? W'-—M | 
Our procedure consists in using for ImM,, and 
Im), the approximate expressions of CGLN in order 
to evaluate integrals, neglecting Imo. In this way 
we expect to attain some advantages: the main con- 
tribution to the integrals comes actually from the 
33-resonant state. The high-energy region is not so 
important because of the convergence of the 


expressions. No 1/M expansion is made in the kine- 
matical factors so that the method represents a second 


W?-W? W°+W?-—2M 


got d 


approximation of dispersion relations in an iterative 
The transfer at which this 
expression has to be evaluated has been chosen in 
order to get x=cosé =0 at threshold. In this way no 
contribution appears from the unphysical region. 

With the same method described 
also treated Eqs. (9.3) and (9.4 
reference here. 
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POSITIVE PION 
The convergence of integrals is the same as in Eq. (1). 
All integrals have been evaluated analytically with 

the method indicated in Appendix I. We have con- 

sidered only contributions from terms containing 
sin*a33. Terms containing sin2a33 and the small phase 
shifts were estimated and found negligible. CGLN 
expression for the multipoles are listed in Appendix IT. 

Our results are summarized in Table I. Figures include 

also the contribution of the isotopic index 0, which is 

well approximated by the Born term, and concern 
directly x* photoproduction. 

As expected, “rescattering corrections’ are very 
large in Eq. (1). In Eq. (3) a cancellation makes the 
contribution of integrals negligible. Waves higher than 

=1 in Eq. (2) and /=2 in Eq. (3) were eliminated by 
projection. 

Comparison with CGLN multipoles will be made 
later. 

By the procedure described we have obtained 
predictions of the theory about some particular com- 
binations of the multipoles. All values obtained have 
probably the same degree of reliability. To go further 
with our analysis we consider the expression of the 
angular distribution of photopions which, retaining 
only S and P waves and SD interference terms for the 
final state of the pion, reads*® 


do 1 
—= dota, cos6+ a, cos’, 
dQ Q 


where QO=a,9q/(1+/M)? is the statistical factor. ao, 
a;, and a can be easily expressed in terms of the 
multipoles—supposed to be real—in the following way: 
ao= S°+ X?+ ¥*+SD, 
a,;= —2SK, (4) 
a,= K?— X*— ¥*—3SD, 
where 
S= Eo(q/kQ)}, 
D=(—3Mxy+3M2_— Ex—6Ex,) (q/kQ)!, 
X=3(Ex,—My)(q/kO), (5) 
X+Y=—(2Mi,+M1)(q/kQ)!, 
X+V¥+K=—3(Mi,+ Ex,)(q/kQ)*. 


Actually higher multipoles contribute to the angular 


distribution; however, neglecting measurements at ' 


small and large angles (150°>0@>30°), a quadratic 
parabola gives a reasonable fitting of the data. A 
more refined analysis would be practivally meaningless 
considering the type of discussion we have in mind, 
owing to the present experimental errors. 

The method that we follow from this point on 
consists in taking from experiments two of the co- 


* See for instance M. Gell-Mann and K. M. Watson, Annual 
Review of Nuclear Science (Annual Reviews, Inc., Palo Alto, 1954), 
Vol. 4, p. 241. 
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Fic. 1. (a) Present analysis. (b) Interpolation of 
experimental data.‘ 


efficients a; and then determining from the 5 equations 
we get combining the 3 theoretical predictions (1), (2), 
and (3) with these coefficients, the 5 parameters S, X, 
Y, K, and D. We have taken a» and a; as known since 
they are the best established experimentally. Then a2 
is calculated and compared with the experimental 
values. Actually the calculation is not so straight- 
forward since the interference term due to D waves 
contains a rather complicated combination of Mj, and 
E2,. To supplement the information given by Eq. (3), 
we may observe that the right-hand side of Eq. (1) is 
very weakly x dependent. Then we write the approxi- 
mate relations 


Miu +Fig.+({(M+e:)/q](3My+2Me)~, 


(6) 
2M x, + Ex, ~0. 


This is not completely correct since higher multipoles 
are present; however, we consider the approximation 
to be in line with the analysis based on 5 parameters 
of the experimental data, which contain all multipoles. 
Making use of Eqs. (6), we find easily 


D= Ma —_ Eu —_ EF» _ My 
— [2q, ( M a €2) |((Miu,+ Eis). (7) 


We are now ready to use all our equations in order 
to calculate a2. In Appendix III we give for reference 
the algebraic system which has to be solved. The 
result of the calculation is given in Fig. 1. 

As input parameters we have taken the interpolation 
of experimental data given in reference.‘ a» is constant 
and equal to 14.8 10-" cm?/sterad ; a; is interpolated 
by the formula ¢;= —5.7[g¢/k(kw,)*]x 10-” cm?/sterad. 


DISCUSSION 


The agreement between the calculated a, and the 
experimental values of this quantity can be considered 
satisfactory. Even if the experimental errors are very 
large, the energy dependence seems to be quite well 


* Beneventano, Bernardini, Carlson-Lee, Stoppini, and Tau, 
Nuovo cimento 4, 323 (1956). This paper contains a summary of 
most of the previous experimental data in the same energy 
range. Measurements of * angular distribution have been 
recently made by J. H. Marlmberg and C. Robinson, Phys. Rev. 
109, 158 (1958); and Knapp, Imhof, Kenney, and Mendez, Phys. 
Rev. 107, 323 (1958). 
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reproduced. We may perhaps say that this agreement 
is an argument in favor of the procedure followed and 
the constancy of a) appears not incompatible with the 
theory. To illustrate this last point, we remark that 
an dp greater than the experimental value used in the 
lower energy region gives a calculated a smaller in 
absolute value. 

However, appreciable variations of a, say 20%, 
would not bring the calculated values of a, outside the 
experimental errors. 

We must conclude that a constant a is not in- 
compatible with the other experimental data: however, 
at the same time a behavior similar to the one predicted 
by CGLN is not excluded.* In order to resolve this 
question definitely, a more accurate knowledge of the 
angular distribution is necessary. 

Another interesting feature to discuss is the difference 
between our combinations of multipoles and those by 
CGLN. The energy dependence of Eo (see Fig. 2) rests 
essentially on the assumed constancy of a». The 
difference between CGLN values and ours yields an 
indirect estimate of their unknown function V™. We 
want now to compare the right-hand side of Eqs. (1) 
and (2) with the values of the same combinations of 
multipoles in the CGLN approximation. It is not quite 
clear which set of phase-shifts has to be used in evalu- 
ating CGLN expressions since this evaluation depends 
critically on the assumed low-energy dependence of 
all phase-shifts. In Table IIT the values of the CGLN 
expression for the combination of multipoles included 
in Eqs. (1) and (2) are calculated using (a) the whole 
set of phase shifts by Anderson,® (b) setting equal to 0 
the small P waves. Chiu and Lomon’ values for the 
small phase shifts have also been used and the result 
is practically the same as for (a). The unknown CGLN 
function V~ is set equal to 0. Re3(£1,--M.,) agrees 
very well with our values while for Re(%,:+[(M 


+-e2)/q]%2) an indication that our values are higher 


* Barbaro, Goldwasser, and Carlson-Lee have recently meas- 
ured @ at 161 Mev and find a9=18.5+1.3X10™™ cm?/sterad 
in agreement with CGLN predictions. A. Barbaro (private 
communication ). 

*H. L. Anderson, Proccedings of the Sixth Annual Rochester 
Conference on High-Energy Physics (Interscience Publishers, New 
York, 1956), p. 20. 

7H. Y. Chiu and E. L. Lomon, Ann. Phys. 6, 50 (1959). 
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Taste II. Values of the expressions in Eqs. (1) and 
in CGLN approximation. 


Re( Fi4 =+eg,) 


than those by CGLN seems to exist, independently of 
the set of phase shifts used. 

M,, and £,, can also be obtained separately from 
our combined analysis. However, their values are 
differences of large numbers and thus are not very 
accurate. We wish to point out that My, and Fi, 
agree substantially with the CGLN values while lower 
values are found for the positive quantity M,_. This 
might explain the values found for the right-hand side 
of Eqs. (1) and (2). 
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APPENDIX I 


We want to give a brief summary of the method 
followed in evaluating dispersive integrals. The expres- 
sions that have been calculated were of the form 


£ 


sin*a 


- Sin’a 
fw in 4 pf g(W' WW dW’, 
M+1 és ¥* 


where {(W’,W), g(W’,W) represent rational functions 
of their arguments. Functions g have a simple pole for 
W’=W and P indicates the principal value. We have 
taken the following effective-range formula for tanasg;: 


where w*=W—M and r=1/w,; w-=resonance energy. 
We have put the values a=0.11 and r= 1/2.16 obtained 
by Anderson and Davidon® through a best fit of all 
data on scattering experiments 

We have used this formula because of its simplicity: 
the values of the integrals depend essentially on the 
behavior of a33 in the resonance region and the low- 


8H. L. Anderson, Lectures on the Physics of Mesons, Roma, 


1957 (unpublished). 
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energy dependence is not critical. We have 


atg? 
sin’a3; = — RS 
w*?*(1 - rw*)?+ a*q® 


(1A) 


To make the calculation easier we have used the 


following approximation for g: 
gq (W+M)/2M ](o*—1)}, 

and for the denominator of Eq. (1) we have used 
w*?(1—1rw*)*+-a7¢*~nw" PP, 


where 7n?=1/232.1. P; and P2 are quadratic expressions 
in w*. Pi= (w*—a) (w*—at), P2= (w*— 8) (w* —8*), with 
a= —1.951+77.431; 8=1.951+10.378. 

Integrals can now be evaluated by factoring the 
integrand. They are reduced to the form 


n * (wet—1)! 
7 As f —dw*, 
1 


1 w*— a; 


where a, are the roots of the denominator. 
The A, satisfy 


> A,=0, 
1 


>, A,a;=0, 
1 


> Ae? =1. 
1 


PHOTOPRODUCTION NEAR 


rHRESHOLD 589 


APPENDIX II 
The expressions for the multipoles extracted from 
CGLN amplitudes are 
Muy = efVIgk —4Pu/(1-+0*/M)+ (go-+8x)/6Mu* 
— Mi ~ +4 (411 — Aas) — 1/gie* sinassF uv | 
M,_=efViqk[ PF u/(1+0*/M)—4(gp+8n)/Mo* 
+4 (hu— hai) J 
Ex, =ef (V2/3) kg F 9/(1+-w*/M)+-}ie* sinassF Q |}. 


Notations are the same as in CGLN. 


APPENDIX III 

The algebraic system to be solved to obtain the five 
parameters S, X, Y, K, D, is reported here. 

The three theoretical predictions (1)—(3) have been 
combined with the first two of Eqs. (4) using the 
expressions for S, X, Y, K, D, given by Eqs. (5). All 
multipoles can be supposed reali in the energy region 
considered. Using A, ©, and I for the values) of the 
right-hand side of Eqs. (1)—(3) reported in Table"I we 
find 


S—[(M+e:)/g](X+¥)+4D= (+49) (q/kO)! 
X = (@/2)(q/kQ)! 
[29/(M+e2) }(X+¥+K)—3D=—T(q/kQ)! 
S4+X?+V?4+SD=ay 
—2SK= a. 
Then 

a= S*—2SD+K*—ay. 
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Mass Splittings within Baryon Charge Multiplets* 


R. E. Benrenpst anp L. Lanpovitz 
Brookhaven National Laboratory, U pton, New York 
(Received July 30, 1959) 


We have caiculated the effect upon the mass splittings within each isobaric multiplet of a phenomenological 
boson mass difference. It has been possible to sum the diagrams to all orders in the strong couplings but the 
results are only valid to first order in the mass difference. These results can be compactly expressed as 
derivatives with respect to the intermediate masses of a function related to the proper self energy. The 
second-order perturbation results are also calculated. 


INTRODUCTION 
VER the past few years, there have been several 
attempts at explaining the mass differences 
within charge multiplets by means of the electro- 
magnetic self-energy arising from electric charge and 
charge-magnetic moment interactions.' These attempts 
* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
t Now at The Institute for Advanced Study, Princeton, New 
Jersey. 
' See for example, R. Feynman and G. Speisman, Phys. Rev. 


have been beset by many difficulties, not the least of 
which is the presence of divergent integrals which 
must be cut off in a customary but unsatisfactory 
manner. Moreover, in addition to this purely electro- 
magnetic difficulty, there exist the extremely complex 
contributions from the combined effects of the electro- 
magnetic and strong interactions—contributions which 


94, 500 (1954); Marshak, Okubo, and Sudarshan, Phys. Rev. 
106, 599, (1957); J. Sakurai, Phys. Rev. 115, 1304 (1959); H. 
Katsumori, Progr. Theoret. Phys. (Kyoto) 17, 803 (1957). 
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previously have been approximated only through the 
use of a phenomenological magnetic moment. Recently, 
however, Bransden and Moorhouse? have suggested 
that a major part of the =+-2- mass difference might 
arise through the combined effect of the strong inter- 
actions and the K*-K° mass splitting (presumably 
electromagnetic). By introducing the K*t-K°® mass 
difference phenomenologically, they obtained a cutoff- 
independent answer in second-order perturbation 
theory, which, with reasonable values of the strong 
coupling constants and of the K+-K® mass difference, 
was of the same order of magnitude as the observed 
splitting. It is the purpose of this paper to extend 
these calculations. 

The general philosophy will be as follows: It will 
be assumed that the baryon mass spectrum is initially 
split into four levels, N,A,Z, and Z (the members of 
the charge multiplets being degenerate), that the 
boson mass spectrum (the K’s and the 7’s) initially 
has no charge multiplet splitting and that the electro- 
magnetic field is present. However, we shall assume 
that the only effect of the electromagnetic field is to 
give rise to a fine structure of the boson mass multiplet, 
i.e., OmM=mx+— mo, bm,=m,.—m,~. The effects of 
dmx and 6m, on the baryon charge multiplets will 
then be calculated. It will be noted that the mass 
(or rather the electromagnetic self-energy) operators 
6m, and émx correspond to the observed boson mass 
multiplet splittings only when the bosons are free, but 
not when they are in virtual states. The effects of the 
e-m field which will not be included in this calculatfon 
are those arising from the total vertex operators for 
the mesonic and electromagnetic fields and from the 
clothed Fermion propagators (the same techniques as 
is used here for the clothed boson propagators does 
not work for the clothed Fermion propagators because 
the mass differences are still linearly 
divergent). Therefore, the contribution which is cal- 
culated here forms only a part of what should be 
included in any final determination of these multiplet 
splittings. Rigorously, of course, all these contributions 
should be considered simultaneously since their effects 
are interdependent. 

In the first section, this philosophy will be stated in 
more explicit terms by introducing the Lagrangian 
which will be used as a guide in the calculation. In the 
second section, the results of a second-order perturba- 
tion calculation will be displayed—constituting a 
direct extension of the work of Bransden and Moorhouse 
to all the multiplet splittings. In the third section, 
some theorems will be proved which are dependent 
only upon certain general symmetries of the Lagrangian. 
In the fourth section, certain theorems on these mass 
splittings, valid to all orders in the strong-coupling 
constants, but depending on the form of the Lagrangian, 
will be proved. 


resulting 


? B. H. Bransden and R. G. Moorhouse, Phys. Rev. Letters 2, 
431 (1959). 
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GENERAL 


As the basis for the calculation outlined in the 
Introduction, we now write down the most general 
Lagrangian which has a Yukawa form and is charge 
independent: where the symbol for a particle denotes 


m:)>; 


L=N(p—my)N+Z(p—mz)E+S,(p 


+KA(p—my)A+gv NI yetiNait+igzee 


52.2 
+ gel peAmit+ ger! ze7t Emit gwaNTwidK 
+gvoNTwrrd K+ genEl zs AK 

+4[0,Ka,K —meRKK |+3[0,9.0,m, 


K+ Re > 
cE) (2). -(') 
K° — Kt n 

the field operator which destroys it and [ represents 
the appropriate Dirac matrix for each of the couplings. 

It can easily be seen from this Lagrangian that each 
of the members of a charge multiplet has the same 
mass. This follows, formally, from the invariance of 
this Lagrangian and of the associated commutation 
relations under the set of charge-independent trans- 
formations (which interchange members of the same 
multiplet). Now, if the electromagnetic interaction 
Lagrangian were added, then the total Lagrangian 
would not be invariant under these charge-independent 
rotations and we would expect to find mass differences 
among the members of a charge multiplet. As stated 
in the Introduction, we will not make explicit use of 
the electromagnetic field, except 
to the boson self-energy operators. 
Explicitly, by Lorentz invariance, the clothed boson 
propagator must be of the form (A’ k?— m?+-(k?). 
If f(k*) is considered as sufficiently small [or the 
difference between the f(k*) for charged and 
neutral members of the multiplet if the neutral member 
can have an electromagnetic self-energy as has been 
suggested* for the K°] compared with m’, then we 
may consistently take it into account for our purpose 
by adding to the original Lagrangian terms of the form 


insofar as it gives rise 
electromagneti 


the 


Kémg7,K + dorm, (6;; 55.09;)%;, (2) 


where dmx and 6m, are the self-energy operators for 
the K and wr mesons. It noted that these 
terms are not invariant under the charge independent 
transformations, and, therefore will lead, in the same 
way as the electromagnetic interaction does, to mass 
differences among the members of a charge multiplet. 


should be 


The effect of these terms, in the language of perturba- 
tion theory, is to insert into each boson line all the 
possible electromagnetic self-energy diagrams which are 
possible and then to take the correction they generate 


1958 


+G. Feinberg, Phys. Rev. 109, 1381 
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as small enough (compared to the uncorrected mass) 
that only first-order terms need be retained. 

It has been suggested that mass differences between 
the multiplets (e.g., between the N and Z) may arise 
from the interaction of a bare baryon with either the 
K or x field or with both fields.t This would imply that 
we should take all the bare baryon masses in our 
Lagrangian equal. It would then be necessary in the 
strong interactions to either take the coupling con- 
stants, g, to be unequal’ or to adjust the interactions 
I’; (which is equivalent to assigning relative parities)® 
or to do both in such a way that this Lagrangian 
would still be capable of generating mass differences 
between the multiplets. An alternative suggestion’ 
has been that the splitting between the multiplets 
may arise from some other source (e.g., mass quanti- 
zation, etc.,), in which case we would be required to 
take all the baryon bare masses unequal in our 
Lagrangian. (This implicitly assumes a theory with 
appropriate form factors which cut off divergent 
integrals.) Our choices for the g’s and I’’s in the strong 
interactions would then not be governed by a require- 
ment of generating mass differences and hence might 
be chosen in a fairly symmetric way. In what follows, 
we shall explicitly state the conditions on the bare 
baryon masses, the g’s and the I’s for each of the 
results we find. 


PERTURBATION CALCULATION 


A standard second-order perturbation calculation 
with this Lagrangian leads to the following mass 
splittings when ém,, 5mx are each considered to be 
small compared to m, and mg, respectively, and are 
taken to be constants equal to their mass shell values. 
By following the usual procedure, we find 


{2 (gn4,a,mn,Mx) 


— = (gvz,mz,mn,mx)}u, 
—imkomK 0 
- = ————4i—— (2° (gga,ma,mz,mx) 
2n* Omg? 


—5 @) (gzz,mz,Mz,MxK)}u, 


—imxkimr @ 


Ms+— M3- =- —ti—— {2 (gvz,my,mz,mx) 


a Omg? 


— = (gzx,mz,mz,MK )}u, (3c) 

‘See for example, J. Schwinger, Phys. Rev. 104, 464 (1956). 

5M. Gell-Mann, Phys. Rev. 106, 1296 (1957); A. Pais, Phys. 
Rev. 110, 574 (1958); J. Schwinger, Ann. Phys. 2, 407 (1957). 

* H. Katsumori, Progr. Theoret. Phys. (Kyoto) 19, 342 (1958); 
S. Barshay, Phys. Rev. Letters 1, 97 (1958); F [Girsey, Phys. 
Rev. Letters 1, 98, (1958); R. E. Behrends, Nuovo cimento 11, 
424 (1959). 

7A. Pais, Physica 19, 869 (1953). 
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_ im,im, G6 
mz — my= 4 (my+— my-) + 73 
om," 


{2 (gae,ma,mz,m,) 


(3d) 


-- = (gy_.,mz,mz,m,)) u, 
where 
a] ig’r 
u— = (g,me,m,,mp)u= — —a pV l,—im TTI, \u, 
Om,’ 4m, 


1 a (m+ m? — mp’) 
tf 
0 e+bxe+c m; 


It is obvious that these mass splittings can be further 
reduced to a second derivative by noting that if the 


-coupling constants are the same, the =®’s differ in 


only the intermediate Fermion mass. Thus, e.g., 
M,— My 
ImcomMKoM sz e 


——°) (yg. mymn,mx)u, (4) 
2x? Omr?0myz4 


(6mz,=mz—Ms4), 


and all others can be similarly expressed. 

It is notable that these splittings do not depend 
upon any cutoff, i.e., they are finite even though each 
of the self-energies is itself infinite. 


LAGRANGIAN-INDEPENDENT THEOREMS 


In this section we derive some effects of the existence 
of a K- or x-mesonic mass difference which do not 
depend upon whether the interactions are of a local or 
nonlocal type, of a trilinear, quadrilinear or whatever 
form, or in fact anything else at all except that in the 
absence of these mass differences, the interactions are 
charge independent, i.e., that 7*, T; are good quantum 
numbers for the eigenstates of the Lagrangian neglecting 
mass differences among mesons. 

These effects depend upon the fact that the mass 
differences, considered as a perturbation, can be 
written in such a form as to transform as a spherical 
tensor in isotopic spin space. The K-mesonic mass 
difference behaves as a vector while the #-mesonic 
mass difference transforms as a second rank tensor. 
More specifically, 


H im= }6mgT ;°—im,T?, 


where 7,°, T;° are the integrals over space of the 
expression given in Eq. (2). 4 

Then, if we only consider corrections to the masses, 
to first order in dm, and dmg, the mass differences 
between baryons defined by the large independent 
part of the Lagrangian are given by 


m,—mp=(A| H sm|A)—(B| Hse! B). 
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Since the pion mass difference is a second rank 
tensor in J-space, it cannot contribute to the n-p or 
=--° mass difference. Thus 
Mn-M,=4{(4,—4,a| Ty°5mx|4,—43,a 
— (3,3, T dmx | },4,a)} 
1| 1 


(4 || T "bmx } a){ 1,0; 4,—4|4,—4) 


—(1,0; 3,414,3)}, 


where a@ are all quantum numbers other than 7°,7; 
necessary to specify the state (71,m; j2,m’|j,m+-m’) 

Clebsch-Gordan 
reduced matrix element. 
Gordan coefficient, we find 


are 
and (},al|T;"\|},a) is a 
Evaluating the Clebsch- 


coefficients, 


1 1 | 
v3 V3) 


Myz—mM,= }(4,a\|T dmx 


1 
290)) 


| T bmx ha v3. 
Similarly, 


a 
mz—mMz } a’ || T 5mx||4,a")/V3. 


Both the # and K mass differences contribute to th« 
> mass differences: 


my+— myo = 41 ,a”"|| T dmx) 1ax’”){ (10; 11| 11) 
—(1,0; 10/10} (1,a”’|| T26m,|| 1,0” 
X {(20; 11] 11)—(—2,0; 10] 10)} 
41 a’”|| T 6mm) 1 ,a’”)/V2 
—(1,a""|| T.5m,||1,a’’)[ (10)4+-2(10)-4] 
= AA ae” || T 5m)! 1,0”) /v2 
— 1a” || T25m,|| 1,0” 3/(10), 
T »,6mx 1,a’’){(1,0; 10/10) 
10; 1—1]1—1)} —(1,a""!| 25m, || 1a” 
< {{20; 10) 10)—(20; 1—1}1—1)} 
T 6m]! 1,a’")/v2 


Mso9— Ms- x 1a” 


} La” 


—(1a’”|| T 25m, || 1,a’")3/ (10)! 


On the other hand, the =+-> 
not depend on 6m,. 


mass difference does 


My-— My+= —(1,a”’|| T5mg||1,a"")/V2. 


Thus, we see that in the absence of the w mass 
difference but with the K multiplet splitting, the 
=+-E- are split equally, but in opposite directions, 
from the >°: the w’s then displace the 2° from the 
mean of the =+-=- mass. 

Without a detailed theory, the different reduced 
matrix elements cannot be related theoretically. 


LAGRANGIAN-DEPENDENT THEOREMS 


In this section, expressions for the baryon mass 
splittings will be derived which hold to all orders in 
the strong couplings but which are valid only if certain 
relations exist among the relative parities and strong 
coupling constants. In each case, these will be stated 
explicitly. In order to derive these expressions, certain 
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symmetry transformations of the 
be discussed. 
Since the 
relations) are invariant 
transformations 


strong couplings will 


ind 


a commutation 
inder the 


charge symmetry 


Lagrangian the 


A® 


’ 


then, if 5mc=0, it is obvious that 6m, will not con- 
tribute to the n-p, =°-Z- or Z+-E- mass differences. 
Thus, if the expressions for the baryon multiplet mass 
splittings are restricted to just first order in either 
dmx or 5m, (which is a good approximation since both 
bmx and 6m, are very small), n-p, Z°-Z-, and 2*-2- 
mass splittings can, at most, be proportional to dmg. 


p-n AND ©°-=- MASS SPLITTING 


It will now be assumed that 
SNA ENYr, 

(T) 

Pwa=I'wz, T'xa=Vezx, Var=Izx. 


The relations among the I'’s imply that the A and 2 
have the same parity. The strong interaction is then 


invariant under the transformation 


2~ ++ (A” 


If ms=ma,, then the ent 


invariant 


would be 
under this transformation and again there 
would be no splitting of the n-p, =°-Z-, independently 
of whether 5x and 6m, are zero or not. These are the 
usual conditions for the 
have been shown to be 


Lagrangian 


doublet approximation which 
in contradiction with experi- 
ment.® This symmetry can be broken either by giving 
the A and = opposite parity,® by removing some of the 
coupling constant equalities, or by assuming the bare 
A and bare = masses differ. With the latter assumption, 
it is possible to derive some rather interesting theorems. 
Therefore, we will assume that m:=m,+6myy, and that 
5mz, is small compared with the average AZ mass. 
Now consider the sum of the proper self-energy parts 
for the neutron and proton, 2,* and 2,*, respectively. 
According to the transformation A, there is a term by 
term cancellation in 2,*-2,* of diagrams which differ 
only in that K+ propagators are replaced by K° propa- 
gators, assuming the =*+,2- masses to be the same. 
Similarly, transformation B states that there is an 
exact cancellation of terms which differ only in that 
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=*+ propagators are replaced by Y° propagators and 
=~ by Z° propagators. If dmx and dmz, are considered 
sufficiently small [mye=mzo=4(m,+mz) | so that only 
the first terms in the Taylor series expansions need be 
retained, then this may be written 


a 
I n* —Ly*2mximz3—_© * 
Omx?dmy, 
- 
=5mz,3————Gy* (5) 
OmKOmys, 


where maz is an average ZA mass and @y’* is an operator 
which if 5mx were on the mass shell would be dm x times 
the sum of the proper self-energy parts for the nucleon 
~,*) when the K*+K® and ZA mass differences are 
neglected. (The over-all sign may easily be determined 
from the second-order perturbation result.) Thus, the 
neutron-proton mass difference may be written [we 
explicitly include the masses and coupling constants 
upon which the S* depends ] as 
1 - 

ms u’——— ——S* (gwa,mn,msz4,mq)u (6) 

OmKOmy, 


M,—M,= 


where «’ is the renormalized wave function for the free 
nucleon (a’u’=1). 

Similar arguments may be applied to the =°-2- 
mass difference. Thus 


Mz0— Mz- 


> —S*(geumzsmsaimu)n | (7) 
OmKOmy, 


x*+—ZX- AND X&*+—=* MASS SPLITTINGS 


Now, we will alternatively assume that 


Nx fer, £zaA—BnA, £zr— gnz, 
(IT) 
Tga=Twa, Tzz=T yz. 
These relations among the I’’s imply equal Z-N parity. 
Then the strong interaction is invariant under the 


transformation 


a*—> 24%, 


po ye 


=O 


n> EE, ge =z", 


Stes 3, Ktes Re, 


K® o—R’, 


> +>— 2°, 


A‘— A®, 


If mz=my, then the entire Lagrangian would be 
invariant under this transformation and there would 
be no splitting of the 2*+-2- masses, independently, of 
whether dmg or dm, are zero. These are conditions for 
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the AB symmetry of Feinberg and Behrends® which 
have not as yet been tested by experiment. It should 
be noted that if, in addition to (C), A,-—> —A, ina 
Lagrangian with the electromagnetic field included 
according to the principle of minimal electromagnetic 
coupling,’ then mz=my would imply that the =+-2- 
masses were degenerate and that m,—m,=mg°—mz- 
to all orders in the strong and the electromagnetic 
coupling constants, e.g., including the contributions 
from magnetic moments, etc.® 

As before, we will assume that this symmetry (C) 
is broken by the bare masses only, i.e., by assuming 
that mz=my-+émzy, where dmgy is small compared 
with the average Z-N mass. 

By arguments similar to those given for the n-p 
mass difference, it can be shown that 


my*— Mm: 


1 e 
= —imzyil’- 


2n* 


S*(gwz,mz,mzy,mx)u’. (8) 
0 mko M=zn 


In order to find the =*-° mass splitting, consider 
the isotopic rotation in the 1-3 plane: 


wis (x~+n4t)/v2 — 2°, 


r— x, 


p— (p+n)/v2, 
n—> (p—n)/v2, 
a —» (+2-)/v2, 
Z- —» (—Z-)/v2, 
t= (Z-+E+)/v2 + 2, 


Y= (2-—E+)/V2i > 2, 


K+ — (K++K)/V3, 
K® —» (K+—K®)/v2, 


(D) 


2 — Zz, 

If dm, is zero, note that my—mz is zero because of 
transformation (A) (i.e., 2'-+ Z!, 2°» —2°, K+ — K°®) 
and transformation (D). Explicitly, transformation (D) 
states that the following terms exist: 


1 1 


k?— mx? k?— i (mxo+ mx+)* 


while transformation (A) guarantees that concurrently, 
terms of the form 


1 1 


kh? — mx? — 4 (mgot+ m+)" 


exist. The net result is zero to first order in dmg. 
Similar arguments can be used for the isotopic spin 
rotations in the 2-3 plane. It is then possible to show, 
by the same general method as used for the p-n mass 


* G. Feinberg and R. E. Behrends, Phys. Rev. 115, 745 (1959). 
*M. Gell-Mann, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Nuclear Physics, 1956 (Interscience 
Publishers, New York, 1956); A. Pais, Phys. Rev. 86, 663 (1952). 
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splitting, that 
—4 @ 


=f 


Myi— My = S*(m,)i’, 


4n* Om, 


— * | 
ii’ —_G* (m,)a’. 
Om, 


myz?— my = 
4x3 


Adding these equations, it follows that 


(mu+my:= my++m:z-) 


My++mMy- | Oo 
Myo ui ’ 


$73 


, 


) 


S*(m,)u 
Om, 


It should be emphasized that this result depends only 
upon the Lagrangian being charge independent and 
not upon any particular choices of coupling constants. 


MASS RELATIONS 


We will now attempt, through the use of more 
restrictive assumptions, to obtain some mass relations 
which are independent of the propagators. The addi- 
tional set of assumptions that will prove useful is that 
which guarantees invariance under the combined set of 
transformations (B) and (C), i.e., assumptions I and 
II, or 
Pav=Tya=Vaz=T'zz 
RAKN = £AK 


(IIT) 


Let us first consider the sum of Eqs. (6) and (7) under 
these conditions. 
1 e* 
bmy\u 
, OmxOmysa 


M,—M,+Mz— Mz 
dor 


[S*(g,my,mz,) +S*(g,mz,mza) |i’. 


From what we have done before, this expression is 
valid only to first order in either dmz, or dmyz. There- 
fore using the expansion 


S*(g,my mya) + G* g,Mz,My,) 


0 


bmMezn 


= 295*(g,mzn,mz,)+5mz S*(g,mzn,mza)+ 


OmezN 
and neglecting higher order terms, we obtain 
M,— M,+mMp— Mz 
i e 


=— éms, it’ 
22° 


(10) 


~S*(g,mzn,z,) 0’. 
OmrOmyz, 


ND L. I 


ANDOVITZ 

If we now form the ratio (m,—m,+mp—mz-)/ 
(mz+—mz-) from Eqs. (8) 10) and notice that 
the average Z-A mass and the average Z-N mass are 
almost the same, we find that 


and 


Myz—M,+mz—Mz- dmx, 


(11) 


My+— My bmzn 


This relation is, of course, only true for those con- 
tributions which arise from clothed boson propagators. 
The total mass splittings will be made up of these 
contributions plus those from clothed Fermion propa- 
gators and total vertex operators for both the meson 
and electromagnetic fields. These remaining contribu- 
tions have not been considered. 


SUMMARY 


The perturbation calculation of Bransden and 
Moorhouse has indicated that for reasonable values of 
the coupling constants, the At-K° difference 
induces a =+-Z~ mass splitting of same order of 
magnitude as that experimentally observed. This seems 

the magnetic moments 


mass 


the 


reasonable when one notes that if 
of the =* and = the usual 
electromagnetic calculated for 
the n-p mass difference) would cause no mass splitting. 
Therefore any =*+->~- mass difference, if the 
electromagnetic field, would have to arise from the total 
vertex operator the total and Fermion 
propagators. Similarly, it might be expected that these 
vertex and propagator effects might be at least 
important as the usual electromagnetic self-energy 
effects in the calculations of the n-p and =°-= 
differences. On this basis, a mass relation, Eq. (11), 
arising solely from the effects of the 
was derived which is valid to all orders in the strong- 
coupling constants, providing 
and coupling constant assignments are made. 

In addition, theorems were proved which demon- 
strated the qualitative effect of clothed boson 
propagators on the various splittings within the baryon 
charge multiplets. Namely, it was shown that to first 
order in either 6m, or dmx and either dmyz or dmza that 
the n-p, =°-= differences were in- 
dependent of the pion mass splitting ém,, that the 
K-meson mass splitting dmx split the 2+ and the 2- 
masses equally but in opposite directions from the 2° 
while the effect of 6m, was to move the 2° level closer 

v4 


to either the > 


were equal und opposite, 


self-energies (e€.g., as 
due to 
and boson 
as 
mass 


boson propagators, 


ertain relative parity 


the 


and =+->- mas 


+ 


or the Ps 
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A contribution to the deuteron magnetic moment which results from the altered expectation values of 
nucleon core spins in the bound state is calculated. The adiabatic approximation, in which the r-meson 
clouds of a static-nucleon model are assumed to follow the orbital motion of the sources, is used. The two- 
nucleon states are expanded in Heitler-London states; the expectation value of the deuteron magnetic 
moment operator is related’ to single-nucleon matrix elements by means of an expansion corresponding to 
exchange of various numbers of mesons between the nucleons. The single-nucleon matrix elements are 
evaluated using the Chew-Low-Wick fixed-source theory. If an orbital wave function with a relatively 
large D-state probability is used, the one-meson exchange terms give an increase in the deuteron magnetic 
moment of about one percent. The two-meson exchange terms are considerably smaller than the one-meson 


exchange terms. 


I. INTRODUCTION 


HE work to be described is an attempt to deter- 
mine the consequences of a simple meson theory 
for the magnetic moment of the deuteron. 

The first attempts to account for the deuteron mag- 
netic moment ignored the internal structure of the 
nucleons and simply postulated a nucleon-nucleon 
potential which is partly central and partly tensor 
potential, as suggested by the existence of the deuteron 
electric quadrupole moment. Such a potential leads to 
a deuteron wave function which is a mixture of S and 
D states, and hence to a contribution to the magnetic 
moment associated with the orbital motion. It is easy 
to show that the magnetic moment of the deuteron is 
then 


Ha=Me— ¥(us— 4) po, (1.1) 


where pp is the D-state probability and y, is the sum 
of the proton and neutron moments; u,=p"atuy. A 
value of pp of about 4% gives the observed value of 
pa, although meson-theoretic calculations of the tensor 
potential indicate that pp may be considerably larger 
than 4%.** 

It has been pointed out** that there are relativistic 
effects, resulting from the fact that the interaction of 
the nucleons with an electromagnetic field depends on 
their kinetic energies. Because of uncertainty about the 
transformation properties of the nucleon-nucleon poten- 
tial, the magnitudes and even signs of these corrections 
are not known with any certainty. 


* Paper submitted (by H. D. Young) in partial fulfillment of 
the requirements for the degree of Doctor of Philosophy at Car- 
negie Institute of Technology. 

+ This work was supported in part by the U. S. Atomic Energy 
Commission. 
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1S. Gartenhaus, Phys. Rev. 100, 900 (1955). 

2 R. E. Cutkosky, Phys. Rev. 116, 1272 (1959). Hereafter, this 
paper is referred to as B. 

3 Iwadare, Otsuki, Tamagaki, and Watari, Progr. Theoret. 
Phys. (Kyoto), Suppl. No. 3, 32 (1956). 

‘H. Primakoff, Phys. Rev. 72, 118 (1947). (This paper contains 
references to earlier work on relativistic effects. ) 

* M. Sugawara, Progr. Theoret. ey (Kyoto) 14, 535 (1955). 

*M. Sugawara, Arkiv Fysik 10, 113 (1956). 


If the nucleon-nucleon interaction contains spin- 
orbit potentials 7* there is an additional electromag- 
netic interaction.*"® At present, however, there is no 
clear evidence, either theoretical or experimental, con- 
cerning the magnitude or sign of the spin-orbit potential 
for nucleons in T=0 states." 

A third effect, the one with which the present work 
is concerned, is the modification of the internal structure 
of the nucleons resulting from their binding in the 
deuteron. Previous attempts to calculate mesonic con- 
tributions to the deuteron magnetic moment have all 
been based on some form of perturbation theory, 
usually a Tamm-Dancoff method.*:*-4- These methods 
suffer from the difficulty that the renormalization of the 
coupling constant, and the elimination of the self- 
energies and other unobservable quantities, must all 
be done explicitly. The results of such calculations are 
not quantitatively very reliable. 

In the present work the deuteron moment corrections 
are related to observable properties of single nucleons.'* 
First, a model for the nucleon is used which consists of 
a “rigid core” having a spin and a magnetic moment, 
surrounded by a cloud of mesons. The contribution 
to the magnetic moment which we have calculated 
results from the fact that the probability that a nucleon 


’ P. S. Signell and R. E. Marshak, Phys. Rev. 106, 832 (1957). 

* J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 290 (1957). 

* Blanchard, Avery, and Sachs, Phys. Rev. 78, 292 (1950). 

” H. Feshbach, Phys. Rev. 197, 1626 (1957). 

os Swart, Marshak, and Signell, Nuovo cimento 6, 1189 
(1957). 

' The L-S potential and other relativistic effects depend (in 
part) on properties of the renormalized pion-nucleon vertex 
function which cannot be inferred from Lorentz invariance and 
other general arguments, or from an extrapolation of the static 
model. It may be noted that fourth-order perturbation theoretic 
calculations with pseudoscalar coupling give results quite different 
from those with pseudovector coupling, as shown by M. Sugawara 
and S. Okubo, Phys. Rev. (to be published) and by M. Sugawara, 
Phys. Rev. (to be published). 

“ H. Miyazawa, Progr. Theoret. Phys. (Kyoto) 7, 207 (1952). 

“I. Sato and K. Itabashi, Progr. Theoret. Phys. (Kyoto) 13, 
341 (1955). 

 R. E. Cutkosky, Phys. Rev. 112, 1027 (1958). Hereafter this 
paper is referred to as A. 
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ba) 
core spin has a given orientation may be different in 
the bound state from its value for an isolated nucleon. 

To calculate this contribution a fixed-source theory 
has been used, in which all nucleon recoil effects are 
ignored. The “adiabatic approximation” is used, in 
which the meson cloud resulting from the fixed sources 
is assumed to follow them if they are given some slow 
orbital motion. The deuteron magnetic moment is then 
made up of two parts: the contribution from the nucleon 
cores, which is calculated using static nucleons, and a 
part due to the slow orbital motion of the cores. 

In the charge-symmetric theory the #-meson current 
itself does not contribute to the deuteron magnetic 
moment because it is an isotopic spin vector, while the 
state of the deuteron has total isotopic spin T=0. 


AND 


Il. MODEL 
A. Hamiltonian 


In the present model the nucleon is considered to 
consist of a nucleon core surrounded by a z-meson 
cloud. The fixed, extended core is the source of the 
meson field. No nonlinear interactions (such as meson- 
meson interactions) are included. 

The nucleon core itself has an internal structure, 
resulting from creation of virtual nucleon pairs, heavy 
mesons and hyperons, and so forth. We assume, how- 
ever, that the structure of the core is not affected by 
the change in the meson cloud resulting from interaction 
of two nucleons, and thus the internal coordinates of 
the nucleon core may be ignored. We use the Hamil- 
tonian'®.!” 


H= ar Ka,*a, me Eo(az*az +a,*a,) 
+>". (ay+<a. n) (Vert Vyx). 


We use units in which /, c, and the meson mass are 
all equal to unity. A capital letter denotes the energy 
of a meson whose momentum is the corresponding small 
letter, e.g., K=(k®+1)!. The meson creation and de- 
struction operators are a,* and a,, respectively, where 
the index k includes both momentum and isotopic spin 
state; a,* and a, are creation and destruction operators 
for a nucleon core, where x includes position, spin, and 
isotopic spin of the nucleon core. The value of Zp is 
chosen to make the energy of an isolated physical 
nucleon zero. The interaction operators are 


(2.1) 


Vex=ars*[ fov,(2K)~!7,*ie*- k exp(ik-x) Ja,, (2.2) 


where fo is the rationalized but unrenormalized coupling 
constant, and 2, is the source function. 


B. Magnetic Moments 


The nucleon core has spin one-half and isotopic spin 
one-half. Its magnetic moment depends on its charge 
state, so the magnetic moment operator for the core 


16 G. F. Chew and F. E. Low, Phys. Rev. 101, 


1570 (1956) 
17 G. C. Wick, Revs. Modern Phys. 27, 339 (1955) 


R. CUTKOSKY 
can be written 


u-=4(a+8r;)e, (2.3) 


where a and @ are constants, and @ and r; are operators 
for the core spin and isotopic spin, respectively. The 
total magnetic moment of the nucleon is the sum of this 
moment and the contribution from the meson current. 
Thus we have 


i 
2 


p= 4(a/p1t+8/p2)+(us) and pa=}4(a/p1—8/p2)— (us), 


where 1/p:=(c,),'® 1/p2=(o,73), and (u,) is the contri- 
bution of the z-meson cloud. We note that u,=a/p1. 

In the deuteron the total magnetic moment is the 
expectation value of the operator 


ha(o+o,7)+438 (e273! +0273?) +yetporn, (2.4) 


where (crn) =}pp is the contribution from the orbital 
motion of the cores. However, because the deuteron is 
a T=O state, neither the meson current nor the part 
of the core moment containing 7; contributes to this 
expectation value. Hence, defining the total core spin 
as S=}(e'+ 0"), we have for the total magnetic moment 


Ma= aS 2) + (Mort (2.5) 


In the calculation, (S,) will be proportional to 1/p,, so 
that only the ratio a/p:=y, appears in the final result. 
The experimental value of this quantity will be used. 
In order to describe how (S,) is calculated, we first 
discuss the wave function ¥(r) which would be used if 
the nuclecns had no internal degrees of freedom. We 
use a function containing a mixture of S and D states, 
with total angular momentum J=1 and J,=1. Since 
we Shall use a fixed-source model, it is convenient to 
represent this function using spin functions referred to 
an axis system in which the nucleon cores are at rest and 
which rotates with respect to the fixed axis system. We 
call this the deuteron axis system, and denote quantities 
referred to it with a bar. We take the nucleons to lie 
on the Z axis, and describe the orientation of this axis 
with respect to the fixed z axis by means of the usual 
spherical coordinate angles @ and @. We then find 


S,=2-4 sinbe- ‘#58, +-cos#S,— 2-3 sinbe'*§ (2.6) 


where the spherica! components S)=58,, 


S,= (S,+iS,)/v2 
are used, and 
Yi=r(4r)— 4 (u+w/v2) cos*46x, v2w) 
X sinde '*Xo+ (u+w/v2) sin?46e? **X_, ], 


\u 
(2.7) 
where the functions X,, are eigenfunctions of So, and 
« and w are the usual S and D radial functions. 

Now, making use of the adiabatic approximation, we 
generalize the meaning of the spin functions so that 
they represent also the internal degrees of freedom of 
the nucleons. We replace X,, by a normalized eigenstate 


18M. Cini and S. Fubini, Nuovo cimento 3, 764 (1956). 





MAGNETIC 


V,, of the static theory which contains two nucleon 
cores lying along the 2 axis (separated by a distance r) 
and an associated meson cloud. In the next section we 
show how the states V,, can be constructed. 

The deuteron state vector is 


WwW, = (2.7 with ¥,, instead of X,,) ; 
our objective is to calculate | 
S)=(P So). 
This depends on the matrix elements 


(Vina Vm’). 


Only two of these are independent, because the value 


of any matrix element must be invariant with respect 
to a rotation about the 2 axis and a reflection in the 
Z-g plane. This symmetry leads to the following rela- 
tions: 

p= (¥, 5h) — (W_1,So¥ 1), 

a (¥,, 5,9) = (Wo SW 1) 

= — (Wo, S_¥,) = — (WS), 
(Wo, So¥o) =0. 


(2.10) 


When these expressions are substituted into (2.9) and 
the angular integrations are performed, the result is 


(S.)= f [3 (u-+-w/V2)*p—4(u+-w/V2) (u—V2w)q dr. 
0 


(2.11) 


In our fixed-source calculation, p and g are functions of 
the internuclear distance r. 


C. Heitler-London States 


The principal problem in this calculation is to evalu- 
ate the matrix elements p and g, defined by Eq. (2.10). 
It is here that our method differs significantly from 
those used in previous attempts to calculate the 
deuteron magnetic moment. Rather than expand the 
state of the deuteron in states containing two “bare 
nucleons” and various numbers of mesons, we use a 
method" described in A to expand the deuteron state 
in states containing two physical (clothed) nucleons and 
various numbers of meson in scattering states. 

As in A, we define operators which, operating on the 
vacuum state, create physical nucleons. For a nucleon 
at x, ,*|0)= |x). We specify that each 5* shall contain 
only meson creation operators and one nucleon core 
creation operator. 

The Heitler-London states are defined as combina- 
tions of states of the form $,*5,*|0). The states used 
in the present work are linear combinations of the 
states constructed in A, chosen to be eigenstates of 
total angular momentum and total isotopic spin. 

Assuming that the Heitler-London (H-L) states form 
a complete set, we can expand the state vector ¥,, of 


MOMENT OF DE 


UTERON 

the deuteron in these states: 

V,=Pn+ de Xn? (R)P on et p> Xm ( RL)Pmrnrt sss. 

e ‘ (2.12) 


Equations for the amplitudes can be obtained from the 
variational principle 


i Vn, (H—E)¥,, ]=0. (2.13) 


In general the H-L states are not eigenstates of H, and 
they are not orthonormal. At sufficiently large distances, 
however, it is expected that the amplitudes X.(%) 
will be smal] and X»_(4l) smaller, so that approximate 
calculations of them will be sufficient. Assuming that 
the H-L states are approximately orthonormal and 
eigenstates of H, we obtain approximately: 


Xm’m() = — KV mR 5), (2.14) 
X m?m (RE) = —$(K +L) V nm (RE 5), (2.15) 


where Vinem(R:* + 3)= (@mre....®,,). The norms of the 
H-L states, and the various matrix elements of H, can 
be expanded in terms of single-nucleon matrix elements. 
These expansions are given in A. Similar expansions for 
the matrix elements of S* (\=0, +1) can all be obtained 
easily from corresponding expansions for the norms of 
the states. Because we deal always with symmetric spin 
States, 


(Din S*Den) = (Duy oD), (2.16) 


and it is the latter expression which is evaluated in most 
of the following calculations. For example, 


N 
(O, 0,)= > ¥¥ To l\(N—-») I} 


NeOQ rm ky 
‘ j yt ' 
X (x"| ay*+ - -a,*o*a,41° + «ay | x) 


X(y' | ay" (2.17) 


+ * Appi "dy + *Gy|y). 


It is convenient to separate contributions to p and 
q corresponding to different numbers of exchanged 
mesons. We therefore write 
SP +S P+S,! 
(2.18) 
Sot+S,++S,* 


egg —— , 
(A ot + A 17+ Agt)(Age+A +A") 


where the numerator is the matrix element of S in the 
state (2.12), and the denominator corrects for the fact 
that ¥,, as given by (2.12) is not normalized to unity. 
The subscripts refer to the number of exchanged 
mesons; the superscripts on S$ denote the component 


‘of S, and those on A denote the value of m for the cor- 


responding state. In calculating the various contri- 
butions to these quantities we shall use an additional 
subscript in parentheses to denote their origin. 
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In evaluating these expressions, all the terms corre- 
sponding to zero- or one-meson exchange will be 
included, but only the two-meson terms which involve 
the ground states or the 3-4 excited states of the nucleons. 
Only the basic H-L state contributes to the zero-meson 
terms; therefore Ao’=Aogt=1, and S°= 
Thus the zero-meson terms give just the values of p and 
q for noninteracting nucleons. The one- and two-meson 
exchange terms give corrections to these values. Making 
Taylor series expansions of the denominators in (2.18), 
we find 


—Sor= 1/px. 


P= S0°+ ($1°— SoA 1+) + (S29 — SPA ot) 
— Ay*(S)°—S°A1"*), 
q= Sot +Sit—4Sot (A+ Ast) +S2* 
—4Sgt(Ag?+ Ast) + §Sot ((A1")?+ (A1*)*) 
+4S9+AAst—4$S;+(AY+A?1*). 


(2.19) 


Ill. ONE-MESON EXCHANGE TERMS 


We calculate first the one-meson terms from the 
zero-meson Heitler-London state. These will then be 
combined with the terms f 


from the one- 


meson H-L states, which have a very similar form. 


one-meson 


A. Zero-Meson Heitler-London State 


The V =1 terms in the expansions for the zero-meson 
H-L states are 
Sicoy = Dow [(x" | way | x)(y’ | ay" 
+(x" | a,*o| xy’ | ax| y) | 
> Kx’ |e(H+K)"V;* 
+V,*(H+K)"e|xXy'| Vil y), 
Axo) = Don [(x’ | ae| xy’ | ax*| y) 
+(x’ | ay*| xy’ | ax| y) 
i | x |* {y’ | Vel y)- 


, 
y) 


(3.1) 


=>, 2K-%(x' (3.2) 


In Eq. (3.1) the matrix element containing @ can be 
approximated by making a closure expansion using a 
complete set of one-nucleon states which are eigenstates 
of the total Hamiltonian. The first term in this expan- 
sion gives 
>: . as 

(3.3) 


These matrix elements for the physical nucleon states 
can now be expressed in terms of matrix elements for the 
corresponding “bare nucleon” states.'* We denote by 
|x) the bare nucleon state corresponding to the physical 
nucleon state |x). The operator V, is understood to 
contain the unrenormalized coupling constant fy when 
it appears with physical nucleon states, and the renor- 
malized coupling constant f when it appears with bare 
states. Expression (3.3) then becomes 


De Kr Soe [(x’ |e] x”) (x | Vil x) 


+ (x Vi | x") (x I @| x) \(y'| Vely), 


(3.4) 


‘ 


KOSKY 


x. BR. Gi 
where x’ ranges over the four bare-nucleon states. The 
product S9A1~) may be written in the form 


SoA 100) = p1 " > = K 


4i-(x 


¢* 


u 


Vi*| x") (x |e|x) ](y’|Valy), (3.5) 


because for either oo or a4, only one of the matrix 
elements (x”|@|x) is different from zero. 
In this approximation, then, 


6) 

and 
1) 
first in the closur is 
exactly cancelled by the change in 


The next term in the closure expansion for 
Le Dery K71(K+P) [Xx |o| x" px" p| Vi* | x 
+ x’|V,"* "D vp oe x y’ 

where the |x’) are the meson scattering states with 


one meson in a plane wave. In this calculation it is not 
necessary to specify whether the complete set with 


the term for Sic 
the normalization. 


3.1) is 


expansion 


Vly), (3.8) 


incoming waves or the complete set with outgoing 
waves is used. It is assumed that one or the other is 
used consistently. 


B. One-Meson Heitler-London State 


We now proceed to the calculations of the one-meson 
exchange contribution from the one-meson H-L states 
Pn,» The amplitude of the one-meson H-L state is 
given by Eq. (2.14). An for Viyem(p); is 
given in A; keeping only orresponding to 
exchange of one meson, 


Xpansion 
terms 


Vmim( P53) = De LK 
X(y’""| Vil y) 


(3.9) 


In the expansion of Am»(;%) at least one additional 
meson is exchanged ; thus t 
not contribute to A,;. Furthermore, 
of the expansion for (,,-,S®,,,,), wl 
should be included 
tributions. Therefore, 
meson H-L state to §; is 


he one-meson H-L state does 
only the first term 
lich is (x’| @| xk){y'| y), 
one-meson exchange con- 
of the 


in the 


the contribution one- 


Sig) > 


— 


{: I 
kere" PLK K+P 


| vr @ vp vp V,*\ 2 


+(x" 3.10) 


Via* |x" px’ p| @| x) Ky’ | Vel y). 
C. Evaluation of One-Meson Exchange Terms 


the same form as (3.8) 
expressions containing the energies. 
and (3.10 


The result (3.10) has exac 
except for the 


Combining (3.8) 


oles 
Lly 


a?) 


=- > 


kpx’’ 
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Fic. 1. Diagrams corresponding to one-meson exchange terms. 


The higher terms in the closure expansion used in 
(3.1) can be shown to combine in an analogous way 
with corresponding terms for the multimeson H-L states. 
Thus the sum of all the one-meson exchange contri- 
butions is 


S:— $o41= Doe Dn 2KO1EL [|| xn) 
XK (xn | Vy* | x)+-(x" | Vi" | x’’n) 


X(x"'n| o|x) Ky’ | Vely), (3.12) 


where the sum on » includes al] multimeson states but 
not the unexcited nucleon states |x). However, since 
not enough is known about the states which contribute 
to (3.12), we must resort to some approximation 
methods. 

The expression (3.12) has the form of a closure ex- 
pansion for the quantity 


QE) Yo Kx’ | eV .*+ Vite! x)y'| Vil y), 
where (£~") is the average reciprocal energy of the 
n-meson states, except that the zero-meson term of the 
expansion is missing. We therefore replace (3.12) by 
$:—So41= AE“) [Oo K-"x’ | eV 44+ Vi e| xy’ | Vil y) 

— Die K[(2' | o| x”"Xx"| Vi" |x) 
+(e Vit |2"Kx" |o|2) Ky’ | Vily)}. 


(3.13) 


(3.14) 
This expression can be represented pictorially by the 
diagrams of Fig. 1, in which solid lines represent physical 
nucleons, dashed lines represent mesons, the cross 
represents the operator @, and the bubbles represent 
excited states of the nucleons. 

The matrix elements in (3.14) can be related im- 
mediately to the corresponding bare-nucleon matrix 
elements: 
$,—S.A1= XE pi L(fo/f- 1) 

XY K(x |oV iF +Vi*e| x) (y’| Viel y). 
Inserting the explicit expression (2.2) for Vi, we find 
Si- SoA es XE pi ‘ffo— f*) 

XY 02K explik- (y—x) ] 
X ("| (ee k+-e- ke) 7,7| x) 
X (y|o-kn|y), 
where the isotopic spin index is now written explicitly. 
We use the spherical components of @ and k: 


a: k=coko—o4k_—o_hy. 


(3.15) 


(3.16) 


In the integration over k, the only terms which survive 
contain the factors k,k_ or ko. The result can be ex- 
pressed in terms of the integrals 


Z(r)=aF, Y(r)=5F, (3.17 
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where 


d*k 0," 
F()=4n f —— —¢%*" (3.18) 


(2x)? K? 


and a and 6 are differential operators: a=d*/dr* and 
b=—r—'d/dr. The factor k,* leads to a factor —a, and 
the factor k,k_ to a factor —b.? The results (in T=0 
states) are 


Api= KE )prLffo— f? (44) eF (r), 

Agi=QGKE™)pr Lf fo— f] (49) OF (r). 

An alternative procedure for evaluating (3.11) is 

given by a method which is essentially equivalent to 

fourth-order perturbation theory, except that the re- 

sulting expression is completely renormalized. We use 
a formula for the one-meson scattering states"? : 


(3.19) 
(3.20) 


|xp,)=a,*|x)—(H—P2rie)"V,|x). (3.21) 


We insert this into (3.11) and make closure expansions 
where needed, keeping only the zero-meson term in 
each. This is a reasonable procedure because the }-} 
resonant state does not appear in the expansions. 
Equation (3.11) then becomes 
Si=pr Diep 2(KP*)*(x'|[((oV,— Ve) 

xX (V,*V.*—Vi*V,*)+(V,*V.*—V,°V,"*) 


X (eV ,—V ye) ||x)(y'|Valy). (3.22) 


The operators a and 6 associated with the p-inte- 
gration operate on a function H(r) which is related to 
F(r) by having an extra factor 1/P? in the integrand. 
Furthermore, because the meson p is emitted and reab- 
sorbed by the sare nucleon instead of being exchanged, 
we evaluate the function at r=0 after applying the 
operators. We obtain 


Api=pr'(f?/4r)"12[ 0H (r) ],.0aF (7), 
Agi= pr! (f?/49)"12bH (r) ),-0bF (r), 


1 (4r)? © phy 2 
(bH ]p0=- — f nnn 
3 (2r)* 0 (k?+-1)? 


(3.23) 
(3.24) 


(3.25) 


The dependence of Ap; and Ag; on r is the same as in 
(3.19) and (3.20), but the numerical coefficient is 
pr '(f?/4r)"12[ dH (r) },.0 instead of (Epi (f fo— f?) 
X (4). The values of these coefficients turn out to be 
remarkably similar. 


IV. TWO-MESON EXCHANGE TERMS 


The two-meson terms which will be calculated are of 
two kinds: the V =2 terms in the expansion (2.17) for 
the zero-meson H-L states, and contributions from the 
two-meson H-L states. The two-meson terms from the 
one-meson H-L states are not included because they 
all involve matrix elements for inelastic meson scattering 
which are assumed to be small compared with the 
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Fic. 2. Diagrams corresponding to two-meson exchange terms. 


matrix elements for the ground states and 3-4 resonant 
states which appear in the other two-meson terms. 
A. Zero-Meson Heitler-London State 
The NV 
S210) De [3¢x’ a,*a;*@\ x {y’ a;0, | y) 


acd 


2 terms of (2.17) are 


a,*@a;| xy’ | a;*ax| y) 


| 


+-3(x’ | wa,a,| xy’ | a;*a,*| y) ]. 


(4.1) 


In evaluating these, one must make closure expansions. 
It can be shown that in the first and third terms the 
zero-meson term in a closure expansion inserted next to 
the @ operator, is exactly cancelled by the corresponding 
term of the normalization factors A>. Furthermore, the 
one-meson terms in the closure expansion do not contain 
the $-} states. Hence in the approximations used in 
this calculation the first and third terms of (4.1) do not 
contribute anything. 
The remaining term of (4.1) is 


$2.0) . aT (x" | V,.(H-+ K) 11 jo[ 2 |(H-+4 L) 1'V ;*| x) 
x (y'| Vi(H+-L)"(3 (H+K)V 4" |). (4.2) 


The symbols [m#] indicate points at which closure 
expansions are needed. The following combinations will 
be considered: (1) zero-meson terms in [1], [2], and 
[3] [Fig. 2(a)], (2) zero-meson terms in [1] and [2]; 
one-meson term in [3] [Fig. 2(b)], (3) one-meson 
terms in [1] and [2]; zero-meson term in [3] [Fig. 
2(c) ], and (4) one-meson terms in [1], [2], and [3] 
[ Fig. 2(d) }. In the one-meson terms, only the }-} states 
will be included; combinations other than the above 
are excluded because they involve either T=} states or 
inelastic scattering matrix elements. 
We calculate combination (1) first: 


I)-r) 


expLi(k 
) 


X (x’| o-keo-Ir.\74|\x)(y'|oe-le-kry7r)\y). (4.3) 


Using the same procedure as for the one-meson exchange 


AND 


xn. &. GCUTEROSE ¥ 


terms, we define a function 


G' 7j)= if 


in terms of which 


Se 1)° — 470) td 4b G r)G jp 4 5) 


where y= {?/4x, and we use the convention that when- 
ever a product of two operators aor b appears, one of 
them operates on each of the two functions of r follow- 
ing. The corresponding contributions to A» is derived 
in the same way. The contribution of combination (1) 
to Ap is 

BGG, 


Oy"p 


Apo 


and the contribution to Ag is 


4.6) 


Aq: _— 34 1p) a b)*GG 


B. Resonant Intermediate States 


We next calculate combination (2) in the 
expansions for (4.2) 


closure 


1 ~ 
So(2) ; “4 oV;* 
"Di VF) 4 4.8 


Following Chew and Low, 
such that 


we define an operator 7,( p) 


y'p|Vely=(y'|Te(p) 19 4.9) 


It is shown in reference 16 that re D) « 


in be ¢ xpressed 


as 


T.(p) 


“— s 


(2P)4(20)* 


sind,(p 


+.10 


where P(g) is a projection operator for the state with 
total angular momentum and isotopic spin denoted by 
a, and 6, is the phase shift for meson-nucleon scattering 
in this state. 

We assume as before that the only important con- 
tribution comes from the 3-3 and in this state 
only from energies near the resonance energy wo. After 
replacing the energy denominators (K+ P) and 
(L+P)" by (K+) and , we perform the 
integration on p and obtain 


>» (y'| Tit (p) Tx (p) | y) 
4K L)-'n,2, 


X farya 


state 


L+w 


€ xp[ i l 


where 
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Equation (4.8) then becomes 


70/7 
gp Re 


) —— exp(il-r) 
4K?L?(K+wo)(L+wo) 


Xexp(—ik; r)(x’|o-keo-Ir,\7,*| x) 
X (y’| (31-k—e-lo-k)(6,,—47,/7,>)|y), (4.13) 
from which we find 


S2(2)°= §yV’aspr (a? —B*)G,Gi, (4.14) 


where 


Vk 
Gy if —_ ——_ (4.15 
(2x)* K*(K+w») 
The quantities S2,2)*, Aac)®, and Ao )* are obtained in 
an analogous way. The final results for combination (2) 
are 
Apo 2) — §y’aspr PG iG, 


Ago.2) = §y’aapr (a? +-0b4+- BGG. 


(4.16) 
(4.17) 


The calculation of combinations (3) and (4) proceeds 


similarly. The only additional complication is the 


appearance of the operator @ between two projection 
operators. We make the additional approximation 
(xp| @| x’q)=(x|e@|x’)5,,. The results of these combina- 
tions are 
Apacs) = S2¢ay°— SPA 2¢3)* 
= — (4/9)y7aspr (a+ 28°)G,Gi, 

Ag2(3) = $9.3)? — LS +(Ao(3)°+A 2(3)") 

‘= (2/9)y*aspr (a? — 2ab4+-38")G1G), 
A pocay = S2¢4)°— S0°A 2¢4)* 

=—(] ‘81)y°a3?p1' (40°+28*)GLe, 
Aq: o= Socay* ie £Sot \ Aauayt+A2uy*) 


= (1/81)y’a;"py 1 (2a? + 246+-68)GL2, 
where 


d*k 0D, 
G2(r) -4r f ——————_¢'k 'F, 
(29)* K(K+w»)? 


The remaining two-meson terms from the zero- 


(4.20) 


meson H-L state are products of one-meson exchange 


terms in (2.19): 

Ap? ae sa A i* (S°— S02. { it), 

Aga’ = §Sot ((A2°)?+ (Ar*)*)+-4S0t Act Ae? 
—4S;+(A;*++A)). 

We evaluate these using only the zero-meson terms in 

the necessary closure expansions because, as has been 


pointed out, the }#-$ states do not appear. In this 
approximation 


S- S&A i* = 0, 
Ap?’ _ 0, 


(4.21) 


(4.22) 


S,t— ASot(A Y+A i*) ans 0. 
(4.23) 
Age! = 3Sut(As°— Ait)?= — (9/2) yr" (a+-b)°GG. (4.24) 
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C. Two-Meson Heitler-London States 


The remaining two-meson exchange terms come 
from the two-meson H-L state and are denoted by the 
subscript (II). The amplitude of this state is given by 
(2.15); the expansions for Spar) and Agq1 are obtained 
by methods already described. Discarding all terms 


corresponding to exchange of more than two mesons, 


we find 


I 
5 ———_(__+-__ ie lox") 
kip 2(0K+L)\K+P L+P 


x [(x"k| V_| x)y'l| V,*| y) 
+(x"l| V,|x)y"k| V,*|y)] 


’ ’ 
. ( +— [te latex" 
kim (K+L)\K+P L+P/- * 


X (9 | ag] yD +(x" | a,| x”&Xy’|a,7|y"D)] 
x (x"k| Vp| x)y"l| V5*| y) 


1 1 1 
kin (K+L)*\K+P L+P 
X (x’ | [eT *(k)— Ti" (k) oe JT ,(k)| x’)(y’| TD) |) 


ter > — (- +) 
tim (K+L)\K+P L+P 


1 1 
x| (x’| T,'(k)oT ,(k)| x) 
K+Q0-L 


1 1 
+ —— (x’| @T,'(k)T,(k) 0] 
L+Q0Q0-—K 


X(y'|T,(DT»D\y)+e.c. (4.25) 


for the terms arising from the cross term between the 
zero-meson H-L state and the two-meson state. 

It can be shown that the entire last term of (4.25) 
is cancelled by the normalization terms. The singularity 
1/(O—L) in the second term can be eliminated by 
making a partial fraction expansion and then using the 
Low equation. We write 


1 

—Z+Y, (4.26) 
O-—L 
where Z is independent of L, and neither Y nor Z 
contain a singularity. The Low equation, including only 
zero- and one-meson states, is 


V,*V,—V,V,* 


1 ( 1 1 ) 1 1 
K+L\K+P L+P/K+00Q-L 


T(q)= 
r\q 0 


LTeOT oll 
z|—* 
O-L 


ee 
O+L J 


i 
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One- and two-meson exchange contributions to Ap as a 
function of r (in units of A= 1.4 10~" cm). 


Using this, we obtain 


S aD Pi « Z(x’ T,' k)oT ,(k x) 


k pq 


VpV*—V,*V, 
x(y +>- 
; 0 l 


iT V(x 


kl pe 
pa 


Tt (D)T,(0) 


”) 


(4.28) 


O+L 


Tt (k)@T p(k) | x) 


r Pi 


x (y'| T,' (DT, | y)+c.c. 

The remaining calculations are straightforward. The 
energy denominators are represented approximately as 
products of factors, each of which contains only one 
energy K or L, so that the functions F,(r) and G,(r) can 
be used (see also B). Finally, the contributions of the 
two-meson H-L states are: 


(14 27)y*axp1 (2a?+ 4b*)G,G, 

(2/243) y7a3" (pywo*)! (38a?-+-558?) FF 1, 
2ab+-3b*)G,G, 

+ (2/243 \~y*a ? (pywo) 


X (19a?— 17ab4+-578*) FF. 


Apu 


(4.34) 


Agu (14 27)y*a Pi \(q?- 


V. NUMERICAL RESULTS AND CONCLUSIONS 
A. Parameters and Wave Functions 


and wo which appear in the 
model are chosen to fit low-energy #-meson—nucleon 


The parameters f, fo, as, 


scattering data. The values used are’: 


0.08, as=2.6, 


P/4er=y¥ 
f?/4er=0.25, ) 2.1. 

The cutoff function used is v,= (A?—1)/(?+&?), with 
\=7. This function is normalized so that »=1 when 
K=0, rather than when k=0. This modifies the coupling 
constant by an insignificant (2%) amount. 

For wu, we use the experimental value 0.8796 nm. For 
appearing in the 
one-meson exchange calculations, we assume that the 
most important contribution to the closure expansion 


the average reciprocal energy (E~ 


eee CUTKOSKY 


is from the one-meson terms, so (£~') is approximately 
the average reciprocal energy of the one-meson states. 
Since the excited states of the nucleon which enter are 
T=4 states, for which there is no strong resonant 
interaction at low energies, this average energy is 
estimated by calculating the average reciprocal energy 
of a virtual meson in the physical nucleon state, which 
is given by? 


Therefore we take (2 

This procedure is equivalent to calculating the 
average energy by perturbation theory. In fact, the 
integral which appears in the zero-meson approximation 
for >>. (x| K—a,*a,|x) is proportional to the quantity 
[bH(r) ],~0, Eq. (3.25), which appears in the alternate 
method for the evaluation of the one-meson exchange 
terms. 

The coefficients of the one-meson terms, Eqs. (3.19) 


12—— 


> - 


i 


- | 
os} | 4 


0.6 


| 


Fic. 4 


function of r (in 


and two-meson exchange cor 
units of A= 1.410 


One 


and (3.23), have remarkably similar numerical values: 
f?) /4r 


12( f?/4e)*(bH (r 


0.059, 


0.055. 


The functions F,(r) and G;(r), Eqs. (4.4), 
(4.15), (4.20), and their derivatives were obtained by 
numerical integration.'? The one- and two-meson con- 
tributions to Ap, not including those from the two- 
meson H-L state, are shown in Fig. 3 
meson contributions to Ag, not including the two-meson 
H-L state, are shown in Fig. 4. The contributions to 
Ap and Ag from the two-meson H-L state are shown 
separately in Fig. 5. It should be noted that the 
meson contributions are much smaller than the one- 

very small distances. In 


3.18), 


One- and two- 


two- 


meson contributions except at 
'” The numerical values use« 

the calculations were made | 

on an IBM-650 computer 


> used in B; 


Cutkosky 
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Figs. 3-5, p: has been taken to be 1. Therefore the 
quantities plotted are multiplied by a/pi=y, in calcu- 
lating Ay. 

The radial wave functions (r) and w(7) are given, 
in principle, by solution of the Schrédinger equation. 
Since, however, the potentials are not known sufficiently 
well to obtain y by this method, we use a phenomeno- 
logical approach. 

We represent the radial functions by 


u(r)=cosa’v(r), w(r)=sina’r(r), 


(5.1) 


in which a’ is a function of r. ‘The usefulness of such a 
representation is suggested by the “radially adiabatic 
eigenstates” discussed in B. In the outer region we 
determine a’ from a phenomenological wave function 
calculated by Iwadare et al.*; this procedure guarantees 
that the function will give approximately the proper 
quadrupole moment. In the inner region we choose 
values of a’ consistent with meson-theoretical calcu- 
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Fic. 5. Contributions to Ap and Ag from two-mesons H-L state as 
a function of r (in units of A=1.4K10-% cm). Apa is negative. 


lations of the tensor potential, as discussed in B, but 
giving various D-state probabilities. Values of a’ used 
are shown in Fig. 6. 

The function o(r) ised has an inner part correspond- 
ing to a potential with a repulsive core.'* We used a 
modified Hulthén function,” 


o(r)= N{exp[—a(r—r.) ]}—expl[—b(r—7.) }} forr2r.; 


=0 forr<r,, 


with r.=0.2, a=0.323, b=2.26. The value of 5 was 
chosen to fit approximately the triplet effective range. 


B. Numerical Results 


The expression (2.11) has been evaluated numeri- 
cally, using the wave functions and values of Ap and 
Aq described above. Contributions from the two-meson 


*® Numerical! calculations of this function were made by H. N 
Pendleton. 
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Fic. 6. Values of a’ (in degrees) as a function of r 
(in units of A= 1.4 10-" cm). 


H-L states are not included, for reasons to be discussed. 
The results for Au’, the additional correction calculated 
in this paper, are summarized in Table I, along with the 
corresponding values of pp and Auo= —$(u.—4) ppv. We 
also show the result obtained when one uses the same 
radia! function »v(r), but with a’=0 everywhere, i.e., 
a pure S-state. The sign of Ay’ is opposite in this case 
to that for the other cases. The totals in the last column 
should be compared with the experimental value 
Ma—~ ha >= 

The effect of the contributions from the two-meson 
H-L states has been calculated separately for wave 
function IT; the result is 


Ay’ = —0.0005 nm, 


which is considerably smaller in magnitude than either 
the one-meson or the other two-meson contributions. 

These results (except those from the two-meson H-L 
state) are not excessively sensitive to the choice of core 
radius in the radial wave function. 


C. Conclusions 


In interpreting the results of this calculation, it should 
be pointed out that it is not intended to be a complete 
and definitive calculation of all significant effects which 


Tas.e I. Contributions to deuteron magnetic moment 


Au’ + Ape 
(nm) 
—0.0256 
—0.0264 
— 0.0268 
— 0.0083 


Ay’ Apo 
nm) nm) 


I 0.0074 0.0330 
TT 0.0091 0.0355 
Ill 0.0112 0.0380 


IV 0.0083 0 


™ These results may be compared with those of reference 13, 
in which the Ay’ efiect was also examined (with a different 
method). In contrast to the values shown in Table I, reference 13 
gives Ay’~+0.01 for a pure S state, and Ay’~+0.002 for a 
potential having a dominant tensor force of the one-meson 
exchange type. 
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contribute to the magnetic moment of the deuteron. 
It is, rather, an application and extension of a simple 
model which has had some success in correlating in a 
semiquantitative way low-energy phenomena involving 
a mesons and nucleons. Therefore one should not expect 
exact agreement between the result of this calculation 
and the experimental value of u.—wa. 

The calculation does show that the contribution to 
ua resulting from A(S) is positive, opposite in sign to 
the elementary D-state contribution, and is relatively 
large, of the order of 1% of u,. Because both of these 
corrections increase in magnitude with increasing pp, 
their sum is less sensitive to pp than one might expect. 
The results are consistent (considering the approximate 
nature of the model) with values of pp of 6%, and show 
that the observed value of the deuteron magnetic 
moment permits considerable freedom in the choice of 
Pp, much more than would be thought possible if this 
A(So) effect were not included.* ”” 

The limitations on the meaning of our results are 
largely the limitations of the model used. Some of 
these are the omission of all relativistic-kinematic 
effects, the use of the adiabatic approximation, the use 
of a rigid core, the neglect of nu leon recoil, and the 
omission of meson-meson interactions and nucleon-pair 
effects. 

The uncertainty of the relativistic effects was men- 
tioned in the introduction. We further remark only 
that these effects are one of the reasons that one should 
not expect exact agreement between this calculation 
and the experimental value of u,, and that they intro- 
duce further uncertainty into the value of the D-state 
probability of the wave function as determined from yz. 

The validity of the adiabatic approximation is dif- 
ficult to assess. It depends on the relative frequencies 
of the meson field and the orbital motion of the nucleon 
cores, which in turn depend on the energies involved. 
In the region where the nucleons interact strongly, their 
kinetic energy is about equal to the meson rest energy, 
and the average energy of the virtual mesons is not 
very much larger than this. 

It seems likely that the adiabatic approximation will 
affect the amplitude of the two-meson H-L state more 


AND 
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than that of the one-meson state. The two-meson state 
makes its entire contribution in the region of strong 
interaction and correspondingly large nucleon kinetic 
energy. Also, the average meson energy is smaller; it 
is of the order of twice the resonance energy (or about 
4.2) for the two-meson state, compared to about 6.1 
for the one-meson states. For these reasons, it is felt 
that the contribution of the two-meson H-L state is 
too unreliable to be included in the results. If it were 
added, it would not change the results significantly. 

The other limitations of the model mentioned above 
logical features of the 
model, the use of an anomalous magnetic moment for 
the nucleon core, and the use of wave functions corre- 
sponding to a “hard-core” potential, are intended to 
compensate partly for these limitations. 


are all related. Two phenomen 


By using an extended nucleon core with an anomalous 
magnetic moment one hopes to includ 
logical way some of the 
with nucleon recoil, 
hyperons, and so on. This is 


in a phenomeno- 
additional currents associated 
K-mesons and 
a valid procedure as long 
is not distorted by the 
small dis 
iM TI { 
recently 28,2 n m-meson-nucleon 
l 


nucleon pairs, 
as the core of one nucleon 
presence of another. At 


tances 


(say r~0.3) 
this is certainly not the resonances which 
have } 
photoproduction and scattering in 7 
associated with the 
cores. 


been observed 
states may be 


internal structure of the nucleon 


The strong repulsion between nucleons at smal! 
distances is assumed to be due at least in part to these 
same effects. The effect of this on the orbital wave 
function of the deuteron is partly included through the 
use of a function which goes to zero at 
radius.” 

The fact that in this calcula 
comes from the 


a certain “‘core 


ion tne prin ipal effect 


one-meson excl 


inge contributions is 
encouraging. This result suggests that it 
sible to make a more definitive « 
the one-meson exchange terms but 
for the T 
available. 


may be pos- 
ilculation using just 
with a better model 


+ excited states of the nucleons than is now 


3 Burrowes, Caldwell, Frisch, H Rits« 
Wahlig, Phys. Rev. Letters 2, 119 (1959 
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The two-nucleon potential is derived from ps-ps pion field 
theory, using the Tamm-Dancoff method with the subsequent ap 
propriate renormalization of the two-nucleon amplitude, up to 
orders g*(p/x)? and g*(p/x), g? being the equivalent ps-pv coupling 
constant and /p, « the nucleon (relative) momentum and rest mass, 
respectively. Neglected are the mass and charge renormalizations 
and the pion-pion scattering term. It is shown that the only 
quadratic term is — V2(r) (p?/2«?) +H.c., where V2(r) is the second 
order static potential. All remaining terms of order g*(p/x)* are 
converted by a canonical transformation to terms of order g*(p/x) 
or a linear combination of a static and an L-S potential. In the 
case of ps-ps coupling, in particular, no velocity-dependent po 
tential besides the quadratic one mentioned above follows from 
diagrams of one- and two-pion exchange without nucleon pairs; 


1. INTRODUCTION 


ANY calculations have been done to derive the 

L-S potential from pion field theory.! They seem 

to claim that some L-S potential follows if we retain 

velocity-dependent terms from diagrams of at least the 
fourth-order. 

We here present a similar report. The present work, 
is, however, the most systematic and exhaustive among 
all done thus far, though conservative in the basic spirit 
of deriving the potential. 

Our work is conservative in the sense that we assume 
the adequacy of expanding the two-nucleon potential in 
powers of both the equivalent ps-pv coupling constant g* 
and the nucleon (relative) momentum # over the nucleon 
rest mass x. We also simply drop the mass and charge 
renormalizations and «use the renormalized coupling 
constant and mass throughout the paper. We neglect 
also the pion-pion scattering term. Insofar as we assume 
all this, the Tamm-Dancoff method is convenient for 
deriving the potential (Sec. 2). To get the correct 
potential we perform wave function renormalization, 
which takes due account of transition from the Tamm- 
Dancoff two-nucleon amplitude to the nonrelativistic 
Schrédinger wave function (Sec. 3). 

Our work is, however, systematic and exhaustive 
since we retain all terms up to g?(p/x)? and g*(p/x). We 
remark first that we get the second-order static potential 
if we keep only terms involving g’, neglecting all nucleon 
recoils. If we go one step further as regards both g* and 

* Supported by the National Science Foundation and the U. § 
\tomic Energy Commission. 

tT On leave during the summer of 1959 from Purdue Universit 
Lafayette, Indiana. 
me oe at Department of Physics, University of Naples, Naples, 

' S$. Okubo and R. E. Marshak, Ann. Phys. 4, 166 (1958) ; Tzoar, 


Raphael, and Klein, Phys. Rev. Letters 2, 433 (1959 
vorks are cited in these articles. 


Previous 


thus the nucleon-pair diagrams are the only source of an L-S 
potential, if there is any, up tc the orders considered. The nucleon 
pair diagrams are also estimated assuming the effective pion-pair 
interaction Hamiltonian, the static limit of which agrees with the 
S-wave static model of Drell ef al. The L-S potential thus obtained 
has the right sign in the odd state and changes its sign in the even 
state, while its magnitude seems in both states somewhat too 
small. As for the static part of our potential, the new correction 
[g*(4/x)] cancels out the conventional fourth-order term [g*] 
appreciably; the entire static potential becomes quite close to the 
second-order static potential down to distances of the order of the 
pion Compton wavelength, except for the central force in the 
triplet even state. The details are shown on graphs. The ps-po 
coupling case is treated separately in the following paper. 


p/x, then terms involving g‘ and g*(p/x) together give 
the fourth-order static potential; the correction of 
g*(p/x) is shown to be equivalent to a g‘-term.? It is, 
therefore, essential to retain terms involving both 
g*(p/x) and g*(p/«)? to discuss the lowest order velocity- 
dependent potential. This is exactly what we have done 
in this paper. 

Such a work was done by Okubo and Marshak.' Here 
we are presenting an almost complete answer to the 
problem outlined above, achieved mainly through the 
following three improvements. First we here evaluate 
not only the velocity-dependent term, but also the 
static potential of orders g*(p/x) and g*(p/x)*. This is 
important because we thus can claim the consistency of 
our basic assumption [the expansion with respect to g? 
and (p/x)? and eventually the reliability of the 
velocity-dependent potential obtained. 

As another improvement, we make use of a canonical 
transformation (Sec. 5) which remains arbitrary when 
we define the wave function renormalization. We can 
show that the only essentially quadratic term is — V2(r) 
x (p?/2x?)+H.c., Ve(r) being the second-order static 
potential, and all remaining terms involving g?(p/x)? are 
converted, after a canonical transformation is applied, 
into terms of order g‘(p/x), or a linear combination of a 
static potential and an L-S potential (Secs. 4 and 5). 

We also carefully discriminate between the ps-ps and 
ps-pv theories since we found interesting differences be- 


2 The fourth-order static potential is, therefore, the Taketani 
Machida-Onuma potential and not the Brueckner-Watson poten 
tial. This is correct as far as we assume the expansion with respect 


to g@ and (p/«). The consistency of this expansion has been 
criticized by Fukuda, Sawada, and Taketani, Progr. Theoret. 
Phys. (Kyoto) 12, 156 (1954) and A. Klein, Progr. Theoret. Phys. 
Kyoto) 20, 257 (1958). According to the present work, the new 
correction is shown to cancel the fourth-order potential signifi- 
antly (see the details given in the final section), suggesting that 
the expansion is at least better than has long been suspected. 
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tween predictions of these theories: a large difference in 
the L-S potential, a very small difference in the static 
potential, and no difference in the quadratic term. 
(Details are shown in the following paper.*) This great 
difference in the L-S potential is due to the fact that no 
velocity-dependent potential, except for the quadratic 
one just mentioned, follows from diagrams of one- and 
two-pion exchange without nucleon pairs in case of 
ps-ps theory (Secs. 5 and 6) while the corresponding 
diagrams give a large L-S potential in the other theory.* 

Of course, there is considerable question whether we 
can estimate the contributions from the nucleon pairs in 
ps-ps theory, to which we can hardly apply the method 
outlined above. We here assume the effective pion-pair 
interaction Hamiltonian, the static limit of which agrees 
with the S-wave static model of Drell ef al.,* and then 
estimate the diagrams including the pion-pair interac- 
tion once and twice (Sec. 7). This method, seemingly the 
only reasonable one though hardly justifiable at the 
moment, gives an L-S potential from the one-pair dia- 
gram. This is shown to have the right sign and a strong 
isospin dependence, though its magnitude seems to be 
too small. (Detailed comparisons among various L-S 
potentials are given in the following paper.*) 

In the final section the main conclusions are sum- 
marized. Our entire potential is shown there graphically. 


2. TAMM-DANCOFF AND NONRELATIVISTIC 
APPROXIMATIONS 
The derivation of the two-nucleon potential essen- 
tially consists of reducing the relativistic field-theoretical 
Schrédinger wave equation, 


(Ho+H’)|\V)=E|¥), (1) 


to the nonrelativisti 


equation 


two-body Schrédinger wave 


C(p?/x)+V (r,p) W(r) =Wy(r), (2) 
where E=W-+2k 


We do this reduction in the following steps. The first 
is the customary Tamm-Dancoff expansion : 


w= f few) PiP2)dpidp» 
+f ffs (pipek..) | pipek..)dpidpodk,.+ 


with subsequent elimination of amplitudes including 
pions, such as c{p;pek,.), etc. Here we drop all mass and 
charge renormalization terms. If we retain up to the 


*M. Sugawara and S. Okubo, Phys. Rev., following paper 
[Phys. Rev. 117, 611 (1959) }. 


* Drell, Friedman, and Zachariasen, Phys. Rev. 104, 236 (1956 


AND S. 
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two-pion exchange terms, we get 


(2E,—E)c(p + fu; pk, E)c(p+k)dk 


a fe 4 p,k,k’ c\ prt k Tt k’ dkdk’ =(), (4) 


where c(p) isc(pip2) in the c.m. system, E, the relativistic 
nucleon energy for momentum p, and U2, U, contribu- 
tions from, respectively, one- and two-pion exchange. 
Specifically U2 is given by 


U.(p,k,£) 


where u, is the free positive-energy Dirac spinor and w 
the relativistic pion energy for momentum k. 

We then make the nonrelativistic 
E,=«+ p?/2k, everywhere in (4 


approximation, 


and (5 


ok ok p’+(p+k)’| 
(UpYsTatp+k Te 
K 8x3 


o- (2p+k)[ p?— ee) 
} (6) 
16x* 


p?+ (pt+k)?— 2H 


to order x~? and are suffi- 
to orders g’*(p/x)? and 


These equations are correct 
cient to derive the 
g’(p/k). 

The remaining two steps are the transition from c(p) 
to ¥(r) in (2) and the elimination of £ or W from U, 
and U,. These are explained in the following sections 


pote ntial 


separately. 


3. WAVE-FUNCTION RENORMALIZATION 


tion ¥(r) in (2) is 


supposed to be a substitute for W in (1), it is 


Since the Schrédinger wave func 
most 
appropriate to define y(r) such that 


fiv@rer 
(v\¥ ffi Pipe) | *dpidp 


+f ffi pipek..) | °*dp,dpedk.4 





TWO 


Upon eliminating c(pipek.), we can show that to orders 


e’(p/x) and g', 
(WI¥)= fo*(nLt-tedo(edr, (10 


where ¢(r) is the coordinate-space transform of c(p) and 


T= fa ‘w)U2(k)e—*® "dk. (11 


V2 = fuse ik dk 12) 


is the second-order static potential. 14 is a certain 
Hermitian term involving g* the details of which do not 
have to be specified for the following arguments. The 
term of order g*(p/x) on the right-hand side of (10) 
disappears under the integral. 

We now define the wave-function renormalization : 


¢(r) =[1— (02/2) + (0207/8) +04" (nr), 


where v4’ = (04/2) — (v2/2)?. The operator in (13) is just 
the square root of the operator occurring under the 
integral in (10). This transforms 


C(p?/x) -W+Vi2tVi]o(r) =0 


(13) 


(14) 
into 


{ (p?/x) —W+Vet[(p?/2n),02 L+V 5 
+[[ (p?/8x),v2 |,02 
+ (§)[V2,v2]-—[(p?/«),24’ 1} o(4) =9, 


where [A,B ]|_=A B— BA. It is now clear that terms up 
to g*(p/x) and g* need be retained in (10) to derive the 
potential up to g?(p/x)? and g*(p/k). 

Two comments are added. Firstly, our defining equa- 
tion (9) does not uniquely specify the wave function 
renormalization ; (13) may be multiplied by an arbitrary 
unitary transformation. This canonical transformation 
is exploited in the next section to simplify the velocity 
dependence of the potential. 

Secondly, our wave function renormalization (13) 
induces imaginary terms in (15), since the transforma- 
tion is not unitary. However, V2 and V, in (14) already 
include imaginary terms, which come in upon elimi- 
nating E (or W) from U2, and U, in (4). In the next 
section we show that all imaginary terms proportional 
to g* are cancelled out exactly after the transformation 
(13) isdone. We can prove generally that the Hermiticity 
of the potential is secured independent of the perturba- 
tion expansion as far as we define ¥(r) by (9).?° 


(15) 


4. SECOND-ORDER POTENTIAL 


We remark that U2(p,k,EZ) (5) includes, after the 
nonrelativistic approximations (6) and (7) are made, 
two characteristic factors, p’+ (p+k)? and p’— (p+k)?. 


*S. Okubo, Progr. Theoret. Phys. (Kyoto) 12, 603 (1954 


NUCLEON 


POTENTIAL 


We can show the following useful relations : 


foe+ (p+k)* |/(p,k)e™* "dk = { p*,g(p,r)}4, 


ftw (p+k)* | /(p,k)e~™ "dk =[p*,g(p,r) |, 


which are correct for an arbitrary f(p,k) [g(p,r) being 
its coordinate transform }. In (16), {A,B}, =AB+BA, 
[A,B|_=AB—BA, and p=—i¥ is the momentum 
operator. It is, therefore, seen that W occurs in the 
potential only in the combination (p*/x)—W and also 
only in the anticommutator form 

It is now straightforward to eliminate W through the 
customary iteration procedure® using the identities 


{ (p?/k)—W, A}4=[p*/x,A ] +24 ((p*/x)—W), 
{ (p2/x) —W, {(p?/x) —W, B},}, 
=(p?/«,p?/x,B)] 
+4 p?/x, BI] ((p?/x) —W)+4B((p?/x) —WY?. 


This elimination gives many imaginary terms. How- 
ever, if we do the wave-function renormalization (13), 
all the imaginary terms proportional to g* are exactly 
cancelled out. The potential in the equation satisfied by 
¢(r)[15] becomes, if we retain terms up to g?(p/x)* and 
g‘(p/x) consistently, 


V (r,p) = V(r) —{ (p?/2x*),Va(r)}y 
+i (p?/8x*), V(r) (r-p)+H.c. | 
+02V2(r)+[[ (p?/8«),v2 |v | 
+V—L(p?/0),0'L. 


The second term comes from the second term in (6). 
The third term is due to the last terms in both (6) and 
(7). It is readily seen from (16) and (17) that this term 
is of the commutator form. All remaining terms are of 
fourth-order, the first of which originates from the 
second term in (7) and the well-known difference be- 
tween the potentials of Taketani-Machida-Onuma and 
of Brueckner-Watson.? Other terms are the same as 
those in (15). 


(18) 


5. CANONICAL TRANSFORMATION 


The third term in (18) consists, if the commutator is 
actually evaluated, of many velocity-dependent terms 
quadratic with respect to p. Some of these are explicitly 
* We do this iterational elimination of W in coordinate space, 
rather than in momentum space, even though we can show they 
are equivalent. The reason for this deliberate procedure is to show 
explicitly that our elimination method of W does not mix the 
unphysical singularities near the origin exhibited by V2(r). We, 
therefore, do not agree with Brueckner and Watson’s argument on 
this point in Phys. Rev. 92, 1023 (1953). The present work shows 
that the convergence of this procedure is at least better than 
suspected before (see the reference 2). 
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given in the paper by Okubo and Marshak.' The trouble 
is that they are too complicated. We here propose a 
completely different approach to these quadratic terms. 

As we have remarked in Sec. 3, an arbitrary unitary 
transformation is left undetermined when we define the 
wave function renormalization, (13). We, therefore, 
define ¥(r) finally as 

¥(r)=(1+182—$S2S2+iSi4+-+-Je(r), (19) 
where S», S, are Hermitian and of orders g? and ¢’, re- 
spectively, and we require that they be of short range so 
that ¥(r) and ¢(r) agree asymptotically. 

The canonical transformation of this type causes a 
term in the potential which is of the commutator form 
with #® to transform into a term of the higher order in 
g’ but of the lower order in (p/x). Thus the only essen- 
tially quadratic term is the second term in (18). 

If we choose S, as (1, 8x) V2(r) (r-p) + H.c. |, the 
third term in (18) is totally converted into a fourth- 
order term, 

i Vo(r),S2 |= (1/8x)(r- 9) V(r), 


(21) 


which is purely static. Thus the one-pion exchange 
diagram does not produce any velocity-dependence 
other than the second term in (18), up to g*(p/x) and 
g’(p/x)?. This is one of the characteristics of ps-ps 
theory.’ 


6. FOURTH-ORDER POTENTIAL 
NO-PAIR TERMS) 

The correction of g'(p x) comes only from the energy 
denominator expansion. It is again very convenient to 
utilize relations analogous to (16). Because of these we 
can drop from U4(p,k,k’,£) in (4) [or its nonrelativistic 
approximation | terms which include either 
[p+ (p+k+k’)*?—2«W] or [p’—(p+k+k’)?]: Since 
such terms eventually reduce to commutators between 
p? and some functions except for higher-order terms, 


those 


they are dropped through the canonical transformation 
(19), if they are Hermitian, or are cancelled by the last 
term in (18) due to the wave-function renormalization 
if they are imaginary. 
Using these lemmas, we can show that the entire 
correction of order g‘(p/x) from pion-crossing diagrams 
including no nucleon pairs is purely static, and the 
entire relevant correction from pion-uncrossing dia- 
grams without nucleon pairs becomes a velocity-de- 
pendent term which exactly cancels out the fifth term in 
(18), which is due to wave-function renormalization 


(13). We thus reach the conclusion that no L-S potential 


results from diagrams including no nucleon pairs, in 
case of ps-ps theory, up to g*(p/x) and g?(p/x)?; the only 
velocity-dependent term is — V2(r)(p?/2x*)+H.c. 


AND SS OKI 


BO 


. } 


We finally give our entire potentia 


ge ge( nO pair 


28 12 6 | 
4 4 + le 2z (22) 
—++=1| 


- £ a 


where g= (u/2x) f is the equivalent ps-pv coupling con- 
stant, x=yur, and V,(r) is the Taketani-Machida- 
Onuma potential.? The final term of (22) is the sum of 
21) and a term involving g*(u/x) resulting from the pion 
crossing diagrams. These are found to be of comparable 
magnitude. 


7. FOURTH-ORDER POTENTIAL 
PAIR TERMS 


Since we do not know any other reasonable methods to 
estimate diagrams including nucleon pairs, we assume 


here the effective interaction Hamiltonian 


where 0¢/0/ is the canonical conjugate to ¢. This is just 
the relativistic generalization of the S-wave static model 
proposed by Drell et al.‘ We, 
choice 


therefore, assume that a 


0.4 (24) 


is adequate. We then. evaluate the 


diagrams which include (23 


two-pion exchange 
these are 
two-pair term, re- 


once and twi _ Pe 
calied the one-pair term and th 
spectively. 

The two-pair term is shown to be purely static up to 
(p/«). The result is 


V pe- ps(tWO-pair 


A:*u 6 K, 


The one-pair term is show! 


to include an L-§ potential: 





TWO-NUCLEON POTENTIAL 
The result is 
V »e- pe(One-pair) 
Aig? 1 1 . hog?” Me 8(tit2) 
~*6(-+—) « 224 
(4ar)? x? (4r)?> x 


2 |. Aig” we 
| Kelas )+- (—+ —)xx(20)| ~—- 
2x3 x? 2x4 (4r)*x 
isi 62S . 
xX- Gre)eonrl + )xx20)| 
wh\x 4x x? 4s 


Aog*y? 10 12 6 lp (nr) 
_ a(ee)| (+ +—+—4+—-+— ) -O2! 2: Vp (r) + Vg (rn) 
x? 


(41r)*x eet ft st ps (NO-PAIR) [(22)] 


4 10 4 2 ee bile: Vps-ps (NO- PAIR) + 
- (o02)(—+—+-+) 1 loy-ps (PAIRS) [(22) +(25) 
3x 3x4 xh xf 
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So(Statata) sevsonind 


Fic. 1. Our entire potential [(22), (25), and (26) ] is plotted in 
) units of w against x=yr, for the triplet eve n fo. Curves 1, 2, 3, 
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and 4 correspond, respectively, to the second-order potential, the 
sum of potentials up to the fourth-orde r, the sum of all potentials 
except pair terms, and the entire sum of all potentials. 


tu? 12/2 3 
_ (= k0(22)+—Ki(22) 
3 


(49) x A 


9 


Aog*y? 1 1 " vwe.° . 
poe —8(us)(—+-=) e7IL-S. (26) wavelength. This leads one to suspect that the expansion 


(4ar)*« ” # with respect to g? and (/x) is badly convergent or even 
that the potential concept is wrong.?’* According to our 


lo get (26), we have used the ps-ps vertices twice and figures, however, our new correction of order g*(u/x) 


the pion-pair term (23) once. It might be conjectured 
that we should better use the ps-pv vertices to have a 
better estimate of the one-pair term. If we do so, the if 
first term of the L-S potential [proportional to \,] is 0.31} 
dropped, and a very minor correction has to be made in i | 3, 
the third term of (26) [with A, again ].7 However, those oll 27 TENSOR 
corrections with \; are shown, as far as (24) is adequate , ' 

to be relatively small in magnitude. Thus the main 

feature is well represented by (26). 4 | > CENTRAL 


ie 


TRIPLET -ODD 


8. QUANTITATIVE DISCUSSIONS 
AND CONCLUSIONS 


Our entire potential [(22), (25), and (26) } is plotted 
in Figs. 1, 2, and 3, assuming g?/4r=0.08 and (24), in 
units of the pion rest mass against x=yr, 1/u=1.414 
< 10-" cm being the pion Compton wavelength. Curve ! 
is the second-order static potential, V2(r) in (22), and 
curve 2 is the sum of the second- and fourth-order’ static 
potentials, V2(r)+V«(r) in (22). Curve 3 shows aul pantheon Maggi A icc 
V pe-pe(no-pair) given by (22), which includes our new (PAIRS) [(22) + (25) + (26)] 
correction of order g*(u/x). Curve 4 includes, in addition, ! 
the pair-term contributions, V,,.,,(one-pair) and "05 OF 10 | — 

V ps-ps(two-pair) given by (26) and (25), respectively. 4 * 1.4x10-%em 

It is well known that V,(r) is too large a correction to ; inl 

V2(r) even at distances larger than the pion Compton Fic. 2. Our entire potential [ (22), (25), and (26) } is plotted in 


Vo (rf) * Vg (rr) 
Ves -os (NO-PAIR) [(22)] 





units of w against x=yr, for the triplet ode i state. Curves 1, 2, 
and 4 correspond, respectively, to the second-order potential, the 
? The explicit expression is given in the following paper (refer sum of potentials up to the fourth-order, the sum of all potentials 
ence 3). except pair terms, and the entire sum of all potentials. 
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SINGLET 


2 
> EVEN 
z 


7 xs pr 


Vp (r) 
>Vo (Ff) + V4 (4) 

Vps-ps (NO- PAIR) [(22)] 
Vps-ps (NO- PAIR) + 
Vps-ps (PAIRS) [(22) + (25) 
+ (26)] 


5 2.0 
/h = 1.4x10-3em 
Fic. 3. Our entire potential [(22), (25), and (26) ] is plotted in 
units of u against x=yr, for the singlet states. Curves 1, 2, 3, and 4 
correspond, respectively, to the second-order potential, the sum of 
potentials up to the fourth-order, the sum of all potentials except 
pair terms, and the entire sum of all potentials. 


always cancels out V,4(r), making the entire potential 
(curves 3 or 4) quite close to the second-order potential 
V(r) (curve 1) down to distances of the order of the 
pion Compton wavelength, as should be if our procedure 
is self-consistent. The central force in the triplet even 
state is the only exception. Here curves 3 and 4 deviate 
appreciably from curve 1 at x=1, though a significant 
improvement is noticed. 

These results suggest that our basic presumption [the 
expansion with respect to g* and (p/x) ] is better than 
suspected in the past.?* This statement is not only 
interesting itself, but is also important since the velocity- 
dependent terms obtained in this paper can thus get a 
sounder theoretical basis because they have the same 
origin as those static corrections which improve the 
situation appreciably. 

It is interesting to remark that the higher-order cor- 
rections are almost purely central; in the case of the 
tensor force, curves 3 and 4 stay quite close to curve 1 
at all points on the figures, while various central curves 
fluctuate among themselves especially at distances 
smaller than x= 1. 

Regarding the velocity-dependence of the two-nucleon 
potential, we have shown that the only essentially 
quadratic term is — V2(r)(p?/2«*)+H.c. Furthermore, 
no other velocity-dependent term follows from dia- 
grams of one-pion and two-pion exchange including no 
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nucleon pairs ; diagrams including nucleon pairs are the 
only source of an L-S potential, if there is any. 

According to our estimate of the nucleon-pair contri- 
butions they have a minor effect on the static potential 
(the close behavior of curves 3 and 4) and give rise to a 
strongly isospin-dependent L-S potential. The sign of 
this L-S potential for the odd state is the right one; the 
sign changes for the even state. The magnitude seems, 
however, somewhat too small compared with potentials 
proposed phenomenologically.® 

Of course, it is an open question how reliable is our 
estimate of the nucleon-pair diagrams. Assuming the 
estimate is reliable ps-ps theory is characterized by an 
L-S potential which has different sign in even and odd 
states and has a very short range (practically vanishing 
outside the pion Compton wavelength). 

The final comment concerns the higher-order terms 
neglected here. According to the argument given in the 
introduction, terms of order g* must be kept together 
with terms of orders g‘(p/x) and g*(p/x)*. This, of course, 
affects only the static part of our potential. This modi- 
fication could be important since g* terms include, be- 
sides three-pion exchange contributions, those two-pion 
exchange contributions in which either pion-nucleon 
rescattering or the pion-pion scattering term occur as 
intermediate processes, even if we drop renormalization 
diagrams. The various existing calculations® on the pion- 
nucleon rescattering effect agree in that an appreciable 
attractive central force seems to be expected, though 
these calculations are only to be trusted qualitatively. 
There does not seem to be any work available on the 
possible effect of the pion-pion scattering term on the 
nuclear force. 

According to some recent works,” pion-nucleon re- 
scattering could also be a source of a large L-S potential. 
We simply point out here that these calculations do not 
agree even in the sign of the L-S potential,” and the 
reliability of their estimates is yet an open question. 
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The two-nucleon potential is derived from ps-pv pioa field theory up to orders g*(p/x)* and g*(p/«), using 
the method outlined in the preceding paper, where it was applied to ps-ps theory. It is shown that the only 
quadratic term is — V(r) (p?/2«*)+H.c. [V2(r) is the second-order static potential ], just as in the ps-ps case. 
The static part is almost the same as the ps-ps potential. However, a big difference appears in the L-S po- 
tential ; because of the difference in kinematical corrections from ps-ps and ps-j vertices, large L-S potentials 
result from both one-pion and two-pion exchange diagrams (with no nucleon pairs), though no L-S potential 
follows from such diagrams in case of ps-ps theory. The entire L-S potential has the right sign in the odd state 
and is of the same sign and of larger magnitude [by a factor of two or three] in the even state. We show that 
this isospin dependence of the L-S potential is not appreciably modified even if we add, besides the $s-po 
coupling term, two pion-pair terms which are fitted to low-energy S-wave pion-nucleon scattering. This big 
difference in the L-S potential could eventually be used to discriminate between ps-ps and ps-pv theories. 
Various L-S potentials, theoretical and phenomenological, are shown on graphs for comparison. 


1. INTRODUCTION 


INCE the method outlined in the preceding paper’ 
seems to be a satisfactory way of deriving the two- 
nucleon potential up to g*(p/x) and g*(p/x)?, we now 
apply the same to ps-pv theory, primarily to see if there 
is any significant difference between the ps-ps and ps-po 
potentials which could eventually be used to discrimi- 
nate between these theories. 

It is found that there is a big difference in the L-S 
potential, though the static potential stays almost the 
same. The details are presented in this paper. 

Of course, the ps-pv coupling alone can hardly be the 
correct coupling, since it apparently cannot explain low- 
energy S-wave pion-nucleon scattering. We, therefore, 
supplement it by adding 


H! = (di/n) WP +i (A2/w) Wr se OX (99/9x,), (1) 


where 0¢/0/ stands for the canonical conjugate to ¢ and 
\, and A, are chosen so that they reproduce low-energy 
pion-nucleon scattering [\;~\:~0.4].! We show that 


these pion-pair terms give only minor effects upon both. 


static and L-S potentials resulting from the ps-px 
coupling term alone. 

It is shown in particular that the one-pion exchange 
diagram is the source of the largest L-S potential up to 
the orders in question. A canonical transformation con- 
verts most of the g*(p/x)*-term into a large L-S potential! 
of order g“(p/x), leaving — V2(r)(p?/2«*)+H.c. [V2(r) 
being the second-order static potential ] as the only es- 
sentially quadratic potential, just as in the ps-ps case. 
The static potential stays almost the same as the ps-ps 


* Supported by the National Science Foundation and the U. S. 
Atomic Energy Commission. 

t On leave during the summer of 1959 from Purdue University, 
Lafayette, Indiana. 

¢ Now at Department of Physics, University of Naples, Naples, 
Italy. 

! M. Sugawara and S. Okubo, preceding paper [Phys. Rev. 117, 
605 (1959) ], to be cited as A in this paper. 


potential ;‘the entire static potential, therefore, looks 
like almost the same as V(r) down to distances of the 
order of the pion Compton wavelength. 

The source of the large L-S potential in case of ps-pv 
theory can be traced back to the purely kinematical 
corrections from the ps-pv vertices. Therefore, the L-S 
potential reported in this paper has a well-established 
origin. 


2. SECOND-ORDER POTENTIAL 


Following exactly the same procedure outlined in the 
preceding paper,’ we first show that the wave-function 
renormalization [(13) of A] does not have to be 
modified up to order g*(p/x). The first remarkable differ- 
ence occurs in the second-order potential in (18) of A: 
We now have to add the following extra term of order 
g’(p/x)* to the third term of (18): 


9 


g° i » hed 

—(*1-%2)—— f’, | (o1 p)(o2° ¥)— 

4r Any? r 
or 


+ (ae: p) (oe. ¥)— +H] oe (| 
r ie 


This is, however, of the commutator form between p’ 
and some function. Thus it is totally transformed, ac- 
cording to the argument in Sec. 5 of A, into a term of 
order g*(p/x}. The result is 


9 


ran 1 1? ry 
(4ar)*x x x x 


[i od 
«(42 )esle @ 
zs x # 


Thus the only quadratic term is, as before, — V2(r) 
< (p?/2x*)+H.c., as it should be because of the equiva- 
lence of these two couplings. 
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3. FOURTH-ORDER POTENTIAL 


The pion-uncrossing diagrams are shown to give ex- 
actly the same contribution as before; they give rise to 
a velocity-dependent term which cancels out exactly a 
term [the fifth term in (18) of A] due to wave-function 
renormalization [(13) of A]. 

On the other hand, the pion-crossing diagrams give an 
L-§S potential. The additional term is 


gi? ee on 1 
- (3+2(e1e0)}] ( t ) - 2 mf -) 
(4or)*x x x? x st 
i ae 
x( +—+- us|. Se (3) 
= # 


It is now seen that the one-pion exchange contribution 
(2) is even larger than the two-pion exchange contribu- 
tion (3). The latter agrees with the previous calcula- 
tion,? while (2) is an entirely new term. 

In case of ps-pv coupling, diagrams including nucleon 
pairs are certainly negligible. Thus the entire potential 
resulting from ps-pv coupling is just the sum of 
V pe-pe(no-pair) [ (22) of A] and (2) and (3): 


a 1 1\? 
V pe- ps(No-pair)+— of +=) Par 
4or)*k x? 


x 


b pe- pv 


where V5,-y.(no-pair) does not include any L-S po- 
tential. 

It is added that both (2) and (3) [thus the L-S 
potential in Vy,-y.| are entirely due to the difference 
between the ps-ps and ps-pv vertex corrections. Thus the 
origin of this L-S potential is purely kinematical and has 
no ambiguity. 

As is seen from (4), the correction to the static po- 
tential is very small, while the L-S potential is quite 
appreciable. This L-S potential is plotted in the final 
section. It is characterized as having the same sign in 
both even and odd states [the right sign in the odd 
state |, while the magnitude in the even state is nearly 2 
to 3 times as large as in the odd state. 


4. PION-PAIR TERMS CONTRIBUTIONS 


As was stated in the introduction, ps-pv coupling 
alone can hardly be the correct coupling. Therefore, we 
introduce (1) in addition to the ps-pv term and estimate 
the contributions from these pion-pair terms. These are 
nearly the same as the nucleon-pair contributions in 


2S. Okubo and R. E. Marshak, Ann. phy. 4, 166 (1958). 


AND S$. 


OKUBO 


case of ps-ps theory, simply because of the 
similarity. They are explicitly 


V ps- pe (pairs 


= V ne- ps (ON€-pair t F segs two pair 


Aig*u’ 6 
(4or)*x 3 


» inp 


dor )* 


where V ,,.,.(one-pair) and V ,,.,,(two-pair) are given, 
respectively, by (26) of A and (25) of A. These are, 
however, shown to be minor compared with V ,,- »» given 
by (4) as regards both the static and the L-S potentials 


5. QUANTITATIVE DISCUSSIONS AND 
CONCLUSIONS 


The two-nucleon potential consists, in general, of a 
static potential, an L-S potential, and — V2(r) (p?/2k?) 
+H.c. [V2(r) being the second-order static potential ], 
up to orders g*(p/x) and g*(p/x)*. The quadratic term is, 
therefore, the same as in the ps-ps case, as it should be 
because of the equivalence theorem. 

The static part is almost the same as the ps-ps po- 
tential, as is seen from (4) and (5). Thus the entire 
static potential resembles the second-order static po- 
tential down to distances of the order of the pion Comp- 
ton wavelength, except for the central force in the 
triplet even state. 


136 Mev 


be 


units of uw, against 


Fic. 1. Plot of x* times the L 
f I tate, dashed curves to the even 


S potent al, ir 
x=yr. Solid curves refer to the odd s 

state. Various pion theoretical potentials 
phenomenological ones 


ure compared with the 
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The L-S potential in (4) and (5) are shown in Fig. 1, 
where a4 times the coefficient of L-S is plotted in units 
of w against x=yr. Solid curves refer to the odd state, 
dotted ones to the even state. The ps-ps curves indicate 
the L-S potential from ps-ps theory [(26) of A], the 
ps-pv curves show those of (4), and the ps-pv (with 
pairs) curves show those of the sum of (4) and (5). The 
curves S-Z-M? and G-T* are the phenomenological ones. 

It is seen from the figure that the L-S potential from 
ps-ps theory might be too small in magnitude, while the 
one from ps-pv theory is quite appreciable, though it 
might be smaller in the odd state. However, the present 
evidence on the L-S potential is very vague and we can 
hardly conclude anything definite. It is simply pointed 
out that these two theories predict very different L-S 
potentials, and these differences could eventually be 
used to discriminate between these theories. We recall, 
however, that the only source of the L-S potential in 


case of ps-ps theory is the nucleon-pair diagrams the 


* Signell, Zinn, and Marshak, Phys. Rev. Letters 1, 416 (1958 
* J. Gammel and R. Thaler, Phys. Rev. 107, 291 (1957); 107, 
1337 (1957). 
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estimate of which is still preliminary, while there seems 
no ambiguity for the L-S potential in ps-po theory. 

It was pointed out by Feshbach® that the negative 
L-S potential in the even state may cause great trouble 
in explaining the deuteron magnetic moment. This is 
important especially in ps-pv theory, where the L-S 
potential seems even stronger than the Gammel-Thaler 
potential in the even state. We can show, however, that 
the quadratic term [— V2(r) (p*/2«*)+-H.c. ] gives a new 
correction which cancels partially the Feshbach effect.® 
This point is discussed in detail in the following paper. 

We finally recall the comment given at the end of our 
previous paper' on the higher order terms neglected in 
the present paper. 


ACKNOWLEDGMENTS 


One of us (M.S.) wishes to express his gratitude to 
members of the Brookhaven National Laboratory, 
where the final part of the present work was completed. 
Discussions with Dr. R. E. Cutkosky, Dr. M. Ross, and 
Mr. M. Vaughn are highly appreciated. 


*H. Feshbach, Phys. Rev. 107, 1626 (1957). 





PHYSICAL REVIEW VOLUMI 


ri7, 


NUMBER 2 ANUARY 15, 1960 


Deuteron Magnetic Moment and Momentum Dependence of Two-Nucleon Potential* 
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The correction to the deuteron magnetic moment [ya] is calculated, in the 
Feshbach, for the potential derived recently by Sugawara and Okubo from pion field theory 
includes, besides an L-S potential, a quadratic term, — V2(r) (p*/2«*)+H.c. [Vo(r 
static potential, » and « the nucleon (relative) momentum and rest mass, respectively | 


manner pointed out by 

This potential 
eng the sec ond order 
It is shown in 


particular that this new term gives a positive correction to ug. Numerical magnitudes are estimated using 


phenomenological deuteron wave functions fitted to all known deuteron data, the hard-cor« 
the D-state probability [Pp] being adjustable parameters. Results are shown graphically as funct 
for two values of rc. It is seen that the corrections depend sensitively on these tw 
no other appreciable corrections to wg than those discussed here, ps-ps theory would lead to 6% 


radius [rc | and 
ions of Pp 
If there were 


for Pp, 


) parameters 


while zg would not be fitted in the ps-pv case as well as for the Gammel-Thaler potential, since the correction 
due to the quadratic term is not large enough to cancel the correction due to the L-S potential 


4 ESHBACH' has shown that the momentum-de- 

pendent term in the two-nucleon potential can ap- 
preciably affect the deuteron magnetic moment [ya ]. 
The same consideration is, therefore, applied here to the 
pion-theoretical potential derived recently by the pres- 
ent author and Okubo.’ The potential consists of three 
terms, 


V = V (static) +Vis(r)L-S— {Vo(r) (p?/2«*)+-H.c.}, (1) 


where V(r) is the second-order static potential, and p 
and «x are the nucleon (relative) momentum and rest 
mass, respectively. 

The correction to uw, in units of the nuclear magneton 
can be expressed in terms of the deuteron S- and D-wave 
functions, « and w, respectively, as 


3v2 
(Aw i) p 


2k 


aT v2 
r?V i s(r)utdr— r’°V ts(r)uwdr 
6 2 


— [PV is(r)wtar t 


[Volr)+Vr(r)Sue], 


where? 
and 


4) 
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The last term in (3) differs from Feshbach’s result [reference 1] 
by a numerical factor 


the summer of 1959 from Purdue 


It is now obvious that (Az) p* is positive and (Aya 
has the same sign as V zs(r) itself. 

The above integrals have been numerically evaluated 
using phenomenological deuteron wave functions’ fitted 
to all known deuteron data except the hard-core radius 
[rc] and the D-state probability [Pp ]. 
parameters are chosen as 


These two 


rc=0.4316 and 0.5611 10 


Pp }, 


cm, 


4 1 xf fS\ 
4 and 5%, (5) 


and the shape-dependent parameter is assumed to be 
zero, since it gives rise to only a minor change in the 
deuteron wave function.* The last term in (3) is neg- 
lected for simplicity. The results are plotted in Fig. 1 as 
functions of Pp for two values of re. The dashed lines 
indicate (Awa), only. The soli 
(2) and (3). The ps-ps curves 
(the first paper of reference 2 


1 curves are the sum of 
refer to the ps-ps potential 
, while those designated as 


(4 Po), ( Ano), (NUCLEAR MAGNETON) 


Fic. 1. The plot o th i rf I 3 functions of D-state 
probability for two values of t I rer The dashed 
curves represent our nev ves ( orrespond 
to severa! theoretical and phenomenologi potentials 

‘These are tabulated by L ilthén and M 
Encyclopedia of Physics, edited Fligge 
Berlin, 1957), Vol. 39, p. 92 


Sugawara, in 
Springer-Verlag, 
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ps-pv and ps-pv (with pairs) refer to two versions of the 
ps-pv potential (the second paper of reference 2). The 
G-T curves correspond to the Gammel-Thaler L-S 
potential,® to which, however, our new correction (2) 
has been added. The two points on the figure show the 
previous calculations of (Aua)zs for the Gammel-Thaler 
potential’ by Feshbach' and others.® In these calcula- 
tions,':* r¢=0.4X 10-" cm and Pp is fixed as placed on 
the figure. 

Two conclusions are drawn from the figure. First, the 
correction depends sensitively on both r¢ and Pp, or the 
internal detail of the deuteron wave function. Secondly, 
our new correction (Aya),? is not a large correction 
compared with (Ayz)zs in case of the Gammel-Thaler® 
and the ps-pv* potentials. 

The corrections (2) and (3) are supposed to be almost 
the sum of the relativistic and exchange current correc- 
tions to ua, which were previously estimated by the 
present author.’ The nonadditivity correction is not 
included in (2) and (3), since all the self-energy dia- 
grams are dropped in deriving the potential.? The con- 
clusion reached in the previous work’ that Pp seems to 
be slightly smaller than 4% according to pion field 

’ J. Gammel and R. Thaler, Phys. Rev. 107, 291 (1957); 107 
1337 (1957). 

* DeSwart, Marshak, and Signell, Nuovo cimento 6, 1189 
(1957 

TM. Sugawara, Phys. Rev. 99, 1601 (1955); and Progr. Theoret. 
Phys. (Kyoto) 14, 535 (1955). 
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theory, does not agree with the present calculation since 
it suggests that Pp has to deviate from 4% appreciably. 
This difference is not due to the difference in approaches 
(previously’ 4g was evaluated directly from pion field 
theory, while it is now estimated from the momentum- 
dependent term in the potential), but rather to the 
difference in the approximations made; we did not 
previously’ go far enough to match those momentum- 
dependent terms which are investigated in the present 
paper. 

The straight line which completely traverses both parts 
of Fig. 1 is the plot of wa—up—pat B(uptun—O0.5)P pd 
(u, and uw, are proton and neutron moments in units of 
nuclear magneton) ; this is the line on which the correc- 
tion Aw, should lie, where Aug is the total correction to 
be added to the S- and D-state contributions. If there 
were no other significant corrections besides those given 
by (2) and (3), the figure indicates that ps-ps theory 
would lead to ~6% for Pp, while there is no way of 
fitting the deuteron magnetic moment in the other cases. 
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The electromagnetic field tensor of a classical charged particle is associated with the 
density of a family of two-dimensional surfaces radially distributed about the world | 


Minkowski space 


I, TENSOR FORMULATION 


| eae we give a brief statement of the law of motion 
of classical charged particles. The motion of the 
partic les may be described by giving their world lines 
in the four-dimensional Minkowski space of special 
relativity. Consider a particle at the point P with 
4-velocity »;, rest mass m, and charge ¢. Its motion is 
determined by the Lorentz force law, 


m(dov;/dr) = ex fijv;. (1) 


Che fi; describe the electromagnetic field at P generated 
by the other particles in the space. To obtain the con- 
tribution to the field at any point P due to the field of 
one of the particles, we find first the point Q, of inter- 
section of the past light cone of P with the world line 
of the particle. Let its charge be e. Let the 4-velocity 
of the particle at Q be u,;. We will take the velocity of 
the light as 1, so that “,#,=—1. Let the 4-acceleration 
of the particle at Q be a; Then we have u,a,=0. 
Denote the null vector x;(P)—-x;(Q) as c;. Then cic, = 0. 
The contribution of the particle to the field at P is 


ef y+ (5X ax )cw |X 


Aor (tm m)* 


The antisymmetric 
by xX yj. 

This is sufficient to predict the motion of a set of 
classical charged particles. Formula (2) is equivalent to 
the expressions of Liénard and Wiechert, and it may 
readily be shown to satisfy Maxwell’s equations in a 
vacuum : 


tensor X:Vj—- Xi is denoted here 


Formula (2), though one of the most fundamental in 


classical physi Ss, occurs very rarely in textbooks.! 
II. GEOMETRIC FORMULATION 


\ geometrical interpretation of the classical electro- 


— 


magnetic field was given by Page and Adams.? They 
pictured a charged particle as a small sphere bristling 


' See, however, C. Mgller, The Theory 
Press, Oxford, 1952), p. 150 

? L. Page and N. I. Adams, Electrodynamics (D. Van Nostrand 
Company, Inc., New York, 1940) 


of Relativity (Clarendon 


yrientation and 
ne of the particle in 


with short emitters, each of which acts like a machine 
gun firing a steady stream of bullets, which travel at the 
speed of light. If we draw a space-time diagram of this 
SC heme, we see that the history of each “bullet” is 
represented by a null ray starting 
the particle and projecting along 
Further, 


at the world line of 
a future light cone. 
rays ass with the “bullets” 
from a single emitter may be grouped to form a two- 
dimensional surface. With suitable assumptions about 
the distribution and motion of the emitters about the 
particle, we can show that the electromagnetic tensor 
associated with the field generated by the charge is 
simply a measure of the orientation and density of the 
set of surfaces radially distributed 
about the world line (Fig. 1 


all the ciated 


two-dimensional 


The field is comple te ly described by the structure of 
subsets into which the events of the space are grouped. 
This structure is defined by the following assumptions 
about the family of surfaces, or “sheets of force” 
emanating from the world line of a ic] 


part icie 


1 


(A) The number of large, and pro- 
portional to the charge of the particle. 
(B) The intersection of a future 
light cone of a point Q on t! ne is a straight line. 
(C) A plane tangent to a surface at a point Q on the 
world line is also tangent to the world line. 
» (D) All planes tangent same surface at points 
near Q on the world li ersect the 
orthogonal to the world li tOina< 
(E) When the futur 
hyperplane orthogonal to the 
sphere, the points of intersect 
sheets of force are uniformly d 


irf ice 


Ss very 


surface with the f 


e world | 


hyperplane 
ommon direction. 
cone of Q intersects any 

world line at O, in a 
ion of the sphere with the 
tributed over the sphere. 

Assumptions (D) ar correspond, respectively, 
to Page and Adams’ assumptions that 
reference in which a p 


n the frame of 
the emitters 


motionte 


I 1. The world line of 

a charged particle with sec- 
ms of a few of the doubly 
family of surfaces 


represent the associ- 


nite 


electromagnetic fiel« 
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MAXWELL FIELD 
have no angular velocity and that they are uniformly 
distributed in direction about the particle. This family 
of surfaces was first investigated by Whittaker,’ who 
referred to them as magnetopotential surfaces. 


Ill. THE EQUIVALENCE OF THE TWO 
REPRESENTATIONS OF 
THE FIELD 


In four-dimensional vector analysis, any antisym- 
metric tensor of the form 


Big Xi NX Vj= LY j— Xi 


may be used to represent an oriented area in the space. 
The orientation is defined by the plane which contains 
the directions of the two vectors x, and y,, and the area 
is that of the parallelogram defined by the line segments 
of the two vectors. The area A, represented by gi;, is 
given by 

A?=xy*yn?— (xeye)?= gis8ii- 


The tensor g;; may also be used to represent the density 
within a unit area, as is done here, rather than an area. 

The tensor f;; given by (2) may thus represent the 
orientation of a surface, which has tangent to it at P 
the directions u;+(u;Xa,)c,x and. c;. The magnitude 
of fi; may represent the density of a family of such 
surfaces as they intersect the plane orthogonal to the 
surfaces near P, 

The condition that an antisymmetric tensor have the 
form x;y; is that its determinant must vanish. For an 
electromagnetic tensor, this condition is met if the 
electric and magnetic vectors are perpendicular. 

We will now identify the orientation and density of 
the sheets of force at a point P with the electromagnetic 
field tensor given by (2). By (A), the number of sur- 
faces is very large so we may assume that one of them, 
S, passes through the arbitrary point P. Let Q be the 
point on the world line whose future light cone in- 
cludes P. By (B), the tangent plane 7; to the sheet S 
at Q contains the line segment QP which we repre- 
sent by the vector c; (Fig. 2). By (C), 7; is then 
spanned by the vectors u; and ¢;. It therefore contains 
(u;Xcx)uz, which is a linear combination of u; and c¢; 
orthogonal to uy. 

If we move along the world line a small distance to M, 
where the line segment QM is represented by the vector 
u;Ar, then the 4-velocity of the particle at M is u,’= 1, 
+a,;Ar. The future light cone of M intersects the surface 

3J. L. Synge, Proc. Edinburgh Math. Soc. 2, Part 1, p. 39 
(1958); E. T. Whittaker, Proc. Roy. Soc. Edinburgh 42, 1-23 
(1921). The Liénard-Wiechert field satisfies the invariant condition 
that the electric and magnetic fields are everywhere perpendicular 
This is the condition for the existence of Whittaker’s magneto 
potential surfaces. A superposition of Liénard-Wiechert fields will 
not in genera! satisfy this condition and will not therefore permit 
this representation in terms of a single family of surfaces. How- 
ever, according to Whittaker even the most general electro- 
magnetic field can be described in terms of “tubes of force” of a 
relativistically invariant character. Therefore it would be of 
interest to see this tubes-of-force representation of the Liénard- 
Wiechert field worked out and related to the surfaces of Fig. 1. 


IN 


MINKOWSKI SPACE 


3. 2. Construction of 
the vector &; 


S in a straight line and we let c;’ be a vector of arbitrary 
length projecting M into N along the line. The plane 7; 
tangent to surface S at M contains the directions 1,’ 
and c,’, and therefore it contains (u;’Xc,’)u, which is 
orthogonal to %;. 

For Ar small enough we have by (D), that (1#;’X cx’). 
and (u;Xc,)u, have the same direction. The length of c,’ 
is arbitrary so we may fix it by setting 


(65 X cx’) the = (4; X Cy) tee. 
This requires that 
( j- C¢*;= (4; ay)cyAr. 


The line segment PN may then be represented by the 
vector 


hiAr=(tuyt+ (us ax)ey JAr. 


The vectors c; and k; then define the orientation of the 
surface S at P. 

Let H, be an hyperplane orthogonal to u,; passing 
through P. Let O be a point in H, on the line tangent to 
the world line at Q. We can show that H, intersects the 
light cone of Q in a sphere with center O, radius —uycx, 
and surface area 49(uycy)*. By (A), the number of 
surfaces radiating from the world line is proportional 
to e, the charge of the particle. We may choose our 
units so that the number of surfaces is equal to the 
charge e. It will be necessary to imagine a negative 
number of sheets for a negatively charged particle. The 
density of the points of intersection of the sphere with 
the sheets of force is uniform over the sphere by (E). 
The density at all points including P will be 


Dy = 6/49 (uycy)?. 


The plane 7; tangent to the sphere at P is orthogonal 
to the lines QO and OP, and therefore to any linear 
combination of these directions which includes «; and ¢;. 

We will now compute the density D, of the sheets of 
force near P in the plane 7, orthogonal to the sheets 
themselves, that is, orthogonal to c; and k;. Both 7; 
and 7’, are orthogonal to c; so they must both lie in the 
hyperplane H, orthogonal to c; and they must intersect 
in a line. The only linear combination of ¢; and k; 
which is orthogona! to c; has direction c;, so the sheets 
of force intersect H, in a set of lines with direction c; 
at P. We may compare the densities of the sheets of 
force through T; and 7, near P by comparing the 
areas of two small rectangles, one in each plane, which 
bound the same bundle of lines having direction c;. The 
two rectangles have a common side on the line of inter- 
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section of the two planes. The relative areas are then 
given by the relative lengths of two sides of a small 
triangle An; and Am, in Hz where the third side has 
direction c;. Then 
Am;= Any+ he 
and 
Am? = An?+2hAnj,c;+ h'c?=An;?. 


Therefore the sides of the triangles, the areas of the ° 
rectangles, and the densities of points of intersection ' 


are equal in 7; and 74. 

When fi; given by (2) operates on any vector, it pro- 
duces a linear combination of c; and k;. Therefore it 
represents the sheets of force at P in orientation. The 
magnitude of fj; is given by 


€ 
Pe 
Aor ( 144C,)* 


which equals the density of the sheets in the plane 
orthogonal to themselves at P. 

The electromagnetic field is then consistently repre- 
sented by a family of surfaces defined by the above 
assumptions. 

The physical theory is completed by giving the 
Lorentz force law in an analogous form. 

(F) Each family of sheets intersects the hyperplane 
H; in a set of lines, where H; is orthogonal to the world 
line of a charged particle at P on the world line. Each 
family of sheets exerts a force on the particle at P 
which has the direction of the lines of intersection, and 
magnitude which is proportional to their density in H;, 
and to the charge of the particle. 

The force given by Eq. (1) fulfills these requirements 
in that it is proportional to the charge e,, orthogonal to 
the direction of the world line 2,, and it is a linear com- 
bination of c; and k;, and therefore it lies on a sheet of 
force through P. We must also show that the magnitude 


S. 


LOWRY 


of this vector is proportional to the density of the sheets 
of force at P T; which 
orthogonal to f;;;, This may be established by 
noting that both Ts lie the hyperplane 
orthogonal to fi; we may compare two small 
areas which enclose a bundle of lines of intersection in 
the same way as was done between 73 and 7;. 


intersecting the plane is 
and 1 


ls 


sO 


ind in 


IV. DISCUSSION 


It would seem a step forward i 
four-dimensional the physical world to 
translate the electromagnetic field from a set of arrays 
of numbers which different values in different 
frames of reference into the geometry of families of 
surfaces radially distributed about the world lines of the 
source particles. 


n understanding the 
character of 


have 


It does not appear to be known at present whether or 
not other physical fields may be similarly analyzed. 

Note added in proof.—The general principal of rela- 
tivity requires that all reference systems be equivalent 
with respect to the formulation of the fundamental laws 
of physics.‘ The use of tensor or spinor equations re- 
stricts us to coordinate transformations which are con- 
tinuous, and differentiable, with nonvanishing Jacobian. 
If it is possible to do so, it may be best to describe the 
fundamental fields as structures of subsets of points in 
rather than as tensor 
This would permit a completely 


the space, as is attempted here, 


and spinor functions. 


arbitrary labeling of the points in the space in con- 
formity with the spirit of relativity in its broadest sense. 
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